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Preface

This book in based on the courses of lectures “Structurally Stable Systems of Dif-
ferential Equations” and “Spaces of Dynamical Systems” given by the author during
the last 30 years to students of Faculty of Mathematics and Mechanics, St. Petersburg
State University, specializing in differential equations, geometry, and topology.

As its title indicates, the book is devoted to the theory of dynamical systems (to be
exact, to the structure of spaces of dynamical systems with various topologies).

The world mathematical literature contains a lot of books devoted to dynamical
systems. First we must mention the classical Birkhoff’s book [1].

The new approaches to theory of dynamical systems related to the problem of struc-
tural stability were reflected in the Nitecki monograph [2].

Later, books devoted to dynamical systems were published by Guckenheimer,
Moser and Newhouse [3], Palis and di Melo [4], Shub [5], Robinson [6], and other
mathematicians.

Finally, let us mention the recent Brin and Stuck’s book [7] and the encyclopedic
Katok and Hasselblatt’s monograph [8].

In contrast to the most part of the above-mentioned monographs, the present book is
addressed not only to professional mathematicians but also to those who start the study
of dynamical systems, especially to students and people working with applications of
dynamical systems.

Thus, the main goal of the book is to describe the basic objects of the modern theory
of dynamical systems and to formulate its main results.

The first author’s book [9] published in Russian in 1988 served the same purpose.
Comparing the book [9] with the present text, an attentive reader will see that the new
book does not duplicate the old one; in a sense, they are complementary.

In this book, we mostly work with discrete dynamical systems (and not with flows
as in [9]); we describe different approaches to such basic objects as topologies on
the considered spaces of dynamical systems and give principally different proofs of
some basic results, such as structural stability of Anosov diffeomorphisms. Several
important examples of dynamical systems not included into the book [9] are treated
in this book; let us mention the Bernoulli shift on the space of two-sided sequences,
the hyperbolic toral automorphism, and the Smale horseshoe.

In addition to well-known fields of dynamical systems (such as topological dynam-
ics, theory of structural stability, and chaotic dynamics), the book contains chapters
devoted to C 0-generic properties and shadowing of pseudotrajectories (the author’s
monographs [10, 11] published in the Springer Lect. Notes in Math. series, vols. 1571
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and 1706, were the first monographs in the world mathematical literature devoted to
these topics).

The book consists of 12 chapters and two appendices.
In Chapter 1, we define the main objects, dynamical systems with continuous and

discrete time. We describe possible types of trajectories and the basic properties of
invariant sets. As an example, we consider the Bernoulli shift on the space of two-
sided sequences. We study embeddings of discrete dynamical systems into flows and
the local Poincaré transformation.

In Chapter 2, we introduce the C 0 topology on the space of homeomorphisms of
a compact metric space and the C 1 topology on the space of diffeomorphisms of a
smooth closed manifold. For flows generated by autonomous systems of ordinary dif-
ferential equations, we describe relations between two possible approaches to defining
the topology: via estimates of differences between the right-hand sides of the systems
and via estimates of closeness of the flows. We consider Baire spaces and generic
properties.

In Chapter 3, we study the main equivalence relations on spaces of dynamical sys-
tems: topological conjugacy of systems with discrete time and topological equiva-
lence of systems with continuous time. Structural stability and�-stability are defined.
We introduce the nonwandering set of a dynamical system and prove the Birkhoff
theorem: Any trajectory lives only a finite time outside a neighborhood of the non-
wandering set.

Chapter 4 is one of the main parts of the book. In this chapter, we define the basic
concepts of the theory of structural stability (such as stable and unstable manifolds,
fundamental domains, etc.) in the simplest case of a hyperbolic fixed point. We
describe properties of hyperbolic linear mappings and prove the Grobman–Hartman
theorem on local topological conjugacy of a diffeomorphism near its hyperbolic fixed
point and the corresponding linear mapping. A detailed proof of the stable manifold
theorem is given; the proof is based on the Perron method. The case of a hyperbolic
periodic point is considered as well.

In Chapter 5, we prove analogs of results obtained in Chapter 4 for the case of rest
points and closed trajectories of an autonomous system of differential equations. It
is shown how to reformulate the definition of hyperbolicity of a closed trajectory in
terms of multiplicators of the corresponding periodic solution.

Chapter 6 is devoted to transversality. We define transversality of mappings and
submanifolds. The property of transversality of stable and unstable manifolds is in-
troduced. We prove the Palis �-lemma and describe relations between transversality
and hyperbolicity for one-dimensional mappings.

In Chapter 7, the second main part of the book, we study hyperbolic sets. We ana-
lyze the definition of a hyperbolic set and give two basic examples of a hyperbolic set:
a hyperbolic fixed point and a hyperbolic automorphism of the torus. We formulate
the stable manifold theorem, introduce Axiom A, and prove the spectral decompo-
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sition theorem. The main results of the theory of structural stability are formulated.
Hyperbolic sets of flows are described. We analyze relations between the structural
stability theorem and the classical Andronov–Pontryagin theorem on “roughness” of
planar autonomous systems.

In Chapter 8, we prove structural stability of an Anosov diffeomorphism.
Chapter 9 is devoted to Smale’s horseshoe and chaos. We prove that the horse-

shoe invariant set is topologically conjugate to the Bernoulli shift. It is shown that the
horseshoe invariant set is chaotic. Transverse homoclinic points of planar diffeomor-
phisms are considered.

We formulate the classicalC 1 closing lemma in Chapter 10. TheC 0 closing lemma
is proven.

In Chapter 11, we study C 0 generic properties of dynamical systems. The Haus-
dorff metric is defined. The main results of the Takens theory related to the tolerance
stability conjecture are proven. The second part of Chapter 11 is devoted to the be-
havior of attractors under C 0 small perturbations. We prove the Hurley theorem on
genericity of stability of attractors in the Hausdorff metric under C 0 small perturba-
tions.

Chapter 12 is devoted to shadowing of pseudotrajectories. We prove that a hy-
perbolic set has the Lipschitz shadowing property. The Lipschitz inverse shadowing
property for a trajectory having .C; �/-structure is established. The proofs of these
results are based on the Tikhonov–Schauder fixed point theorem. Shadowing and
inverse shadowing properties of linear mappings are completely characterized.

In Appendix A, we describe a scheme of the proof of Mañé’s theorem on the ne-
cessity of hyperbolicity for structural stability.

Appendix B is devoted to the history of the theory of differential equations and
dynamical systems. Sections: Differential equations and Newton’s anagram; De-
velopment of the general theory; Linear equations and systems; Stability; Nonlocal
qualitative theory. Dynamical systems; Structural stability; Dynamical systems with
chaotic behavior. This text is based on lectures on history of mathematics given by the
author in the last years to PhD students of the Faculty of Mathematics and Mechanics.

In the text, we do not give references to basic University mathematical courses.
For the author of this book, it was very important to read books and research papers

on differential equations and dynamical systems. At the same time, the author is
grateful to many mathematicians for the personal contacts.

First, the author wants to thank his teachers in differential equations, dynamical
systems, and topology: Yu. N. Bibikov, S. M. Lozinskii, N. N. Petrov, V. A. Pliss, and
V. A. Rokhlin.

The author thanks for cooperation his colleagues at the Faculty of Mathematics
and Mechanics: L. Ya. Adrianova, A. F. Andreev, V. E. Chernyshev, Yu. V. Churin,
Yu. A. Il’in, O. A. Ivanov, S. G. Kryzhevich, G. A. Leonov, N. Yu. Netsvetaev, and
A. V. Osipov.
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It was very useful to discuss dynamical systems and related fields of mathemat-
ics with D. V. Anosov, V. S. Afraimovich, V. I. Arnold, Yu. S. Ilyashenko, V. M. Mil-
lionshchikov, Yu. I. Neimark, G. S. Osipenko, N. Kh. Rozov, A. N. Sharkovskii, and
L. P. Shilnikov, and also with W.-J. Beyn, B. Fiedler, and P. Kloeden (Germany),
G. R. Sell and J. K. Hale (USA), K. Palmer (Taiwan), L. Wen and S. Gan (China),
C. Bonatti (France), L. Diaz (Brazil), T. Eirola (Finland), R. Corless (Canada), and
K. Sakai (Japan).

The author is happy to mention several of his students who had contributed to
the development of the theory of dynamical systems: N. Ampilova, A. Felshtyn,
A. Katina, A. Osipov, O. Plamenevskaya, V. Pogonysheva, O. Tarakanov, and S. Ti-
khomirov.

This book is a translation of the author’s book “Prostranstva dinamicheskikh sis-
tem”, Izhevsk, R&C Dynamics, 2008. The English text of the book is slightly mod-
ified compared to the Russian one. The structure of chapters and appendices is the
same, but some details of presentation are improved, for the convenience of the West-
ern reader we give references to books published in the West instead of Russian ones,
and so on.

St. Petersburg, November 2011 Sergei Yu. Pilyugin



Nomenclature

Rn – the Euclidean n-space (we write R instead of R1)

Cn – the complex n-space (we write C instead of C1)

Z – the set of integers

ZC – the set of nonnegative integers

Z� – the set of nonpositive integers

E – the identity matrix

diag.A1; : : : ; Am/ – a block-diagonal matrix with blocks A1; : : : ; Am

Id – the identity mapping

f ı g – the composition of mappings f and g
@f
@x

– the partial derivative of a mapping f in variable x

C k.U; V / – the class of continuous mappings from U to V having continu-
ous derivatives up to order k

Df – the derivative of a mapping f

TxM – the tangent space of a manifold M at a point x

dimM – the dimension of a manifold M

N.a;A/ – the a-neighborhood of a set A

ClA – the closure of a set A

IntA – the interior of a set A

@A – the boundary of a set A

cardA – the cardinality of a finite set A
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Chapter 1

Dynamical systems

1.1 Main definitions

Theory of dynamical systems studies two main classes of dynamical systems, systems
with discrete time (cascades) and systems with continuous time (flows).

We first define a dynamical system with discrete time.
Let f be a homeomorphism of a topological space M . We define (functional)

degrees of f as follows:
Set f 0 D Id, where Id is the identical mapping of M ;
if m is natural, we set

f m D f ı f ı � � � ı f
„ ƒ‚ …

m times

I

finally, if m is a negative integer, we set

f m D f �1 ı f �1 ı � � � ı f �1

„ ƒ‚ …

jmj times

;

where f �1 is the inverse of f .
Clearly, the mappings f m are continuous for all m 2 Z.
Denote �.m; x/ D f m.x/. It is easily seen that the mapping � W Z �M ! M has

the following three properties:

(DDS1) �.0; x/ D x, x 2 M ;

(DDS2) �.l Cm; x/ D �.l; �.m; x//, l; m 2 Z, x 2 M ;

(DDS3) for any m 2 Z, the mapping �.m; � / is continuous.

Any mapping � W Z � M ! M having properties (DDS1)–(DDS3) is called a
(continuous) dynamical system with discrete time (sometimes such a system is called
a cascade). The space M is called the phase space of the system.

It is easy to understand that if we are given a mapping � W Z � M ! M hav-
ing properties (DDS1)–(DDS3), then there exists a homeomorphism f such that
�.m; x/ D f m.x/.

Indeed, set f .x/ D �.1; x/. Let us show that f is a homeomorphism. The mapping
f is continuous by property (DDS3); the mapping g.x/ D �.�1; x/ is continuous as
well, and properties (DDS2) and (DDS1) imply that

f .g.x// D �.1; �.�1; x// D �.0; x/ D x; x 2 M:
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Thus, g.f .x// D x, and g D f �1. The equality �.m; x/ D f m.x/ is an immediate
corollary of property (DDS2).

Thus, it is possible to define a dynamical system with discrete time taking as the
initial object either a homeomorphism or a mapping with properties (DDS1)–(DDS3).
These two approaches lead to the same result. For this reason, in what follows we
do not distinguish a homeomorphism and the dynamical system generated by this
homeomorphism.

The basic object which is studied in theory of dynamical systems is defined as
follows. Fix a homeomorphism f and a point x of the phase space. The trajectory of
the point x in the dynamical system generated by f is the set

O.x; f / D ¹f m.x/ W m 2 Zº:
Sometimes, if the system is fixed, we denote a trajectory by O.x/; if the point x is

irrelevant, we use the notation O.f /.
Clearly, the following statement holds.

Lemma 1.1. O.f m.x/; f / D O.x; f / for any m 2 Z.

We also apply the following notation:

OC.x; f / D ¹f m.x/ W m 2 ZCº and O�.x; f / D ¹f m.x/ W m 2 Z�ºI
the setsOC.x; f / andO�.x; f / are called the positive and negative semitrajectories
of the point x, respectively.

Similar objects are defined for a subset A of the phase space; the set

O.A; f / D ¹f m.A/ W m 2 Zº
is called the trajectory of a set A in the dynamical system generated by a homeomor-
phism f , and the sets

OC.A; f / D ¹f m.A/ W m 2 ZCº and O�.A; f / D ¹f m.A/ W m 2 Z�º
are called the positive and negative semitrajectories of the set A, respectively.

It is easily shown that, for a trajectory of a discrete dynamical system, only one
of the following three possibilities can realize (this fact is a corollary of Lemma 1.2
below).

1. f .x/ D x. In this case, the point x is called a fixed point; the trajectory of a
fixed point coincides with the fixed point.

2. There exists a number m 2 N such that the points x; f .x/; : : : ; f m�1.x/ are
distinct, and f m.x/ D x. Such a point x is called periodic, the number m
is called the period of the point x. The trajectory of x consists of m points
x; f .x/; : : : ; f m�1.x/.
Of course, a fixed point is periodic (with period 1); by tradition, fixed and peri-
odic points (with period m > 1) are defined separately.
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3. The points f l .x/ and f m.x/ are different if l ¤ m. In this case, the trajectory
of x is a countable set.

Denote by Per.f / the set of periodic points of a homeomorphism f (we include fixed
points into this set).

Lemma 1.2. The set O.x; f / is finite if and only if x 2 Per.f /.

Proof. It was mentioned above that if x 2 Per.f /, then the set O.x; f / is finite.
Let us assume that the setO.x; f / is finite. In this case, there exist different integer

numbers k and l such that f k.x/ D f l .x/. Let l > k; set n D l � k. Applying the
homeomorphism f �k to the equality f k.x/ D f l .x/, we see that x D f n.x/. If the
points x; f .x/; : : : ; f n�1.x/ are distinct, then x is a periodic point of period n.

Otherwise, there exist different integer numbers k1;l1 2 Œ0; n�1� such that f k1.x/D
f l1.x/. The same reasoning as above shows that there exists a number n1 2 .0; n/

such that x D f n1.x/. The least of such numbers n1 is the period of the point x.

Now we introduce one more basic notion of theory of dynamical systems. We say
that a set I � M is invariant for the dynamical system generated by a homeomor-
phism f if O.x; f / � I for any point x 2 I .

Lemma 1.3. A set I is invariant if and only if f .I / D I .

Proof. Let I be an invariant set. Fix a point x 2 I . Since O.x; f / � I , f .x/ 2 I

and f �1.x/ 2 I . Hence, f .I / � I and f �1.I / � I (thus, I � f .I /); it follows
that f .I / D I .

Inverting the reasoning above, we see that if f .I / D I , then the set I is invariant.

It follows from well-known properties of homeomorphisms that if I and J are
invariant sets, then the sets I [ J , I \ J , I n J , Cl I , and @I are invariant as well.

We give an important example of a dynamical system (we refer to this example
below several times).

Example 1.1. Let X be the space whose elements are two-sided, infinite, binary
sequences

a D ¹ai W ai 2 ¹0; 1º; i 2 Zº:
We introduce the following metric in the space X: If a D ¹aiº and b D ¹biº, we set

dist.a; b/ D
1
X

iD�1

jai � bi j
2ji j

(check that the above formula defines a metric).
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Clearly, our definition of the metric dist implies the following statement. For any
given " > 0 there exist numbers N."/ and n."/ such that if

ai D bi ; ji j � N."/;

then dist.a; b/ < ", and if dist.a; b/ < ", then

ai D bi ; ji j � n."/:

Obviously, N."/; n."/ ! 1 as " ! 0.
Let us recall the definition of the Tikhonov product topology (for the particular case

of the space X). Fix an element a D ¹aiº of X and a finite subset K � Z. Consider
the cylinder

C.a;K/ D ¹b 2 X W bi D ai ; i 2 Kº:
Recall that a base of neighborhoods of a point x of a topological space is a family

of neighborhoods of x such that any neighborhood of x contains a neighborhood from
this family.

The base of neighborhoods of a in the Tikhonov product topology consists of the
cylinders C.a;K/ corresponding to all finite subsets K � Z.

It is easy to show that the metric topology induced by our metric dist coincides with
the Tikhonov product topology (which means that the families of open sets in these
topologies are the same).

To prove this statement, it is enough to show that if b 2 C.a;K/ for some a 2 X

and a finite set K � Z, then there is a small d > 0 such that the metric ball

N.d; b/ D ¹b0 2 X W dist.b0; b/ < dº
is a subset of C.a;K/ and, conversely, if b 2 N.d; a/ for some d > 0, then there is a
finite set K � Z such that C.b;K/ � N.d; a/ (we leave details to the reader).

The metric space .X; dist/ is compact. This fact follows from the Tikhonov theo-
rem since the space X is the countable product of compact spaces ¹0; 1º and, as was
said, our metric dist induces on X the Tikhonov product topology.

Let us give an independent simple proof of the compactness of .X; dist/. It is
known that a metric space is compact if and only if any sequence contains a convergent
subsequence.

Consider an arbitrary sequence am D ¹am
i W i 2 Zº; m � 0.

The elements am
0 take values 0 and 1; hence, there exists a subsequence

m.0/ D ¹m.0; 1/;m.0; 2/; : : : º
of ¹0; 1; 2; : : : º such that 0 < m.0; 1/ < m.0; 2/ < � � � and

a
m.0;1/
0 D a

m.0;2/
0 D � � � :
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Similarly, there exists a subsequence

m.1/ D ¹m.1; 1/;m.1; 2/; : : : º
of m.0/ such that 0 < m.1; 1/ < m.1; 2/ < � � � and

a
m.1;1/
i D a

m.1;2/
i D � � � ; i D �1; 0; 1:

Continuing this process, we find subsequences

m.k/ D ¹m.k; 1/;m.k; 2/; : : : º
of the sequences m.k � 1/ such that m.k; 1/ < m.k; 2/ < � � � and

a
m.k;1/
i D a

m.k;2/
i D � � � ; i D �k; : : : ; k:

Define elements bk ; k � 1; of the space X by the equalities bk D am.k;1/. Clearly,
the sequence ¹bkº is a subsequence of the sequence ¹amº with the following property:

bk
i D a

m.k;1/
i D a

m.ji j;1/
i ; i D �k; : : : ; k:

Consider the element b of the space X defined by the relations

bi D a
m.ji j;1/
i ; i 2 ZI

then

bi D bk
i ; i D �k; : : : ; k;

and we see that dist.bk ; b/ ! 0, k ! 1. Thus, we have shown that the space
.X; dist/ is compact.

Consider a mapping � of the space X into itself defined as follows: We assign to
an element a D ¹aiº of the space X the element �.a/ D b D ¹biº by the following
rule:

bi D aiC1; i 2 Z:

The mapping � shifts indices by 1. Clearly, the mapping � is invertible: ��1.a/ D b

if and only if

bi D ai�1; i 2 Z:

Both mappings � and ��1 are continuous.
Let us prove that � is continuous. Take " > 0 and find the corresponding number

N."/. Since n.ı/ ! 1 as ı ! 0, there exists a ı > 0 such that n.ı/ > N."/C 1. If
dist.a; b/ < ı, then

bi D ai ; ji j � n.ı/:
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In this case,

biC1 D aiC1; ji j � N."/;

and we conclude that dist.�.a/; �.b// < ". A similar reasoning is applicable to ��1.
Thus, � is a homeomorphism of the space X. The mapping � (as well as the

dynamical system generated by this mapping) is usually called the shift on the space
of binary sequences. Sometimes it is called the Bernoulli shift (though this last term
may be applied to more complicated objects).

Let us note several important properties of the shift.

Property 1. The system � has infinitely many different periodic points.

Proof. Clearly, the equality �m.a/ D b is equivalent to the relations

bi D aiCm; i 2 Z:

Thus, �m.a/ D a if and only if

ai D aiCm; i 2 Z:

This means that the set of periodic points of the shift � coincides with the set of
periodic binary sequences, for which the statement is trivial.

Property 2. The set of periodic points of � is dense in the space X.

Proof. Fix an arbitrary element a of the space X and an arbitrary " > 0. Find for this "
the corresponding numberN."/ and denote it byN . Let us construct a periodic binary
sequence b as follows: represent any index i 2 Z in the form i D k.2N C 1/ C l ,
where k 2 Z and jl j � N , and set bi D al . Clearly, b is a periodic point of � and
bi D ai for ji j � N , i.e., dist.a; b/ < ".

Property 3. There exists an element of the space X whose positive semitrajectory in
the system � is dense in the space X.

Proof. Let us construct the desired element a as follows. Take arbitrary ai ; i < 0. Set
a0 D 0 and a1 D 1. Fix the pairs

.a2; a3/ D .0; 0/; .a4; a5/ D .0; 1/; .a6; a7/ D .1; 0/; .a8; a9/ D .1; 1/I
thus, a1 is followed from the right by all possible blocks of zeros and units of length 2.
After that, we put to the right of a9 all possible blocks of zeros and units of length 3,
and so on. Clearly, the element a has the following property: For any finite block
.b1; : : : ; bn/ of zeros and units there exists an index k such that

ak D b1; akC1 D b2; : : : ; akCn�1 D bn:
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Let us prove that the closure of the semitrajectory OC.a; �/ coincides with the space
X. Fix arbitrary b 2 X and " > 0. Find for the chosen " the corresponding number
N."/ and denote it by N .

By the construction of a, there exists an index k � 0 such that

ak D b�N ; : : : ; akC2N D bN :

Set a0 D ��k�N .a/; then a0i D bi for ji j � N . This means that dist.a0; b/ < ".
Thus, we can find a point of OC.a; �/ in an arbitrary neighborhood of an arbitrary
element of X.

We define the second basic class of dynamical systems axiomatically. Let, as above,
M be a topological space.

A mapping � W R � M ! M is called a (continuous) dynamical system with
continuous time (a flow) if this mapping has the following properties:

(CDS1) �.0; x/ D x, x 2 M ;

(CDS2) �.t C s; x/ D �.t; �.s; x//, t; s 2 R; x 2 M ;

(CDS3) the mapping � is continuous.

In this case, the space M is called the phase space of the system.
Sometimes, property (CDS3) is replaced by a weaker property:

(CDS30) for any t 2 R, the mapping �.t; � / is continuous

(such an assumption corresponds to the general notion of action of a group, which we
consider in Section 1.5).

In this book, we study flows with properties (CDS1)–(CDS3) (let us note that these
properties are satisfied in the case of flows generated by autonomous systems of dif-
ferential equations, the main class of flows which we study here).

Along with continuous dynamical systems (with continuous and discrete time), we
consider smooth dynamical systems, replacing the condition of continuity of the map-
ping � in (DDS3) and (CDS3) by the condition of smoothness of this mapping (the
exact smoothness conditions are stated separately in every particular case).

Similarly to the case of a dynamical system with discrete time, we define the tra-
jectory of a point x in the flow � by the equality

O.x; �/ D ¹�.t; x/ W t 2 Rº:

It is known (see the basic course of differential equations) that the following three
types of trajectories of a flow are possible.
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Consider a point x0 2 M .

1. O.x0; �/ D ¹x0º. Such a trajectory (and the point x0 itself) is called a rest
point.

2. O.x0; �/ ¤ ¹x0º, and the mapping �.t; x0/ is periodic in t . In this case, the
trajectory O.x0; �/ is called a closed trajectory of the flow �.

3. �.t; x0/ ¤ �.s; x0/ for s ¤ t . In this case, the trajectory O.x0; �/ is a one-to-
one image of the line.

Similarly to the case of a discrete dynamical system, we say that a subset of the phase
space is invariant under a flow if it contains trajectories of all its points. It is useful
for the reader to formulate and prove an analog of Lemma 1.3 for flows.

As was mentioned above, we mostly study flows generated by autonomous systems
of differential equations.

Consider an autonomous system of differential equations

dx

dt
D F.x/ (1.1)

in the Euclidean space Rn. We assume that the vector-function F is of class C 1 in
Rn.

Let x0 be an arbitrary point of the space Rn. It is known from the basic course of
differential equations that there exists a number h > 0 with the following property:
On the interval .�h; h/, there exists a unique solution �.t; x0/ of system (1.1) with
initial data .0; x0/. As usual, the graph of the mapping

�. � ; x0/ W .�h; h/ ! Rn

i.e., the set

¹.t; �.t; x0// W t 2 .�h; h/º

is called the integral curve of the solution �.t; x0/.
The projection of the integral curve to the space Rn, i.e., the set

¹x D �.t; x0/ W t 2 .�h; h/º

is called the trajectory of the solution �.t; x0/.
Let us first assume that every maximally continued solution of system (1.1) is de-

fined for t 2 R. In this case, the corresponding mapping � W R � Rn ! Rn has
properties (CDS1)–(CDS3); thus, this mapping is a flow. Property (CDS1) holds since
�.0; x/ D x. Property (CDS2) is the group property of autonomous systems of differ-
ential equations (sometimes, this property is called the basic identity of autonomous
systems).
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Under our assumptions on the smoothness of F , the mapping � is continuous in
.t; x/ and differentiable in t and x (these statements are corollaries of the definition of
a solution of a differential equation and of theorems on continuity and differentiability
of a solution with respect to initial values).

It is known that, in general, not every solution of a (nonlinear) system of differ-
ential equations can be continued to the whole real line. To avoid this difficulty, the
following idea can be used.

Consider, along with system (1.1), the system

dx

dt
D G.x/; (1.2)

where

G.x/ D F.x/

1C jF.x/j2 ;

and jxj is the Euclidean norm of a vector x (thus, if F D .F1; : : : ; Fn/, then

jF.x/j2 D F 2
1 C � � � C F 2

n /:

Below we write F 2.x/ instead of jF.x/j2.
Clearly, the vector-function G is of class C 1, and the following inequality holds:

jG.x/j < 1; x 2 Rn: (1.3)

Let us denote by  .t; x/ the trajectory of system (1.2) with initial condition
 .0; x/ D x.

Inequality (1.3) implies that any maximally continued solution of system (1.2) is
defined for t 2 R (why?). Thus, system (1.2) generates a flow in Rn.

Let us describe a relation between solutions of systems (1.1) and (1.2). Let y.t/ be
a solution of system (1.2) defined for t 2 R. Consider the function

H.�/ D
Z �

0

ds

1C F 2.y.s//

defined for � 2 R. Let V be the range of values of the function H .
Since

dH

d�
> 0;

for any t 2 V , the equation t D H.�/ has a unique solution �.t/; clearly, the function
� is of class C 1.

Differentiating the identity �.H.�// � � in � , we get the following identity:

d�

dt

dH

d�
� 1:
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Hence,

d�

dt
D
�

1

1C F 2.y.�//

��1

D 1C F 2.y.�.t///:

Let us check that the function z.t/ D y.�.t// is a solution of system (1.1). Indeed,

dz

dt
D dy

d�

d�

dt
D F.y.�.t///

1C F 2.y.�.t///
.1C F 2.y.�.t//// D F.z.t//:

Thus, solutions of systems (1.1) and (1.2) (as well as trajectories of these solutions)
differ by parametrization only; the structure of partition of the phase space into tra-
jectories is the same for both systems.

Since the structure of partition of the phase space into trajectories is the main object
which we study in this book, in what follows we assume that autonomous systems of
differential equations we work with generate flows.

When one studies the global structure of dynamical systems, it is natural to consider
systems on manifolds. We treat in detail smooth dynamical systems with discrete time
generated by diffeomorphisms of smooth manifolds. For flows generated by smooth
vector fields, we formulate analogs of results established for smooth dynamical sys-
tems with discrete time. For this reason, we do not give here exact definitions from the
theory of smooth vector fields on manifolds (the reader can find them, for example, in
the book [12]).

Let us briefly recall that a smooth tangent vector field F on a smooth manifold M
is a smooth mapping of the manifold M into its tangent bundle TM .

A smooth curve

	 D �. � ; x/ W I ! M;

where I is an interval of the real line, is called the trajectory of a point x 2 M for the
field F if �.0; x/ D x and the tangent vector of 	 at the point �.t; x/ coincides with
the vector F.�.t; x// for any t 2 I .

If the manifold M is compact, then any trajectory of a field F can be continued to
R; thus, in this case any vector field F generates a flow on M .

Let us indicate several relations between the objects defined above and theories of
vector fields and differential equations.

1.2 Embedding of a discrete dynamical system into a flow

Let � be a flow on a topological space M . Fix T > 0 and consider the mapping
f W M ! M defined by the formula f .x/ D �.T; x/.

Let us show that f is a homeomorphism of M . Indeed, if g.x/ D �.�T; x/, then
g is continuous (see property (CDS3)), and

g.f .x// D �.�T; �.T; x// D �.0; x/ D x
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by properties (CDS2) and (CDS1). A similar reasoning shows that f .g.x// D x.
Hence, g is the inverse of f , and f is a homeomorphism.

In this case, we say that the homeomorphisms f is embedded into the flow �.
If M is a smooth manifold and the flow � is smooth (which means that the map-

pings �.t; � / are smooth for any t ), then the same reasoning as above shows that any
homeomorphism f embedded into the flow � is a diffeomorphism.

Clearly, the structure of the set of trajectories of a flow and the structure of the set
of trajectories of a homeomorphism embedded into this flow are closely related.

Nevertheless, one must remember that, in general, properties of the corresponding
dynamical systems may differ significantly.

Let us consider the following example.

Example 1.2. Let S be the circle of unit length; introduce on S coordinate x 2 Œ0; 1/.
Define a flow on S by the equality

�.t; x/ D x C t .mod 1/I

in this flow, every point moves along the circle into positive direction with unit speed.
Clearly, the flow � has exactly one trajectory; this is a closed trajectory coinciding

with the circle S .
As was shown above, for any T > 0, the mapping f .x/ D �.T; x/ is a homeomor-

phism of the circle S . The dynamics of f is different for rational and irrational T .
If T 2 .0; 1/ equals n=m, where n andm are relatively prime natural numbers, then

any point x 2 S is a periodic point of f of period m. If the number T is irrational,
then the set of periodic points of f is empty, and every trajectory is a countable set of
points that is dense in S (check this!)

In addition, one has to remember that there exist diffeomorphisms that cannot be
embedded into flows generated by smooth vector fields, and the set of such flows
is large enough; this set is residual in the space of all diffeomorphisms (the exact
definitions and statement of the result can be found in Section 2.4).

1.3 Local Poincaré diffeomorphism

Consider system (1.1) and assume that a point p 2 Rn is not a rest point. Fix a
number T > 0 and denote q D �.T; p/.

Consider two smooth .n� 1/-dimensional surfaces P andQ in Rn that contain the
points p and q, respectively.

We assume that locally (in neighborhoods of the points p and q) these surfaces are
determined by smooth mappings

ˆ W Rn�1 ! Rn and ‰ W Rn�1 ! Rn; ˆ;‰ 2 C 1;
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P is parametrized by parameter s 2 Rn�1, Q is parametrized by parameter � 2
Rn�1, and the equalities ˆ.0/ D p and ‰.0/ D q hold.

We assume, in addition, that the surfaces P and Q are nondegenerate at the points
p and q, respectively, which means that the ranks of the matrices

A D @ˆ

@s
.0/ and B D @‰

@�
.0/

equal n � 1.
Denote by a1; : : : ; an�1 and b1; : : : ; bn�1 the columns of the matrices A and B ,

respectively.
In this case, the tangent spaces TpP of the surface P at the point p and TqQ of the

surface Q at the point q are spanned by the vectors a1; : : : ; an�1 and b1; : : : ; bn�1,
respectively.

We say that the surfaces P and Q are transverse to the trajectory �.t; p/ at the
points p and q if the tangent vectors F.p/ and F.q/ of the trajectory do not belong
to the spaces TpP and TqQ, respectively.

Theorem 1.1. If the surfaces P and Q are transverse to the trajectory �.t; p/ at the
points p and q, then the mapping determined by the shift along trajectories of system
(1.1) is a diffeomorphism of a neighborhood of the point p in P to a neigborhood of
the point q in Q.

To prove Theorem 1.1, we apply a variant of the implicit function theorem which
we formulate below (Theorem 1.2). Consider two Euclidean spaces Rl and Rm with
coordinates x and y, respectively.

Theorem 1.2. Let f be a mapping of class C 1 from a neighborhood of a point .a; b/
in Rl � Rm to the space Rm. Assume that f .a; b/ D 0 and rank @f=@y.a; b/ D m.
Then there exists a neighborhood U of the point a in Rl and a mapping g of class C 1

from the neighborhood U to Rm such that g.a/ D b and f .x; g.x// D 0 for x 2 U .

Proof of Theorem 1.1. Since the vector F.p/ does not belong to the space spanned
by the vectors a1; : : : ; an�1,

rank.A; F.p// D n: (1.4)

Similarly,

rank.B; F.q// D n: (1.5)

The trajectory of system (1.1) starting at a point ˆ.s/ 2 P intersects the surface Q if
and only if there exist t 2 R and � 2 Rn�1 such that �.t; ˆ.s// D ‰.�/.

Consider the function

f .s; t; �/ D �.t; ˆ.s// �‰.�/:
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This function maps a neighborhood of the point .0; T; 0/ in Rn�1 � R � Rn�1 to the
space Rn. Since the solution �.t; x/ is continuously differentiable in t and x, the
function f is of class C 1. In addition,

f .0; T; 0/ D �.T; p/ � q D 0:

Let us calculate the Jacobi matrix

@f

@.t; �/
.0; T; 0/ D

�

@f

@t
;
@f

@�

�

.0; T; 0/

D
�

@�.t; ˆ.s//

@t
;�@‰.�/

@�

�

.0; T; 0/ D .F.q/;�B/ :

Equality (1.5) implies that f satisfies the conditions of Theorem 1.2 with l D
n � 1, m D n, a D 0, and b D .T; 0/. Hence, there exist mappings t .s/ and �.s/ of
class C 1 defined for small jsj such that f .s; t.s/; �.s// D 0, i.e.,

�.t.s/; ˆ.s// D ‰.�.s//;

t.0/ D T , and �.0/ D 0. The mapping which assigns to points ˆ.s/ 2 P with
small jsj the points �.t.s/; ˆ.s// D ‰.�.s// 2 Q is differentiable and invertible
(the existence and differentiability of the inverse mapping are proved similarly using
equality (1.4)). The theorem is proven.

Remark. We can apply the reasoning used in the proof of Theorem 1.1 to the function

f .x; t; �/ D �.t; x/ �‰.�/;

which maps a neighborhood of the point .p; T; 0/ in Rn � R � Rn�1 to the space Rn

and show that there exists a neigborhood U of the point p in Rn and mappings t .x/
and �.x/ of class C 1 defined in U such that f .x; t.x/; �.x// D 0, i.e.,

�.t.x/; x/ D ‰.�.x//;

and the following limit relations hold: t .x/ ! T and �.x/ ! 0 as x ! p.
Thus, any trajectory that intersects a small neighborhood of the point p intersects

the surface Q as well.

The diffeomorphism given by Theorem 1.1 is called the local Poincaré diffeomor-
phism generated by the transverse surfaces P and Q.

The most important particular case of the construction described by Theorem 1.1
arises when the trajectory of the point p corresponds to a nonconstant periodic solu-
tion of system (1.1) (thus, it is a closed trajectory) and the surfaces P and Q coincide
(precisely this case was studied by Poincaré).
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1.4 Time-periodic systems of differential equations

Consider a time-periodic system of differential equations,

dx

dt
D F.t; x/; (1.6)

where x 2 Rn. We assume that the vector-function F is of class C 0;1
t;x in R � Rn and

F.t C !; x/ � F.t; x/

for some ! > 0.
Denote by x.t; t0; x0/ the solution of system (1.6) with initial values .t0; x0/.
It is well known that if x.t/ is a solution of system (1.6) and k 2 Z, then the

function x.t C k!/ is a solution as well.
For definiteness, we assume that every solution of system (1.6) can be continued

to R.
Consider the mapping T .
/ D x.!; 0; 
/. Let us show that T is a diffeomorphism

of the space Rn. Let U.
/ D x.�!; 0; 
/. Fix 
 2 Rn and denote 
 0 D U.
/.
Consider two solutions x1.t/ D x.t; 0; 
 0/ and x2.t/ D x.t �!;�!; 
 0/ of system

(1.6) (the function x2.t/ is a solution as the shift by �! of the solution x.t;�!; 
0//.
Since x1.0/ D 
 0 and x2.0/ D x.�!;�!; 
 0/ D 
 0, the solutions x1.t/ and x2.t/

coincide.
By uniqueness, x2.!/ D x.0;�!; x.�!; 0; 
// D 
 . Since x1.!/ D 
 , we get the

equality T .U.
// D 
 , which shows that U is the inverse of T .
The mappings T are U are differentiable; hence, T is a diffeomorphism (called the

Poincaré diffeomorphism of system (1.6)).
The following statement holds.

Lemma 1.4. A solution x.t; 0; x0/ of system (1.6) has period m! if and only if x0 is
a fixed point of the diffeomorphism Tm.

Proof. If a solution x.t; 0; x0/ has period m!, then

x.t; 0; x0/ � x.t Cm!; 0; x0/:

Set t D 0 in the above identity to show that x0 D x.m!; 0; x0/ D Tm.x0/. Hence,
x0 is a fixed point of Tm.

Assume now that x0 is a fixed point of Tm, i.e., x0 D Tm.x0/. Consider the
solutions x1.t/ D x.t; 0; x0/ and x2.t/ D x.t C m!; 0; x0/. Since x1.0/ D x0 and
x2.0/ D x.m!; 0; x0/ D Tm.x0/ D x0, the solutions coincide, which means that
x.t; 0; x0/ is m!-periodic.

Thus, the important problem on the existence of periodic solutions of a system of
differential equations is reduced to the problem on the existence of a fixed point of a
diffeomorphism; the modern mathematics has a wide class of methods for the latter
problem.
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1.5 Action of an Abelian group

Let G be an Abelian group, i.e., a set with binary operation 	 that satisfies the follow-
ing axioms:

(G1) the operation 	 is associative, i.e., .a 	 b/ 	 c D a 	 .b 	 c/ for a; b; c 2 G;

(G2) there exist a unit, i.e., an element e 2 G such that a 	 e D e 	 a for a 2 G;

(G3) there exist inverse elements, i.e., for any a 2 G there exists an element
b 2 G such that a 	 b D e;

(G4) a 	 b D b 	 a for any a; b 2 G.

The action of the group G on a topological space M is a mapping � W G �M ! M

with the following properties:

(A1) �.e; x/ D x for x 2 M ;

(A2) �.a 	 b; x/ D �.a; �.b; x// for a; b 2 G and x 2 M .

Usually, continuous actions are considered, i.e., it is assumed that

(A3) the mapping �.a; � / is continuous for any a 2 G.

The trajectory (orbit) of a point x 2 M under the action of the group G is the set

O.x;G/ D ¹�.a; x/ W a 2 Gº:
Clearly, dynamical systems with discrete and continuous time are actions of the

groups Z and R, respectively (where 	 denotes addition).
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Topologies on spaces of dynamical systems

2.1 C 0-topology

Let .M; dist/ be a compact metric space. If f and g are two homeomorphisms of the
space M , we set

�0.f; g/ D max
x2M

max.dist.f .x/; g.x//; dist.f �1.x/; g�1.x///: (2.1)

It is easy to show that �0 is a metric on the space of homeomorphisms of the spaceM .
We denote byH.M/ the space of homeomorphisms of the spaceM with the metric

�0; the topology induced by the metric �0 is called the C 0-topology.

Lemma 2.1. The metric space H.M/ is complete.

Proof. Consider a sequence of homeomorphisms fm that is fundamental with respect
to �0.

This means that for any " > 0 we can find an index m0 such that �0.fl ; fk/ < "

for k; l > m0.
Then

max
x2M

dist.fl .x/; fk.x// < "

and

max
x2M

dist.f �1
l .x/; f �1

k .x// < "

for k; l > m0.
Thus, the sequences fm and f �1

m are fundamental with respect to the uniform met-
ric

r.f; g/ D max
x2M

dist.f .x/; g.x//:

Since the space of continuous mappings is complete with respect to the uniform metric
r , there exist continuous mappings f and g of the space M such that r.fm; f / ! 0

and r.f �1
m ; g/ ! 0 as m ! 1.

Fix a point x 2M . Passing to the limit asm! 1 in the equality fm.f
�1

m .x//D x,
we see that f .g.x// D x. Similarly, g.f .x// D x.

Thus, f is a homeomorphism of the space M , and g D f �1. Clearly,
�0.fm; f / ! 0 as m ! 1. The proof is complete.
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Remark. It is easy to show that if we replace the metric �0 by the uniform metric r ,
then the appearing space of homeomorphisms will not be complete.

Indeed, let M be the segment Œ0; 1�. Fix an integer m > 1 and consider a con-
tinuous mapping fm W Œ0; 1� ! Œ0; 1� defined as follows: fm.0/ D 0, fm.1/ D 1,
fm.1=3/ D 1=m, fm.2=3/ D 1 � 1=m, and fm is affine on any of the segments
Œ0; 1=3�, Œ1=3; 2=3�, and Œ2=3; 1�. Clearly, fm is a homeomorphism of the segment
Œ0; 1�.

It is easily seen that the inequality

jfm.x/ � fn.x/j � max

�

1

m
;
1

n

�

; x 2 Œ0; 1�;

holds for any m; n > 1; thus, the sequence fm is fundamental with respect to the
uniform metric r . Hence, this sequence converges with respect to r , and the limit
function f equals 0 on Œ0; 1=3� and 1 on Œ2=3; 1�. Hence, f is not a homeomorphism.

Now let � and  be two flows on a compact metric space .M; dist/. It was shown
in Section 1.2 that for any t ¤ 0, the mapping �.t; � / is a homeomorphism of the
space M (for t D 0, the mapping �.0; � / DId is a homeomorphism as well). Define

�0.�;  / D max
t2Œ�1;1�

�0.�.t; � /;  .t; � //: (2.2)

Clearly, �0 is a metric on the space of flows onM . We denote by F 0.M/ the space of
flows onM with the metric �0; similarly to the case of the space of homeomorphisms,
the topology induced by the metric �0 is called the C 0-topology.

The same reasoning as in the proof of Lemma 2.1 shows that F 0.M/ is a complete
metric space.

2.2 C 1-topology

Let M be a smooth closed (i.e., compact and boundaryless) manifold. To introduce
the C 1-topology on the space of diffeomorphisms of M , we assume that M is a
submanifold of the Euclidean space RN (a different, equivalent, approach to definition
of the C 1-topology based on local coordinates is described in [9]).

No generality is lost assuming that M is a submanifold of a Euclidean space since,
by the classical Whitney theorem, any smooth closed manifold can be embedded into
a Euclidean space of appropriate dimension.

If M is a submanifold of RN , for any point x 2 M we can identify the tangent
space TxM of M at x with a linear subspace of RN . Consider the metric dist on M
induced by the Euclidean metric of the space RN . For a vector v 2 TxM we denote
by jvj its norm as the norm in the space RN .

Let f and g be two diffeomorphisms of the manifoldM . Define the value �0.f; g/

by the same formula (2.1) as for homeomorphisms of a compact metric space.
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Take a point x of the manifold M and a vector v from the tangent space TxM .
We consider the vectors Df.x/v 2 Tf .x/M and Dg.x/v 2 Tg.x/M as vectors of
the same Euclidean space RN . Hence, the following values are defined: jDf.x/v �
Dg.x/vj and

kDf.x/ �Dg.x/k D sup
v2TxM;jvjD1

jDf.x/v �Dg.x/vj:

Similarly, one defines the value

kDf �1.x/ �Dg�1.x/k D sup
v2TxM;jvjD1

jDf �1.x/v �Dg�1.x/vj:

Introduce the number

�1.f; g/ D �0.f; g/C sup
x2M

kDf.x/ �Dg.x/k C sup
x2M

kDf �1.x/ �Dg�1.x/k:

Clearly, �1 is a metric on the space of diffeomorphisms of the manifold M . We
denote by Diff1.M/ the space of diffeomorphisms ofM with metric �1; the topology
induced by the metric �1 is called the C 1-topology.

The standard reasoning (left to the reader) shows that (Diff1.M/,�1) is a complete
metric space.

Now we consider the space of smooth flows onM . We say that a flow � W R�M !
M is smooth if for any t 2 R, the mapping �.t; � / is smooth (for our purposes, it is
enough to assume that this mapping is of class C 1; this assumption is satisfied if we
consider a flow generated by a vector field of class C 1).

Our reasoning above (see Section 1.2) shows that if a flow � W R � M ! M is
smooth, then the mapping �.t; � / is a diffeomorphism of the manifold M for any t .

If � and  are two smooth flows on M , we set

�1.�;  / D max
t2Œ�1;1�

�1.�.t; � /;  .t; � //: (2.3)

It is easy to show that �1 is a metric on the space of smooth flows on M ; we denote
by F 1.M/ the space of smooth flows on M with the metric �1. Similarly to the case
of diffeomorphisms, the topology induced by the metric �1 is called the C 1-topology.

2.3 Metrics on the space of systems of differential
equations

Considering flows generated by vector fields on smooth closed manifolds, we have
introduced two metrics, �0 and �1. Defining these metrics, we estimated differences
between trajectories of the flows with the same initial values and between the corre-
sponding “variational flows” on time intervals of fixed length.
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Considering flows generated by autonomous systems of differential equations, it is
natural to study metrics that are based on differences between right-hand sides of the
systems rather than on differences between trajectories.

As was mentioned in Section 1.1, we denote by jxj the Euclidean norm of a vector
x 2 Rn.

For an n�nmatrix A, let us denote by kAk its operator norm generated by j � j, i.e.,
the value

kAk D max
jxjD1

jAxj:

Let us give a rough estimate of the operator norm of a matrix A, which we use
below. Assume that the entries of A are aij , i; j 2 ¹1; : : : ; nº, and

jaij j � M; i; j 2 ¹1; : : : ; nº:

Let us write vectors x; y 2 Rn as x D .x1; : : : ; xn/ and y D .y1; : : : ; yn/, respec-
tively.

If y D Ax and jxj D 1, then (by the Cauchy inequality)

y2 D
n
X

iD1

.ai1x1 C � � � C ainxn/
2

�
n
X

iD1

.a2
i1 C � � � C a2

in/.x
2
1 C � � � C x2

n/ D
n
X

i;jD1

a2
ij � n2M 2;

and we conclude that

kAk � nM: (2.4)

Consider two systems of differential equations,

dx

dt
D F.x/ (2.5)

and

dx

dt
D G.x/; (2.6)

in Rn.
We assume that the vector-functions F and G are of class C 1 in Rn. Denote by �

and  the flows generated by systems (2.5) and (2.6), respectively (as was mentioned
above, we assume that every system of differential equations which we consider gen-
erates a flow).
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In addition, we assume that the Jacobi matrix @F=@x of the vector-function F is
bounded (in particular, this implies that F is globally Lipschitz continuous in Rn;
denote by L its global Lipschitz constant) and uniformly continuous in Rn.

The above assumptions on the Jacobi matrix @F=@x do not look very natural; this is
what we “pay” for working in the noncompact space Rn (for a vector field of class C 1

on a compact manifold, the corresponding assumptions are satisfied automatically).
Finally, we assume that the values

r0.F;G/ D sup
x2Rn

jF.x/ �G.x/j

and

r1.F;G/ D r0.F;G/C sup
x2Rn

�

�

�

�

@F

@x
.x/ � @G

@x
.x/

�

�

�

�

are finite (in fact, we study the case where these values tend to 0).
Below, we refer to the following elementary estimate of the difference between

solutions of two systems of differential equations (to prove this estimate, it is enough
to represent the considered solutions of Cauchy problems in the form of solutions of
equivalent integral equations and to apply the Gronwall lemma; a similar but more
complicated estimate is applied in the following proof of Lemma 2.2).

Consider two systems of differential equations,

dx

dt
D f .t; x/ (2.7)

and

dx

dt
D g.t; x/; (2.8)

where x 2 Rn.
Assume that the vector-functions f and g are continuous in RnC1, f is globally

Lipschitz continuous in x with constant L, and the value

m D sup
.t;x/2RnC1

jf .t; x/ � g.t; x/j

is finite.
If x.t/ and y.t/ are solutions of systems (2.7) and (2.8), respectively, that are de-

fined on the same segment Œa; b� and have the same initial values .t0; x0/, where
t0 2 Œa; b�, then

jx.t/ � y.t/j � m exp.L.b � a//; t 2 Œa; b�: (2.9)

Lemma 2.2. (1) If r0.F;G/ ! 0, then �0.�;  / ! 0.

(2) If r1.F;G/ ! 0, then �1.�;  / ! 0.
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Proof. Let x be an arbitrary point of the space Rn. Since �.t; x/ and  .t; x/ are
solutions of systems (2.5) and (2.6), respectively, with the same initial values .0; x/,
estimate (2.9) implies that

�0.�;  / D sup
x2Rn

max
t2Œ�1;1�

j�.t; x/ �  .t; x/j � r0.F;G/ exp.L/:

This proves statement (1).
To estimate the value �1.�;  /, we again fix a point x 2 Rn and consider the

derivatives of the flows � and  with respect to initial values,

Y.t/ D @�

@x
.t/

and

Z.t/ D @ 

@x
.t/:

Recall that these derivatives are matrix-valued solutions of the variational systems

dY

dt
D ˆ.t; Y /; where ˆ.t; Y / D @F

@x
.t; �.t//Y; (2.10)

and

dZ

dt
D ‰.t;Z/; where ‰.t;Z/ D @G

@x
.t;  .t//Z; (2.11)

respectively, with the same initial values Y.0/ D Z.0/ D E, where E is the unit
matrix of size n � n.

It was assumed that the Jacobi matrix @F=@x is bounded; in addition, since
r1.F;G/ ! 0, we may assume, for example, that r1.F;G/ � 1. Hence, there exists
a number N > 0 such that

�

�

�

�

@F

@x

�

�

�

�

� N;

�

�

�

�

@G

@x

�

�

�

�

� N; x 2 Rn: (2.12)

First we estimate the value kZ.t/k for t 2 Œ�1; 1� (we are not going to get an exact
estimate of the value kZ.t/k; it is important for us to estimate this value by a constant
depending on N and independent from the initial point x of the trajectory  .t; x/).

If z is a column of the matrix Z, then

dz

dt
D @G

@x
.t;  .t//z (2.13)

and jz.0/j D 1.
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We take the scalar product of equality (2.13) and the vector z.t/:
�

dz

dt
; z

�

D
�

@G

@x
.t;  .t//; z

�

; (2.14)

where h � i denotes scalar product.
As above, we denote by z2.t/ the square of the Euclidean norm of z.t/. Relations

(2.12) and (2.14) imply that

1

2

d

dt
z2 D

�

dz

dt
; z

�

D
�

@G

@x
.t;  .t//z; z

�

�
ˇ

ˇ

ˇ

ˇ

@G

@x
.t;  .t//z

ˇ

ˇ

ˇ

ˇ

jzj �
�

�

�

�

@G

@x
.t;  .t//

�

�

�

�

jzjjzj � Nz2:

Since z.t/ ¤ 0, it follows from the last inequality that

d

dt
.log z2/ � 2N:

Integrating this inequality and taking into account that z2.0/ D 1, we get the estimate

z2.t/ � N 2
1 WD exp.2N /; jt j � 1:

Thus,

jz.t/j � N1;

and estimate (2.4) implies that

kZ.t/k � N2 WD nN1; jt j � 1:

Fix an arbitrary " > 0 and find a ı > 0 such that if jx � x0j < ı, then
�

�

�

�

@F

@x
.x/ � @F

@x
.x0/

�

�

�

�

� ":

Clearly, if r1.F;G/ ! 0, then r0.F;G/ ! 0. Find a ı1 > 0 such that if
r1.F;G/ < ı1, then r0.F;G/ exp.L/ < ı. The same reasoning as in the proof of
statement (1) shows that

j�.t; x/ �  .t; x/j � ı; jt j � 1;

for any x 2 Rn.
Then

�

�

�

�

@F

@x
.�.t; x// � @F

@x
. .t; x//

�

�

�

�

� "; jt j � 1; (2.15)
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for any x 2 Rn.
Let us write down equivalent integral equations for Y and Z:

Y.t/ D E C
Z t

0

ˆ.s; Y.s// ds (2.16)

and

Z.t/ D E C
Z t

0

‰.s;Z.s// ds: (2.17)

Relations (2.16) and (2.17) imply that

kY.t/ �Z.t/k �
ˇ

ˇ

ˇ

ˇ

Z t

0

kˆ.s; Y.s// �‰.s;Z.s//k ds
ˇ

ˇ

ˇ

ˇ

:

The integrand is estimated as follows:

kˆ.s; Y.s// �‰.s;Z.s//k
� kˆ.s; Y.s// �ˆ.s;Z.s//k C kˆ.s;Z.s// �‰.s;Z.s//k:

It follows from estimates (2.12) that

kˆ.s; Y.s// �ˆ.s;Z.s//k D
�

�

�

�

@F

@x
.�.s; x//.Y.s/ �Z.s//

�

�

�

�

� N kY.s/ �Z.s/k:
(2.18)

Further, if r1.F;G/ < ı1, then

kˆ.s;Z.s// �‰.s;Z.s//k �
�

�

�

�

�

@F

@x
.�.s; x// � @F

@x
. .s; x//

�

Z.s/

�

�

�

�

C
�

�

�

�

�

@F

@x
. .s; x// � @G

@x
. .s; x//

�

Z.s/

�

�

�

�

� ."C r1.F;G//N2:

Combining these inequalities with estimate (2.18), we get the inequality

kY.t/ �Z.t/k �
ˇ

ˇ

ˇ

ˇ

Z t

0

.N kY.s/ �Z.s/k C ."C r1.F;G//N2/ ds

ˇ

ˇ

ˇ

ˇ

:

Applying the Gronwall lemma to the above inequality, we conclude that if
r1.F;G/ < ı1, then

kY.t/ �Z.t/k � ."C r1.F;G//N2 exp.N /

for t 2 Œ�1; 1�.
Since " is arbitrary, the last inequality implies statement (2) of our lemma.
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2.4 Generic properties

In the global theory of dynamical systems, it is important to study generic properties.
Let X be a topological space. We say that a set A � X is residual if there exists a

countable family of open subsets ¹An W n 2 Zº of the space X such that
\

n2Z

An D A: (2.19)

A property of elements of the space X is called generic if there exists a residual
subset of X such that every element of this subset has this property. If a property is
generic, we say that a generic element of the space X has this property.

The following classical theorem was proven by Baire.

Theorem 2.1. IfX is a complete metric space, then any residual subset is dense inX .

A residual set is “large” in the topological sense. At the same time, a residual set
can be “small” in the sense of measure.

Let us show that there exists a residual subset of the real line R whose Lebesgue
measure is zero. Fix a countable dense subset ¹an; n D 0; 1; : : : º of the line (for
example, consider the set of rational numbers).

Take a natural number m and consider the set

Am D
[

n�0

�

an � 1

m2n
; an C 1

m2n

�

:

The set Am is an open and dense subset of the line, and its Lebesgue measure can be
estimated as follows:

mesAm �
1
X

nD0

2

m2n
D 4

m
:

The set A D T

m>0Am is residual, and mesA D 0.
It was mentioned in Section 1.2 that there exist diffeomorphisms that cannot be

embedded into flows. The precise statement of the main result of [13] is as follows.

Theorem 2.2. LetM be a smooth closed manifold whose dimension is not less than 2.
Then a generic diffeomorphism in Diff1.M/ cannot be embedded into a flow gener-
ated by a Lipschitz continuous vector field on M .

2.5 Immersions and embeddings

In this book, we consider two main classes of mappings studied in differential topol-
ogy, immersions and embeddings. We mostly restrict ourselves to immersions and
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embeddings of smooth manifolds (Euclidean spaces and disks in such spaces) into
Euclidean spaces.

Let us recall the basic definitions.
Let f be a mapping of a manifold M to a manifold N . We say that the mapping f

is a topological immersion if f is a homeomorphism of M and f .M/.
We say that f is an immersion of class C k ; k � 1, if f belongs to class C k and

rankDf.x/ D dimM

for any x 2 M (let us note that the last condition implies that dimN � dimM ).
The mapping f is called an embedding of class C k ; k � 1, if f .M/ is a submani-

fold of N and f is a diffeomorphism of M and f .M/.
We will work with smooth disks. By definition, a smooth disk is the image of a ball

of a Euclidean space under an embedding.
Consider a disk

D D ¹x 2 Rk W jxje < r; r > 0º

in the Euclidean space Rk and a manifold M (as above, we assume that M is a
submanifold of a Euclidean space RN ).

For two embeddings h and g of the disk D into the manifold M we set

�1.h; g/ D sup
x2D

.jh.x/ � g.x/j C kDh.x/ �Dg.x/k/ ;

where j � j and k � k are the distance in RN and the corresponding operator norm (to
show that all the objects are properly defined, one can use the same reasoning as in
Section 2.2).
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Equivalence relations

3.1 Topological conjugacy

Consider two homeomorphisms f W M ! M and g W N ! N , where M and N are
topological spaces.

We say that the homeomorphisms f are g topologically conjugate if there exists a
homeomorphism h of the spaces M and N such that

g.h.x// D h.f .x// (3.1)

for any x 2 M (in other words, g ı h D h ı f ).
In this case, the homeomorphism h is called conjugating homeomorphism (or topo-

logical conjugacy).
Sometimes, condition (3.1) is formulated in the following (equivalent) form: The

diagram

M
f����! M

h

?

?

y

h

?

?

y

N
g����! N

commutes.
The following simple (but very important) statement holds.

Lemma 3.1. If g ı h D h ı f , then

gm ı h D h ı f m (3.2)

for any m 2 Z.

Proof. We apply induction to prove the statement for m � 0 (for m < 0, the proof
is similar). If m D 0, f 0 D g0 DId, and the equality (3.2) takes the form h D h.
Assume that equality (3.2) has been proven for some m.

Then

gmC1 ı h D g ı .gm ı h/ D g ı .h ı f m/

D .g ı h/ ı f m D .h ı f / ı f m D h ı f mC1;

which proves the statement of our lemma.
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Lemma 3.1 implies that a conjugating homeomorphism maps trajectories of the dy-
namical system generated by the homeomorphism f to trajectories of the dynamical
system generated by the homeomorphism g.

Thus, if homeomorphisms f and g are topologically conjugate, then, from the
topological point of view, the global structure of the set of trajectories of the dynami-
cal systems generated by the homeomorphisms f and g is the same.

For example, periodic trajectories of the homeomorphism f are mapped to periodic
trajectories of the homeomorphism g. Indeed, let p be a periodic point of f of period
m, i.e., the points

p0 D p; p1 D f .p/; : : : ; pm�1 D f m�1.p/

are distinct and f m.p/ D p. If r D h.p/, then

ri D gi .r/ D gi .h.p// D h.f i.p// D h.pi /

by Lemma 3.1; thus, the points ri ; i D 0; : : : ; m � 1, are distinct and gm.r/ D
h.f m.p// D h.p/ D r .

A similar reasoning shows that if a trajectoryO.p; f / (a semitrajectoryOC.p; f /)
is dense M , then the trajectory O.h.p/; g/ (semitrajectory OC.h.p/; g/) is dense
in N .

Remark. Sometimes, it is possible to significantly simplify a problem by passing
from a homeomorphism to a topologically conjugate homeomorphism (this idea will
be applied in Section 9, where we study the Smale horseshoe).

Here we consider as an example two semi-dynamical systems.
Let f be a continuous mapping of a topological space M into itself. We set

�.m; x/ D f m.x/;m 2 ZC, and get a semi-dynamical system, i.e., a mapping
� W ZC �M ! M whose properties are similar to properties (DDS1)–(DDS3) (one
has to replace Z by ZC in properties (DDS2) and (DDS3)).

The trajectory of a point x in the semi-dynamical system � is defined by the equality

O.x; �/ D ¹�.m; x/ W m 2 ZCºI
the definition of a periodic point is literally the same as in the case of a dynamical
system.

Two semi-dynamical systems generated by mappings f and g are called topologi-
cally conjugate if there exists a homeomorphism h that satisfies equality (3.1).

Exercise 3.1. Consider two semi-dynamical systems on the segment Œ0; 1� generated
by the mappings

f .x/ D 4x.1 � x/
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and

g.x/ D
´

2x; x 2 Œ0; 1=2�;
2.1 � x/; x 2 .1=2; 1�:

Prove that the mapping

h.x/ D 1

2�
arcsin

p
x

is a homeomorphism of the segment Œ0; 1� that conjugates the semi-dynamical systems
generated by the mappings f and g.

Thus, we can reduce the study of the dynamics of the essentially nonlinear mapping
f to the similar problem for the piecewise linear mapping g.

In what follows, we consider dynamical systems with the same phase space M .

Lemma 3.2. Topological conjugacy is an equivalence relation on the space H.M/.

Proof. Since the identity homeomorphism Id conjugates any homeomorphism with
itself, topological conjugacy is reflexive.

Topological conjugacy is symmetric. Indeed, if a homeomorphism h conjugates f
and g, i.e., g ı h D h ı f , then h�1 conjugates g and f ; to show this, apply h�1 to
the equality g ı h D h ı f both from the right and left. As a result, we get the desired
equality f ı h�1 D h�1 ı g.

Finally, we show that topological conjugacy is transitive. Assume that h1 conju-
gates f and g and h2 conjugates g and k. Then h D h2 ı h1 is a homeomorphism of
the space M , and

h ı f D h2 ı .h1 ı f / D h2 ı .g ı h1/ D .k ı h2/ ı h1 D k ı h;

which completes the proof of our lemma.

Of course, topological conjugacy is an equivalence relation on the space of diffeo-
morphisms Diff1.M/ of a smooth manifold M as well.

This relation allows us to give the main definition of the theory of structural stabil-
ity.

Let M be a smooth closed manifold. A diffeomorphism f 2 Diff1.M/ is called
structurally stable if there exists a neighborhood W of the diffeomorphism f in the
C 1-topology such that any diffeomorphism g 2 W is topologically conjugate with f .

The above definition and Lemma 3.2 imply that any diffeomorphism g 2 W is
structurally stable as well. Denote by S.M/ the set of structurally stable diffeomor-
phisms in Diff1.M/. Clearly, the following statement holds (since this statement is
very important for us, we call it a theorem).
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Theorem 3.1. The set S.M/ is open in Diff1.M/.

The property of structural stability was first defined by Andronov and Pontryagin
for autonomous systems of differential equations (we discuss this definition below, in
Section 7.6).

In fact, this original definition corresponds to a slightly different property which we
formulate below.

A diffeomorphism f 2 Diff1.M/ is called structurally stable in the strong sense
if for any " > 0 one can find a neighborhood W of the diffeomorphism f in the C 1-
topology such that for any diffeomorphism g 2 W there exists a homeomorphism h

that topologically conjugates g and f and satisfies the inequality

max
x2M

dist.h.x/; x/ < ":

It is easy to understand that this definition does not imply immediately that the set
of diffeomorphisms that are structurally stable in the strong sense is open.

Let us pass to the case of flows. Consider two flows � W R � M ! M and
 W R �N ! N , where M and N are topological spaces.

The flows � and  are called topologically conjugate if there exists a homeomor-
phism h of the spaces M and N such that

 .t; h.x// D h.�.t; x// (3.3)

for any t 2 R and x 2 M .
Thus, topological conjugacy of flows means that there exists a homeomorphism of

their phase spaces that maps trajectories to trajectories and preserves time t .
Let us show that the notion of topological conjugacy of flows is too fine for the

problem of global classification of flows generated by systems of differential equa-
tions.

Consider, for example, two autonomous systems of differential equations in the
plane R2 with coordinates .x; y/:

dx

dt
D �2y; dy

dt
D 2x; (3.4)

and

dx

dt
D �y; dy

dt
D x: (3.5)

Let � and  be the flows generated by systems (3.4) and (3.5), respectively.
The origin is a rest point of both systems (3.4) and (3.5); the remaining trajectories

are concentric circles with center at the origin along which points move in the positive
direction as t grows. Fix an initial point .x0; 0/. The trajectories of this point in the
flows � and  are given by the following formulas:

�.t; x0; 0/W x D x0 cos 2t; y D x0 sin 2t;
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and

 .t; x0; 0/W x D x0 cos t; y D x0 sin t;

respectively.
Clearly, the sets of trajectories of systems (3.4) and (3.5) are the same from the

topological point of view; at the same time, the flows � and  are not topologically
conjugate. Let us show this.

To get a contradiction, let us assume that there exists a homeomorphism h W R2 !
R2 for which equality (3.3) holds. The trajectory of the point �.t; 1; 0/ is closed;
hence, the homeomorphism h must map this trajectory to a closed trajectory. Thus, if
h.1; 0/ D .x0; y0/, then

.x0; y0/ ¤ .0; 0/: (3.6)

The formula defining the flow � implies that �.�; 1; 0/ D .1; 0/. Hence,

.x0; y0/ D h.1; 0/ D h.�.�; 1; 0// D  .�; h.1; 0// D  .�; x0; y0/ D �.x0; y0/;

and we get a contradiction with inequality (3.6).
In the problem of global classification of flows, a different notion of equivalence is

used. We discuss this property in the next section.

3.2 Topological equivalence of flows

Two flows � W R �M ! M and  W R �N ! N , where M and N are topological
spaces, are called topologically equivalent if there exists a homeomorphism h of the
spaces M and N that maps trajectories of the flow � to trajectories of the flow  and
preserves the direction of movement along trajectories.

In other words, there exists a function � W R �M ! R such that

(1) for any x 2 M , the function �. � ; x/ increases and maps R onto R;

(2) �.0; x/ D x for any x 2 M ;

(3) h.�.t; x// D  .�.t; x/; h.x// for any .t; x/ 2 R �M .

Clearly, the flows � and  generated by systems of differential equations (3.4) and
(3.5) are topologically equivalent; one may take as h the identical mapping of the
plane and set �.t; x/ D 2t .

A flow � 2 F 1.M/ is called structurally stable if there exists a neighborhood W
of � in F 1.M/ such that any flow  2 W is topologically equivalent to �.

3.3 Nonwandering set

Some equivalence relations which are important for the global qualitative theory of
dynamical systems are related to the notion of a nonwandering point.
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Consider a homeomorphism f of a topological space M and the corresponding
dynamical system.

A point x0 2 M is called wandering for f if there exists a neighborhood U of the
point x0 and a number N > 0 such that

f n.U / \ U D ; for jnj � N:

A point x0 is called nonwandering if it is not wandering. Clearly, a point x0 is
wandering if for any neighborhood U of x0 and for any numberN there exists a point
x 2 U and a number n, jnj > N , such that f n.x/ 2 U .

We denote by�.f / the set of nonwandering points of a homeomorphism f (some-
times, the set �.f / is called the nonwandering set).

Under rather general assumptions on the space M (for example, these assumptions
are satisfied for a metric space), we can give a different definition of a nonwandering
point.

A topological space M is said to satisfy the first axiom of countability if any point
of M has a countable base of neighborhoods (we gave a definition of a base of neigh-
borhoods in Section 1 when Example 1.1 was considered). It is well known that any
metric space satisfies the first axiom of countability.

Lemma 3.3. Assume that the spaceM satisfies the first axiom of countability. A point
x0 2 M is nonwandering for a homeomorphism f if and only if there exist sequences
of points pk; qk 2 M and numbers �k ; �k such that

pk; qk; f
�k .pk/; f

�k .qk/ ! x0;

�k ! 1, and �k ! �1 as k ! 1.

Proof. Clearly, if such sequences exist, then x0 2 �.f /.
Take a point x0 2 �.f / and fix a countable base Vm; m > 0; of neighborhoods of

the point x0. For any naturalm we can find a number n.m/ such that jn.m/j > m and

f n.m/.Vm/ \ Vm ¤ ;:

This means that there exist points rm 2 Vm such that f n.m/.rm/ 2 Vm.
If the sequence n.m/ contains a subsequence n.lk/ ! 1, we set pk D rn.lk/,

�k D n.lk/, qk D f �k .pk/, and �k D ��k .
The case of a subsequence n.lk/ ! �1 is considered similarly.

Clearly, fixed and periodic points of a homeomorphism f are nonwandering. In-
deed, if p is a periodic point of period m, then the points f mk.p/ D p belong to any
neighborhood of p, while the numbers mk can be arbitrarily large. Sometimes, such
nonwandering points are called trivial.

There exist nontrivial nonwandering points.
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Let us recall the notions of !-limit and ˛-limit points of a trajectory O.x; f /. The
!-limit set, !.x; f /, of a trajectory O.x; f / is, by definition, the set of limit points
of all sequences f n.k/.x/, where n.k/ ! 1 as k ! 1. Similarly, the ˛-limit
set, ˛.x; f /, of a trajectory O.x; f / is, by definition, the set of limit points of all
sequences f n.k/.x/, where n.k/ ! 1 as k ! �1.

Both sets !.x; f / and ˛.x; f / are closed and invariant.

Lemma 3.4. !.x; f / [ ˛.x; f / � �.f / for any point x 2 M .

Proof. Let us prove that !.x; f / � �.f /; the case of ˛-limit set is considered anal-
ogously.

Take a point x0 2 !.x; f /. There exists a sequence n.k/ ! 1, k ! 1, such that
f n.k/.x/ ! x0.

Let U be an arbitrary neighborhood of the point x0 and let N be an arbitrary num-
ber. There exists an index k0 such that f n.k/.x/ 2 U for k � k0. In addition, there
exists an index k1 > k0 such that n1 WD n.k1/ � n.k0/ > N .

In this case, f n.k1/.x/ D f n1.f n.k0/.x// 2 U , i.e., f n1.U / \ U ¤ ;.
This means that x0 2 �.f /.
One can show that there exist dynamical systems for which the nonwandering set

contains points that are not !-limit or ˛-limit points of individual trajectories. Below
we give an example of a flow having this property (see Example 3.1); let us mention
that some notions and constructions are more “visible” in the case of a flow.

Let us describe the basic properties of nonwandering sets.

Theorem 3.2. The set�.f / is closed and invariant. If the spaceM is compact, then
�.f / ¤ ;.

Proof. First we show that the set�.f / is closed. It follows from the definition that if
x0 is a wandering point, then any point of the neighborhood U mentioned in the defi-
nition is wandering as well. Thus, the set of wandering points is open; its complement
�.f / is closed.

Now we prove that the set �.f / is invariant. Consider an arbitrary point x0 2
�.f /, an arbitrary neighborhood U of the point x0 D f .x0/, and an arbitrary number
N . Since the mapping f is continuous, the set U1 D f �1.U / is a neighborhood of
the point x0. Hence, there exists a point x1 2 U1 and a number n; jnj > N , such that
f n.x1/ 2 U1. Let x D f .x1/. Then x 2 U and f n.x/ D f .f n.x1// 2 f .U1/ D
U . Thus, x0 2 �.f /; it follows that f .�.f // � �.f /. A similar reasoning shows
that f �1.�.f // � �.f /. Hence, f .�.f // D �.f /. Thus, the set�.f / is invariant
by Lemma 1.3.

Now let us assume that the space M is compact. In this case, the !-limit set of
any trajectory is nonempty, and the last statement of our theorem is a corollary of
Lemma 3.4.
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It is easy to understand that if the phase space of a dynamical system is not compact,
then the nonwandering set may be empty.

As an example, consider the homeomorphism f .x/ D x C 1 of the line R.
In a sense, the global dynamics is characterized by the behavior of a dynamical

system near its nonwandering set. In fact, for any trajectory, only a finite number of
its points does not belong to a neighborhood of the nonwandering set. More precisely,
the following theorem was proven by Birkhoff (the constant T whose existence is
established in Theorem 3.3 is usually called the Birkhoff constant for a neighborhood
U of the set �.f /).

Theorem 3.3. Assume that the phase space M of a dynamical system generated by a
homeomorphism f is compact. Let U be an arbitrary neighborhood of the set �.f /.
There exists a number T > 0 such that

card¹k W f k.x/ … U º � T

for any point x 2 M .

Proof. Fix a neighborhood U of the set �.f /. For any point x 2 M nU we can find
a number t .x/ and neighborhood V.x/ such that

f k.V .x// \ V.x/ D ;; jkj � t .x/:

Since the set M n U is compact, the covering ¹V.x/º of the set M n U contains
a finite subcovering V1; : : : ; Vn with the following property: There exist numbers
t1; : : : ; tn � 1 such that

f k.Vi / \ Vi D ;; k � ti ; i D 1; : : : ; n:

Set t D max ti and T D .nC 1/t .
Let us prove that T has the required property. To get a contradiction, assume the

contrary. Then there exists a point x and a set of integers

L D ¹l.0/ < l.1/ < � � � < l.m/º

with cardL D mC 1 � T such that f l.i/.x/ … U for i D 0; : : : ; m.
Note that if i; j 2 ¹0; : : : ; mº and j � i , then l.j / � l.i/ � j � i .
Set y0 D f l.0/.x/; let W0 be a neighborhood from Vi , that contains the point y0

(if such a neighborhood is not unique, take as W0 any of them).
Note that f k.y0/ … W0 for k � t . Set y1 D f l.t/.x/; let W1 be a neighborhood

from the family Vi that contains the point y1. Since y1 D f l.t/�l.0/.y0/, it follows
from the choice of t and from the inequality l.t/�l.0/ � t thatW1 ¤ W0. In addition,
f k.y1/ … W0 for k � 0 and f k.y1/ … W0 [W1 for k � t .
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The inequality m C 1 � .n C 1/t implies that m � nt ; hence, the set L contains
the number l.nt/.

The same reasoning as applied above to the points y0 and y1 shows that if yj D
f l.jt/.x/, j D 1; : : : ; n, andWj are elements of the family ¹V1; V2; : : : ; Vnº contain-
ing the points yj , then the sets Wj are pairwise disjoint, and

f k.yj / … W0 [W1 [ � � � [Wj�1; k � 0; j D 1; : : : ; n:

Hence,

f k.yn/ … W0 [W1 [ � � � [Wn�1; k � 0:

Since the sets W0; W1; : : : ; Wn�1 are pairwise disjoint elements of the family
¹V1; V2; : : : ; Vnº, the families ¹V1; V2; : : : ; Vnº and ¹W0; W1; : : : ; Wn�1º coincide (up
to the numbering of their elements). Hence,

f k.yn/ D f l.nt/Ck.x/ … M n U; k � 0:

If we set k D 0 in the above relation, we get a contradiction with the inclusion
l.nt/ 2 L. This completes the proof.

Consider two homeomorphisms f W M ! M and g W N ! N . We say that
the homeomorphisms f and g are �-conjugate if there exists a homeomorphism h

of �.f / and �.g/ such that g.h.x// D h.f .x// for x 2 �.f / (let us explain that
in this case h is a one-to-one mapping of �.f / onto �.g/ such that both h and h�1

are continuous with respect to topologies induced on the sets �.f / and �.g/ by the
topologies of the spaces M and N ).

Lemma 3.5. If h topologically conjugates f and g, then h.�.f // D �.g/.

Proof. Consider an arbitrary point x0 2 �.f / and fix an arbitrary neighborhood U
of the point y0 D h.x0/ and an arbitrary number N . Since h is continuous, the set
V D h�1.U / is a neighborhood of the point x0. Hence, there exists a point x 2 V

and a number n; jnj > N , such that f n.x/ 2 V . Denote y D h.x/. Then y 2 U and
gn.y/ D gn.h.x// D h.f n.x// 2 U . Thus, y 2 �.g/; hence, h.�.f // � �.g/.
A similar reasoning shows that h�1.�.g// � �.f /. We conclude that h.�.f // D
�.g/.

Corollary. If homeomorphisms f and g are topologically conjugate, then they are
�-conjugate.

The same reasoning as in the proof of Lemma 3.2 shows that �-conjugacy is an
equivalence relation on the space of homeomorphisms H.M/.
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LetM be a smooth closed manifold. A diffeomorphism f 2 Diff1.M/ is called�-
stable if there exists a neighborhood W of the diffeomorphism f in the C 1-topology
such that any diffeomorphism g 2 W is �-conjugate with f .

The corollary of Lemma 3.5 implies that if a diffeomorphism is structurally stable,
then it is �-stable.

Nonwandering points of flows are defined similarly to nonwandering points of cas-
cades.

Let � be a flow on a topological space M . A point x0 2 M is called a nonwander-
ing point of the flow � if for any neighborhood U of the point x0 and for any number
N there exists a point x 2 U and a number t , jt j > N , such that �.t; x/ 2 U .

The set of nonwandering points of a flow has the same basic properties as the set of
nonwandering points of a cascade.

The definition of an�-stable flow repeats that of an�-stable diffeomorphism (with
a natural replacement of �-conjugacy by �-equivalence).

Let us give an example of a flow whose nonwandering set does not coincide with
the union of the sets of !-limit and ˛-limit points of individual trajectories.

Example 3.1. Consider the following autonomous system of differential equations in
the plane R2 with coordinates .x; y/:

dx

dt
D y;

dy

dt
D x.1 � x2/: (3.7)

System (3.7) has an integral

U.x; y/ D y2 � x2 C x4=2I
hence, trajectories of the system belong to the sets

y D ˙
q

C C x2 � x4=2:

The set of trajectories is shown in Figure 1.

r x

y

S 1 1

Figure 1. The structure of trajectories of system (3.7).
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The origin is a saddle rest point of system (3.7); the rest points .�1; 0/ and .1; 0/
are centers; all other trajectories, different from the mentioned rest points and from
the trajectories of the points s D .�p

2; 0/ and r D .
p
2; 0/, are closed.

Denote by � the flow generated by system (3.7).
Points of closed trajectories are nonwandering points of the flow �. Since the union

of closed trajectories is dense in the plane and the nonwandering set is closed (this fact
is proven by the same reasoning as in the case of cascades), every point of the plane
is a nonwandering point of the flow �.

Clearly, if p is a rest point or a point belonging to a closed trajectory, then the !-
limit and ˛-limit points of the trajectory of p belong to the trajectory of p. For the
points r and s, the set of !-limit and ˛-limit points is the rest point .0; 0/.

Thus, the nonwandering points r and s of the flow � do not belong to the set of
!-limit and ˛-limit points of trajectories of the flow.

In addition, let us note that, moving along the trajectory of the flow �, the point r
leaves its small neighborhood when time increases or decreases and does not return to
this neighborhood. This point is nonwandering since any its neighborhood contains
points of closed trajectories (and these points return to the neighborhood infinitely
many times).

3.4 Local equivalence

Often, a researcher considers small perturbations of the system and studies the prob-
lem of preservation of the topological structure of the set of trajectories not in the
whole phase space but on some its subsets (usually, on neighborhoods of invariant
sets). In this case, the notions of topological conjugacy and equivalence are replaced
by their “local” variants.

Let us give one of the possible definitions.
Let f W M ! M and g W N ! N be homeomorphisms of topological spaces.

Assume that I and J are invariant sets of f and g, respectively.
Let X be a subset of M . Fix a point x 2 X and define the set

K.x;X/ D ¹n > 0 W f k.x/ 2 X; 0 < k � nº [ ¹n < 0 W f k.x/ 2 X; n � k < 0º:
Thus, the set

¹f k.x/ W k 2 K.x;X/º
is a “component” of the intersection of the trajectory O.x; f / with the set X .

We say that the invariant sets I and J are locally topologically conjugate if there
exist neighborhoods U and V of I and J , respectively, and a homeomorphism h

mapping U to V and having the following properties:

(LC1) h.I / D J ;

(LC2) h.f k.x// D gk.h.x// for x 2 U and k 2 K.x;U /.
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Hyperbolic fixed point

4.1 Hyperbolic linear mapping

The notion of hyperbolicity is one of the basic notions in the theory of structural
stability of dynamical systems.

We first consider the simplest system with hyperbolic behavior, a hyperbolic linear
mapping of the Euclidean space Rn.

Let L be a nondegenerate linear mapping of the space Rn. It is well known that if
we fix a basis of the space, then we assign to the mapping L an n � n matrix A such
that the mapping L is given by the formula y D Ax; x 2 Rn.

Let �1; : : : ; �n be the eigenvalues of the matrix A. The matrix A is called hyper-
bolic if

j�i j ¤ 1; i D 1; : : : ; n: (4.1)

If we fix another basis of the space Rn (i.e., we perform a nonsingular change of
variables z D Sx), then , in this new basis, we assign to the mapping L the matrix
A0 D S�1AS that is similar to A. Since the sets of eigenvalues of similar matrices
are the same, the matrices A0 and A are hyperbolic or nonhyperbolic simultaneously.

A linear mapping L is called hyperbolic if the eigenvalues of its matrix in some
(and then in any) basis satisfy inequalities (4.1).

Lemma 4.1. If L is a hyperbolic linear mapping of the space Rn, then there exists
a basis of the space in which the matrix A of the mapping L is block-diagonal, A D
diag.B; C /, and the following inequalities hold: kBk < 1 and kC�1k < 1.

Proof. Fix a basis of the space Rn; let A0 be the matrix of the mapping L in this basis.
We consider the general case assuming that the matrix A0 has both eigenvalues �i

with j�i j < 1 and eigenvalues �i with j�i j > 1.
Thus, we assume that there is an index m 2 .0; n/ such that

j�1j � � � � � j�mj < 1 < j�mC1j � � � � � j�nj: (4.2)

Find a number b 2 .0; 1/ such that j�i j � b for i D 1; : : : ; m and bj�i j > 1 for
i D mC 1; : : : ; n. Fix a number a > 0 such that b C a < 1.

By the Jordan Canonical Form Theorem (see, for example, [14]), there exists a
real-valued nonsingular matrix S such that A WD S�1A0S D GCF and the structure
of the matrices G and F is described as follows.



38 Chapter 4 Hyperbolic fixed point

The matrix G is a block-diagonal matrix of the form

G D diag.ƒ1; : : : ; ƒl ; ƒlC1; : : : ƒn/;

where any of the submatrices ƒj is either a scalar value (1 � 1 matrix) equal a real
eigenvalue of the matrix A0 or a 2 � 2 matrix

ƒj D
�

˛ �ˇ
ˇ ˛

�

corresponding to a pair of complex conjugate eigenvalues � D ˛ ˙ iˇ of the matrix
A0.

In addition, the eigenvalues of the matrices ƒ1; : : : ; ƒl satisfy the inequalities
j�j < 1, and the eigenvalues of the matrices ƒlC1; : : : ƒn satisfy the inequalities
j�j > 1 (thus, the matrix

A1 D diag.ƒ1; : : : ; ƒl /

has size m �m, and the matrix

A2 D diag.ƒlC1; : : : ; ƒn/

has size .n �m/ � .n �m/).
The matrix F is a block-diagonal matrix of the form F D diag.F1; F2/, where the

submatrices F1 and F2 have size m�m and .n�m/� .n�m/, respectively, and the
norm of the matrix F satisfies the inequality

kF k < a: (4.3)

Comment. In the standard statement of the Jordan Canonical Form Theorem, entries
of the matrix F are zeros and units. Analyzing the proof of this theorem, it is easy
to understand that for any " > 0 one can find the corresponding matrix S for which
the nonzero entries of the matrix F equal " instead of 1. Since the size of F is
n � n, we can take " small enough to guarantee inequality (4.3) (see estimate (2.4) in
Section 2.3).

Thus, the matrix A has the desired block-diagonal form with the matrices B D
A1 C F1 and C D A2 C F2 of size m �m and .n �m/ � .n �m/, respectively.

Let x D .x1; : : : ; xm/, y D .y1; : : : ; ym/, y D Bx, and y0 D A1x. Take an index
j 2 ¹1; : : : ; mº; then either

y0j D �kxj

(if the corresponding eigenvalue �k is real) or

y0j�1 D ˛kxj�1 � ˇkxj and y0j D ˇkxj�1 C ˛kxj

(if the corresponding eigenvalues are �k D ˛k ˙ iˇk).
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In the first case,

.y0j /2 D �2
kx

2
j � b2x2

j I

in the second case,

.y 0j�1/
2 C .y0j /2 D .˛2

k C ˇ2
k/.x

2
j�1 C x2

j / � b2.x2
j�1 C x2

j /:

Adding these inequalities, we get the inequality

.y01/2 C � � � C .y0m/2 � b2.x2
1 C � � � C x2

m/;

which implies that jy 0j � bjxj. Thus, kA1k � b, and

kBk D kA1 C F1k < aC b < 1:

Now let x D .xmC1; : : : ; xn/, y D .ymC1; : : : ; yn/, y D Cx, and x0 D A�1
2 y.

The matrix A�1
2 is block-diagonal, and its blocks are either scalars 1=�k (if the

corresponding eigenvalue �k is real) or

1

˛2
k

C ˇ2
k

�

˛k ˇk

�ˇk ˛k

�

(if the corresponding eigenvalue is �k D ˛k ˙ iˇk). In the second case, the inequali-
ties

˛2
k C ˇ2

k D j�kj2 � b�2

hold. Thus, the same reasoning as in the first case shows that jx0j � bjyj.
Applying the matrix A�1

2 to the equality y D A2x C F2x, we get the equality
x0 D A�1

2 y D x C A�1
2 F2x. Since

bjyj � jx0j � jxj � ajxj

(we take into account that kA�1
2 k < 1), the inequality

jxj � b

1 � a jyj

holds.
This means that kC�1k � b=.1 � a/. We note that b=.1 � a/ < 1 due to the

inequality aC b < 1. Thus, kC�1k < 1. This completes the proof.

Since we study dynamical systems up to topological conjugacy, we may assume
that, working with a dynamical system generated by a hyperbolic linear mapping L,
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we fix coordinates in which the matrix A of the mapping L has the properties de-
scribed in Lemma 4.1.

Let us represent a vector x 2 Rn in the form x D .y; z/ according to the block-
diagonal structure of the matrix A. In this case, L maps a vector .y; z/ to .By; Cz/.
It was assumed that L is an invertible mapping; thus, the matrix A is nondegenerate,
and the equalities Lk.y; z/ D .Bky; C kz/ hold for k 2 Z.

Consider the linear subspaces S D ¹z D 0º and U D ¹y D 0º of the space Rn. If
relations (4.2) hold, then dimS D m and dimU D n �m. Clearly, both subspaces S

and U are invariant under the mapping L.
Fix a number � 2 .0; 1/ such that kBk � � and kC�1k � �.
If x D .y; 0/ 2 S , then jLkxj D jBkyj � �kjyj; k � 0, and Lkx ! 0; k ! 1.

If x 2 U, then Lkx ! 0; k ! �1.
Let x D .0; z/ 2 U and Lx D .0; z0/. Since z0 D Cz, z D C�1z0; hence,

jz0j � ��1jzj. Thus, if x 2 U, then jLkxj � ��k jxj; k � 0, and jLkxj ! 1
as k ! 1. Similarly, if x 2 S , then jLkxj � �kjxj; k � 0, and jLkxj ! 1 as
k ! �1.

Clearly, if x … S [ U, then jLkxj ! 1 as jkj ! 1.
If m ¤ 0; n, then the fixed point x D 0 of the mapping L is called a saddle point.

If m D n, i.e./ j�i j < 1; i D 1; : : : ; n, then the fixed point x D 0 is called attractive
(in this case, S D Rn); if m D 0, i.e., j�i j > 1; i D 1; : : : ; n, the fixed point x D 0 is
called repelling (in this case, U D Rn).

4.2 The Grobman–Hartman theorem

Let p be a fixed point of a diffeomorphism f of the space Rn (it is clear from the
reasoning below that, without loss of generality, we may work either with a diffeo-
morphism f that maps the space Rn to itself or with a diffeomorphism f that maps
a neighborhood of the point p to a domain in Rn; thus, the statement which we prove
below is applicable to a neighborhood of a point of a smooth manifold as well). We
assume that f is a diffeomorphism of class C 1.

The fixed point p is called hyperbolic if the Jacobi matrix Df.p/ is hyperbolic.
We show that a hyperbolic fixed point p of a diffeomorphism f is locally topolog-

ically conjugate with the fixed point x D 0 of the linear mapping L W x ! Df.p/x.
This statement was proven independently by D. M. Grobman and P. Hartman; it plays
a fundamental role in the global qualitative theory of dynamical systems. In the proof,
Grobman and Hartman used principially different approaches. Grobman constructed
the topological conjugacy analyzing the geometrical pattern of trajectories; Hartman
solved a functional equation for the conjugating homeomorphism.

Our proof below follows the idea of Hartman (the later development of the theory
showed that Hartman’s approach is applicable to a wide class of problems; we apply
it in this book in the proof of structural stability of an Anosov diffeomorphism).
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Theorem 4.1. A hyperbolic fixed point p of a diffeomorphism f is locally topologi-
cally conjugate with the fixed point x D 0 of the linear mapping L W x ! Df.p/x.

Without loss of generality, we assume in the proof of Theorem 4.1 that p D 0

and f is a diffeomorphism of a neighborhood U of the origin of Rn to a domain
containing the origin. In this case, we can write f as follows:

f .x/ D Ax C F.x/; (4.4)

where the Jacobi matrix A of the diffeomorphism f at the origin has the properties
described in Lemma 4.1, and the nonlinearity F vanishes at the origin together with
its Jacobi matrix.

First we extend the diffeomorphism f to the whole space Rn; in fact, we construct
a diffeomorphism G of the space Rn to itself that coincides with f in a neighborhood
W of the origin; after that, we prove that G is topologically conjugate with the linear
mapping L in the whole space. Clearly, if h topologically conjugates G and L in Rn,
then the restriction hjW is the desired local topological conjugacy of the zero fixed
points of the diffeomorphism f and the linear mapping L.

The matrix A is the Jacobi matrix of the diffeomorphism f at x D 0; hence, A is
invertible. It follows that there exists a number ı > 0 such that jAxj � ıjxj for all x.
Fix a number " > 0 such that

(1) " < ıI
(2) c WD max.kBk; kC�1k/C "C "kC�1k < 1:

(4.5)

We need the following auxiliary statement.

Lemma 4.2. Consider a scalar-valued function g of class C r.V;R/, where V is a
neighborhood of the origin in Rn. Assume that

g.0/ D 0; Dg.0/ D 0: (4.6)

Then for any " > 0 there exists a neighborhood V0 of the origin, V0 � V , and a
functioneg 2 C r.Rn;R/ such that

(1) eg.x/ D g.x/ for any x 2 V0;

(2)

ˇ

ˇ

ˇ

ˇ

@eg.x/

@xi

ˇ

ˇ

ˇ

ˇ

< "; i D 1; : : : ; n; for any x 2 Rn:
(4.7)

Proof. Denote by 
.t/ a scalar-valued function of class C1.R;R/ having the follow-
ing properties:

(1) 
.t/ D 1 for t � 1;

(2) 
.t/ D 0 for t � 2;
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(3) 0 < 
.t/ < 1 for 1 < t < 2;

(4) �2 � 
0.t/ � 0 for t 2 R.

The existence of such a function is a standard fact from the calculus.
Take a number ı > 0 such that the ball x2 < 2ı is a subset of V (recall that

x2 D jxj2 D x2
1 C � � � C x2

n). Consider a function gı.x/ defined in Rn by the
following formulas:

gı.x/ D g.x/
.x2=ı/ for x2 < 2ı;

gı.x/ D 0 for x2 � 2ı:

Clearly, gı 2 C r.Rn;R/ and gı.x/ D g.x/ for x2 < ı. Fix " > 0; we show that
if ı is small enough, then

ˇ

ˇ

ˇ

ˇ

@gı

@xi
.x/

ˇ

ˇ

ˇ

ˇ

� "; i D 1; : : : ; n; (4.8)

in Rn. The corresponding function gı is the desired eg. If x2 � 2ı, then the partial
derivative @gı=@x vanishes; hence, it is enough to prove estimate (4.8) in the domain
x2 < 2ı. Let us write

@gı

@xi
.x/ D @g

@xi
.x/


�

x2

ı

�

C g.x/
0
�

x2

ı

�

2xi

ı
:

There exists ı1 > 0 such that if x2 < 2ı1, then
ˇ

ˇ

ˇ

ˇ

@g

@xi
.x/

ˇ

ˇ

ˇ

ˇ

<
"

2
:

Take a number ı � ı1. If x2 < 2ı, then the inequality j
j � 1 implies that

ˇ

ˇ

ˇ

ˇ

@g

@x
.x/


�

x2

ı

�

ˇ

ˇ

ˇ

ˇ

<
"

2
:

To estimate the second summand, we multiply and divide it by jxj (assuming that
x ¤ 0):

ˇ

ˇ

ˇ

ˇ

g.x/
0.x2=ı/2xi

ı

ˇ

ˇ

ˇ

ˇ

D jg.x/j
jxj

ˇ

ˇ

ˇ

ˇ


0
�

x2

ı

�

ˇ

ˇ

ˇ

ˇ

2jxi jjxj
ı

:

By condition (4.6), there exists ı2 > 0 such that

jg.x/j
jxj <

"

16
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if 0 < x2 < 2ı2. Clearly, jxi j � jxj; hence,

2jxi jjxj � 2x2:

Taking into account that j
0j � 2, we conclude that if 0 < x2 < 2ı, where ı � ı2,
then

jg.x/j
jxj

ˇ

ˇ

ˇ

ˇ


0
�

x2

ı

�

ˇ

ˇ

ˇ

ˇ

2jxi jjxj
ı

� "

2
:

Thus, ı has the desired property. The lemma is proven.

Let us apply Lemma 4.2 to construct a mapping F 0 of class C 1 in Rn such that

F 0 D F in a neighborhood V of the origin (4.9)

and

kDF 0.x/k < "; x 2 Rn: (4.10)

Consider the mapping

G.x/ D Ax C F 0.x/:

We show that G is a homeomorphism of Rn onto itself. One can show that G is a
diffeomorphism; we do not prove this latter statement due to the following reasons.
First, we do not need this statement in what follows; second, we apply the same
reasoning once more to show that the mapping h is a homeomorphism (and h is not a
diffeomorphism!).

We show that the statement which we need (G is a homeomorphism of Rn onto
itself) is a corollary of the following three properties of G:

(G1) G is continuous;

(G2) G is injective;

(G3) jG.x/j ! 1 as jxj ! 1.

Property (G1) follows from the definition of G. Let us establish property (G2). In-
deed, if G.x1/ D G.x2/, then

Ax1 C F 0.x1/ D Ax2 C F 0.x2/; or A.x1 � x2/ D F 0.x2/ � F 0.x1/:

By the choice of ı, jA.x1 � x2/j � ıjx1 � x2j. By the Lagrange theorem,

jF 0.x1/ � F 0.x2/j � max
x2Rn

kDF 0.x/kjx1 � x2j � "jx1 � x2jI
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hence, ıjx1 � x2j � "jx1 � x2j, and it follows from condition (4.5) that x1 D x2.
Property (G3) is an obvious corollary of the invertibility of the matrix A and the fact
that the function F 0 vanishes outside a ball of finite radius.

Since G is continuous and injective, G maps homeomorphically every compact
subset of Rn onto its image.

Now the Brower theorem implies that G maps bounded open sets to open sets; it
follows that the imageG.Rn/ is open. Let us show thatG.Rn/ is closed. Assume that
G.xk/ ! y. The sequence xk is bounded; otherwise, the existence of an unbounded
subsequence xkl

would imply, by property (G3), that jG.xkl
/j ! 1.

Since the sequence xk is bounded, it contains a convergent subsequence xkm
! x.

Since the mapping G is continuous, G.xkm
/ ! G.x/; by the uniqueness of the limit,

y D G.x/ 2 G.Rn/. Hence, the setG.Rn/ is closed, and it follows thatG.Rn/ D Rn

(of course, we take into account that G.Rn/ is nonempty since G.0/ D 0).
Now we prove that the homeomorphism G and the linear mapping L are topologi-

cally conjugate in the whole space.
We find a homeomorphism h conjugating G and L in the form

h.x/ D x C g.x/; (4.11)

where g is a continuous mapping Rn ! Rn that satisfies the following additional
condition:

jg.x/j ! 0 (4.12)

as jxj ! 1. Denote by Id the identity mapping of the space Rn. Let us write equality
(4.11) without arguments:

h D Id C g:

The homeomorphism h conjugates G and L if and only if

G ı h D h ı L; (4.13)

or

G ı .Id C g/ D .Id C g/ ı L: (4.14)

We solve equation (4.14) using the fixed point approach. Consider the space

H D ¹g 2 C.Rn; Rn/ W g.0/ D 0; jg.x/j ! 0 as jxj ! 1º:

According to the decomposition Rn D Rm � Rn�m (which corresponds to our
representation of the matrix A in the block-diagonal form), we write elements g 2 H
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in the form g D .g1; g2/ (we also denote by f1; f2 the corresponding components of
the vector-function F 0). For g; j 2 H we consider the value

%.g; j / D sup
x2Rn

jg1.x/ � j1.x/j C sup
x2Rn

jg2.x/ � j2.x/j:

Clearly, % is a metric on H , and the space H with this metric is complete.
Let us substitute the expression G.x/ D Lx C F 0.x/ into equality (4.14):

.LC F 0/ ı .Id C g/ D .Id C g/ ı L;
or

LC L ı g C F 0 ı .Id C g/ D LC g ı L: (4.15)

Since the operator L is linear, L ı .Id C g/ D L C L ı g; at the same time,
F 0 ı .Id C g/ ¤ F 0 ı Id CF 0 ı g. Cancelling L on the right and left in (4.15), we get
the equation

L ı g C F 0 ı .Id C g/ D g ı L: (4.16)

Let us write equation (4.16) calculating all its terms at a point x:

Ag.x//C F 0.x C g.x// D g.Ax/:

The operator L is invertible; hence, equation (4.16) is equivalent to the following
equation:

g D L�1 ı .g ı L � F 0 ı .Id C g//: (4.17)

Taking into account our decomposition of the space Rn and the equality A�1 D
diag.B�1; C�1/, we can write equation (4.17) componentwise as follows:

g1 D B�1 ı Œg1 ı L � f1 ı .Id C g/�; (4.18)

g2 D C�1 ı Œg2 ı L � f2 ı .Id C g/� (4.19)

(note that the arguments of f1 and f2 contain the expression I Cg; thus, at a point x,
the arguments equal x C g.x/). The linear operator C�1 is contracting; the operator
B�1 does not have this property. Let us transform equation (4.18) as follows: we
apply the operator B to both sides, apply the operator L�1 from the right, and get the
equality

g1 D B ı g1 ı L�1 C f1 ı .Id C g/ ı L�1:

Consider an operator T defined as follows: A function g 2 H is mapped to

T .g/ D
�

B ı g1 ı L�1 C f1 ı .Id C g/ ı L�1

C�1 ı Œg2 ı L � f2 ı .Id C g/�

�

:
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Clearly, the function T .g/ is continuous in Rn and T .g/.0/ D 0. If jxj ! 1, then
j.Id C g/.x/j D jx C g.x/j ! 1 since jg.x/j ! 0. By construction, F 0.x/ D 0 for
jxj large enough; hence,

jf2 ı .Id C g/.x/j ! 0

as jxj! 1. If jxj! 1, then jLxj! 1, hence jg2.Lx/j!0 and jC�1g2.Lx/j!0;
thus, the norm of the second component of T .g/ tends to 0 as jxj ! 1. We apply
a similar reasoning to the first component to show that jT .g/.x/j ! 0 as jxj ! 1.
Thus, T .g/ 2 H , i.e., T is a mapping H ! H . Let us show that this mapping is
contracting. We take g; j 2 H and estimate

%.T .g/; T .j //

D sup
x2Rn

¹jBg1.L
�1x/ � Bj1.L

�1x/

C f1.L
�1x C g.L�1x// � f1.L

�1x C j.L�1x//jº
C sup

x2Rn

¹jC�1Œg2.Lx/ � j2.Lx/C f2.x C j.x// � f2.x C g.x//�jº:
(4.20)

Note that

sup
x2Rn

jB.g1.L
�1x/ � j1.L

�1x//j D sup
x2Rn

jB.g1.x/ � j1.x//j

since the mapping L�1 is invertible, and if a point x runs over the whole space Rn,
then L�1x runs over the whole space Rn as well, and vice versa. Hence, we can
estimate the first term in (4.20) by the expression

kBk sup
x2Rn

jg1.x/ � j1.x/j C sup
x2Rn

�

�

�

�

@f1

@x

�

�

�

�

jg.x/ � j.x/j

� kBk sup
x2Rn

jg1.x/ � j1.x/j C " sup
x2Rn

jg.x/ � j.x/j:

In the above estimation, we apply the Lagrange theorem to the expression

f1.L
�1x C g.L�1x// � f1.L

�1x C j.L�1x//

and take inequality (4.10) into account. Similarly, the second term in (4.20) does not
exceed

kC�1k sup
x2Rn

jg2.x/ � j2.x/j C "kC�1k sup
x2Rn

jg.x/ � j.x/j:

The obvious inequality

jg.x/ � j.x/j � jg1.x/ � j1.x/j C jg2.x/ � j2.x/j
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implies the estimate

%.T .g/; T .j // � Œmax.kBk; kC�1k/C ".1C kC�1k/�%.g; j /:

It follows from (4.5) that the operator T is contracting. Hence, in the space H there
exists (a unique) fixed point g� of the operator T . The definition of the operator T
implies that g� D .g�1 ; g�2 / is a solution of system (4.18), (4.19); hence, g� satisfies
equation (4.14). The mapping h.x/ D x C g�.x/ satisfies relation (4.13); thus, to
complete the proof of Theorem 4.1 it is enough to show that h is a homeomorphism.
Clearly, the mapping h is continuous. Let us show that h is injective. To get a con-
tradiction, let us assume that there exist points x1; x2 2 Rn such that x1 ¤ x2 and
h.x1/ D h.x2/. Clearly, equality (4.13) implies that

Gk ı h D h ı Lk ; k 2 Z:

The equalities

Gk.h.x1// D Gk.h.x2//; k 2 Z;

imply that

h.Lkx1/ D h.Lkx2/; k 2 Z: (4.21)

By construction, h.x/ D x C g�.x/, and it follows from (4.21) that

Lkx1 C g�.Lkx1/ D Lkx2 C g�.Lkx2/; k 2 Z;

or

Lk.x1 � x2/ D g�.Lkx2/ � g�.Lkx1/ k 2 Z: (4.22)

Let x1 � x2 D v D .v1; v2/. By our assumption, v ¤ 0; for definiteness, let
v1 ¤ 0. It was shown in Section 4.1 that

jBkv1j ! 1 as k ! �1I

hence, the norm of jLk.x1 � x2/j is unbounded. At the same time, the definition of
the space H implies that the right-hand side of (4.22) is bounded. The contradiction
obtained proves that the mapping h is injective.

Finally, we note that if jxj ! 1, then jg�.x/j ! 0; hence, jh.x/j ! 1 as
jxj ! 1.

Now the same reasoning as that applied to the mapping G after Lemma 4.2 shows
that h is a homeomorphism of the space Rn to itself. This completes the proof of the
Grobman–Hartman theorem.
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4.3 Neighborhood of a hyperbolic fixed point

The Grobman–Hartman theorem and the statements of Section 4.1 allow us to de-
scribe the behavior of trajectories of a diffeomorphism in a neighborhood of a hyper-
bolic fixed point.

Let p be a hyperbolic fixed point of a diffeomorphism f (we treat both cases where
the phase space is a smooth manifold or the Euclidean space).

By the Grobman–Hartman theorem, there exists a neighborhood U of the point p,
a neighborhood V of the origin in Rn, and a homeomorphism h W V ! U that maps
the origin to p and intersections of trajectories of the linear mapping Ly D Df.p/y

with V to intersections of trajectories of the diffeomorphism f with U .
Let us state several corollaries of statements of Section 4.1.
If 0 is an attracting fixed point of L (i.e., the eigenvalues �j of the matrix of the

operator L satisfy the inequalities j�j j < 1; j D 1; : : : ; n) and x ¤ p is an arbitrary
point of the neighborhood U close enough to p, then f k.x/ ! p as k ! 1, and
the trajectory f k.x/ leaves the neighborhood U as k decreases (in this case, the fixed
point p of the diffeomorphism f is called attracting).

If 0 is a repelling fixed point of L (i.e., the eigenvalues �j of the matrix of the
operator L satisfy the inequalities j�j j > 1; j D 1; : : : ; n) and x ¤ p is an arbitrary
point of the neighborhood U close enough to p, then f k.x/ ! p as k ! �1, and
the trajectory f k.x/ leaves the neighborhood U as k increases (in this case, the fixed
point p of the diffeomorphism f is called repelling).

Let us treat in more detail the case of a saddle fixed point of the mapping L (i.e.,
the case where there exists an index m 2 .0; n/ such that eigenvalues �j of the ma-
trix of the operator L satisfy inequalities (4.2); in this case, the fixed point p of the
diffeomorphism f is called saddle).

Let S and U be the linear subspaces defined in Section 4.1 in the case of a saddle
fixed point of L.

Without loss of generality, we may assume that the neighborhood V is a ball cen-
tered at the origin, and the matrix A of L has the properties described in Lemma 4.1
(then jAvj � jvj for v 2 S and jA�1vj � jvj for v 2 U).

Consider the setW s
U .p/ WD h.S \V /; clearly, this set has the following properties:

If x 2 W s
U .p/, then f k.x/ ! p as k ! 1, and if x 2 U n W s

U .p/, then the
trajectory f k.x/ leaves the neighborhood U as k decreases. The set W s

U .p/ is called
the local stable manifold of the saddle fixed point p of the diffeomorphism f in the
neighborhood U .

It follows from the Grobman–Hartman theorem that the setW s
U .p/ is a topological

m-dimensional disk (i.e., a homeomorphic image of the unit ball of them-dimensional
Euclidean space).

Consider the setW u
U .p/ WD h.U\V /; clearly, this set has the following properties:

If x 2 W u
U .p/, then f k.x/ ! p as k ! �1, and if x 2 U n W u

U .p/, then the
trajectory f k.x/ leaves the neighborhood U as k increases. The set W u

U .p/ is called
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the local unstable manifold of the saddle fixed point p of the diffeomorphism f in
the neighborhood U .

It follows from the Grobman–Hartman theorem that the setW u
U .p/ is a topological

.n�m/-dimensional disk (i.e., a homeomorphic image of the unit ball of the .n�m/-
dimensional Euclidean space).

It is also clear that if

x 2 U n .W s
U .p/ [W u

U .p//;

then the trajectory f k.x/ leaves the neighborhood U as jkj increases.
In the next subsection, we show that, in fact, the setsW s

U .p/ andW u
U .p/ are smooth

disks.
It follows from the above-mentioned properties of the sets W s

U .p/ and W u
U .p/ that

these sets are not invariant. Let us define the main invariant sets related to a hyperbolic
saddle fixed point p, its stable and unstable manifolds (these sets and their analogs
play the main role in the theory of structural stability).

Let f be a diffeomorphism of a Euclidean space or of a smooth manifold (in both
cases, we denote the phase space by M ) and let p be a hyperbolic fixed point of f .

Define the sets

W s.p/ D ¹x 2 M W f k.x/ ! p; k ! 1º
and

W u.p/ D ¹x 2 M W f k.x/ ! p; k ! �1º:
The sets W s.p/ and W u.p/ are called the stable and unstable manifolds of the fixed
point p, respectively.

Let us fix a neighborhood U of the point p in M in which f has the above-
described behavior.

Lemma 4.3. (1) The sets W s.p/ and W u.p/ are invariant;

(2) x 2 W s.p/ if and only if O.x; f / \W s
U .p/ ¤ ;;

(3) x 2 W u.p/ if and only if O.x; f / \W u
U .p/ ¤ ;.

Proof. (1) Let y D f m.x/, where m 2 Z. Since

f k.y/ D f k.f m.x// D f m.f k.x// ! f m.p/ D p; k ! 1;

the inclusion y 2 W s.p/ holds. A similar reasoning shows that the set W u.p/ is
invariant.

(2) If x 2 W s.p/, then there exists an index m such that f k.x/ 2 U for k � m.
The inclusion f m.x/ 2 W s

U .p/ follows from the above-mentioned properties of the
neighborhood U .
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IfO.x; f /\W s
U .p/, then there exists an indexm such that y WD f m.x/ 2 W s

U .p/.
Hence,

f k.y/ ! p; k ! 1:

Now our claim follows from the inclusion y 2 W s.p/ and from the invariance of the
set W s.p/.

A similar reasoning proves statement (3).

For the linear mapping L, the stable manifold of the origin coincides with the m-
dimensional linear subspace S introduced in Section 4.1 (if the eigenvalues �j of the
matrix of the operator L satisfy inequalities (4.2)).

Let us show that, from the topological point of view, the stable manifold of the
hyperbolic fixed point p has the same structure.

Fix a positive number a and consider the m-dimensional ball

Da D ¹jxj � aº \ S :

Let c WD kBk < 1 (where the matrix B is given by Lemma 4.1). Since jLxj � cjxj
for x 2 S , the following inclusions hold:

L.Da/ � IntDa � Da (4.23)

(here IntDa is the interior in the subspace S). Consider the sets

Gk D Lk.Da/ n LkC1.Da/; k � 0: (4.24)

Lemma 4.4. For any nonzero x 2 S , the intersection O.x;L/\G0 is nonempty and
consists of a single point.

Proof. First we show that

Da n ¹0º D
[

k�0

Gk: (4.25)

Inclusions (4.23) imply that any set Gk is a subset of Da n ¹0º; hence, the set on the
right in (4.25) is a subset of the set on the left.

To prove the inverse inclusion, consider a point x 2 Da n ¹0º.
If x 2 G0, we have nothing to prove. If x … G0, then equality (4.24) with k D 0

implies that x 2 L.Da/; if x … G1 in this case, then equality (4.24) with k D 1

implies that x 2 L2.Da/, and so on.
Thus, if x … G0 [G1 [ � � � [Gm, then x 2 LmC1.Da/.
Now equality (4.25) is a corollary of the following fact: Ifm is so large that cma <

jxj, then the inclusion x 2 Lm.Da/ is impossible since

Lm.Da/ � ¹jxj � cmaº \ S :
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For any nonzero x 2 S , its trajectory O.x;L/ intersects the set Da n ¹0º. Hence,
there exist indices m and k such that Lmx 2 Gk . Since Gk D Lk.G0/, the inclusion
Lm�kx 2 G0 holds.

It follows from the definition of G0 that if x 2 G0, then Lx … G0; hence, the
intersection of any trajectory of the system L with G0 cannot contain more than one
point.

Take a number a > 0 such that

L�1.Da/ � V (4.26)

(here V is a neighborhood of the point x D 0 in which we apply the Grobman–
Hartman theorem). Denote D D h.Da/ and F D h.G0/. The set F is called a
fundamental neighborhood of the fixed point p in its stable manifold W s.p/.

For any point x 2 W s.p/, its trajectory reaches the set D and does not leave D as
time increases; it follows from Lemma 4.4 that such a trajectory intersects the set F ;
the equality

F D h.Da n L.Da// D D n f .D/
implies that the intersection consists of a single point.

Lemma 4.5. The stable manifold W s.p/ is the image of the space S under a topo-
logical immersion.

Proof. Take a number a > 0 such that inclusion (4.26) holds. Define a mapping of S

into the stable manifold W s.p/ as follows. By Lemma 4.4, for any point x 2 S there
exists a (unique) index m.x/ such that Lm.x/x 2 G0. Set

˛.x/ D f �m.x/.h.Lm.x/x//

and ˛.0/ D p.
The mapping ˛ is surjective. Indeed, if y 2 W s.p/n¹pº, then there exists an index

m such that f m.y/ 2 F ; then y D ˛.L�mh�1.y//. By definition, p D ˛.0/.
To prove that the mapping ˛ is injective, consider two different points y1 and y2

of the manifold W s.p/; let yi D ˛i .xi /, i D 1; 2. For definiteness, we consider the
case where y1; y2 ¤ p.

If y2 2 O.y1; f /, then y2 D f n.y1/ for some n ¤ 0. Let y D O.y1; f / \ F .
If y1 D f m.y/, then y2 D f mCn.y/. Clearly, the points x1 D L�mh�1.y/ and
x2 D L�m�nh�1.y/ are different.

If y2 … O.y1; f /, then the points O.y1; f / \ F and O.y2; f / \ F are different.
Hence, the points x1 and x2 belong to different trajectories of L (and it follows that
x1 ¤ x2).

Finally, let us show that the mapping ˛ is continuous.
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If x 2 Da n ¹0º and x0 D O.x;L/ \ G0, then x D Lmx0 for some m � 0; in this
case, the set ¹Lkx0 W 0 � k � mº is a subset of Da (and, hence, a subset of V ). Then
h.L�mx/ D f �m.h.x//, and we conclude that

˛.x/ D f m.h.L�mx// D h.x/:

Since p D ˛.0/, on the set Da, the mapping ˛ coincides with the conjugating home-
omorphism h (hence, ˛ is continuous on this set).

Now we consider a point x 2 S n Da and a sequence xk 2 S such that xk !
x; k ! 1.

If x0 D Lm.x/x is an interior point of the set G0 (with respect to the topology of
the subspace S), then Lm.x/xk 2 G0 for k large enough; hence,

˛.xk/ D f �m.x/.h.Lm.x/xk// ! ˛.x/; k ! 1:

If x0 is not an interior point of the set G0, then it follows from the definition of
the set G0 that the point x0 has a neighborhood in S , that belongs to the union G0 [
L�1.G0/. Hence, if k is large enough, then either m.xk/ D m.x/ or m.xk/ D
m.x/C 1. In the latter case,

Lm.x/xk ; L
m.x/C1xk 2 V;

and the equality

h.Lm.xk/xk/ D h.Lm.x/C1xk/ D f .h.Lm.x/xk//

implies that

˛.xk/ D f �m.x/�1.f .h.Lm.x/xk/// ! ˛.x/; k ! 1:

Thus, we have established the continuity of the mapping ˛ at the point x0 in the
second case.

We have shown that the mapping ˛ is surjective, injective, and continuous. The
same reasoning as that applied to the mapping G after Lemma 4.2 shows that ˛ maps
homeomorphically S onto W s.p/. This completes the proof of Lemma 4.5.

Remark. Let x 2 S ; x ¤ 0, and let x0 D Lx. In this case, m.x0/ D m.x/ � 1.
Then

˛.Lx/ D ˛.x0/ D f �m.x/C1.h.Lm.x/�1x0//

D f .f �m.x/.h.Lm.x/x/// D f .˛.x//:

Thus, the mapping ˛ conjugates the mapping L on S and the diffeomorphism f on
W s.p/.
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Remark. Let us note that a stable manifold is not necessarily a (topological) subman-
ifold of the phase space, i.e., the topology induced by the topology of the phase space
may not coincide with the topology induced by the topological immersion of the space
S described above; as an example, consider the shift by time 1 along trajectories of
the system of differential equations described in Example 3.1, Section 3.

4.4 The stable manifold theorem

In this section, we show that local stable and unstable manifolds of a hyperbolic fixed
point are smooth disks. This statement (usually called the stable manifold theorem)
was proven by A. M. Lyapunov (for analytic systems of differential equations; in this
case, Lyapunov worked with special representations of solutions), by J. Hadamard
(the Hadamard approach was based on the study of transformations of graphs; one
can find a detailed description of Hadamard’s proof in the book [8]), and by O. Perron
(our proof of Theorem 4.2 below uses Perron’s method).

Since the stable manifold theorem is a local statement, we consider a diffeomor-
phism f of class C 1 that can be represented in the form (4.4) in a neighborhood of
the origin of the space Rn. We assume that the Jacobi matrixA of the diffeomorphism
f at the origin has the properties described in Lemma 4.1, and the nonlinear term F

vanishes at the origin together with its Jacobi matrix. We denote by y and z coordi-
nates in the subspaces S and U introduced in Section 4.1. Fix a number � 2 .0; 1/

such that

kBk � � and kC�1k � �:

Theorem 4.2. Assume that x D 0 is a hyperbolic fixed point of a diffeomorphism f

that has the form (4.4) in a neighborhood U of the origin. Then

(1) there exists a number � > 0 such that

(1.1) there exists a mapping

	 W ¹y W jyj < �º ! U

of class C 1 such that

	.0/ D 0;
@	

@y
.0/ D 0; (4.27)

and the surface

� D ¹.y; 	.y// W jyj < �º

has the following property: If x 2 � , then jf k.x/j ! 0; k ! 1;

(1.2) if jf k.x/j < � for k � 0, then x 2 �;
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(2) for any numbers b > 1 and � 2 .�; 1/ there exists a number ı D ı.b; �/ such
that if x0 D .y0; z0/ 2 � and jy0j < ı, then

jf k.x0/j � b�kjy0j; k � 0: (4.28)

Remark. Reducing �, if necessary, we may assume that the following inclusions
hold:

¹.y; 	.y// W jyj < �º � ¹jxj < �º � U

(we take relations (4.27) into account). Clearly,

W s
U .0/ \ ¹jyj < �º D �

in this case. Thus, the local stable manifold of the fixed point x D 0 is a C 1-smooth
disk in a small neighborhood of this point.

Remark. Relations (4.27) imply that the subspace S is the tangent space of the sur-
face � at the origin.

Remark. If the diffeomorphism f belongs to the class C k ; k � 1 (or f is analytic),
then the disk � has the same smoothness (see, for example, [15]).

Remark. Since Akx0 D .Bky0; C
kz0/, the rate of convergence of a trajectory of

the linear mapping L to the origin along the stable subspace S is estimated by the
inequalities jBky0j � �kjy0j.

Statement (2) of Theorem 4.2 shows that the rate of convergence of a trajectory
of the diffeomorphism f to the hyperbolic fixed point x D 0 along the local stable
manifold W s

U .0/ is arbitrarily close to the corresponding rate for the linear mapping
(if the initial point is close enough to the fixed point).

The proof of Theorem 4.2 is long; we divide it into several lemmas. First we note
that the following two auxiliary statements hold.

Let � 2 .�; 1/. Then

k�1
X

iD0

�k�1�i�i < �k 1

� � � (4.29)

and

1
X

iDk

�iC1�k�i D �k �

1 � �� (4.30)

for any k > 0.
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We prove inequality (4.29) (equality (4.30) is established similarly):

k�1
X

iD0

�k�1�i�i D �k�1
k�1
X

iD0

��

�

�i D �k�1 .�=�/
k � 1

�=� � 1

< �k 1=�

�=� � 1 D �k 1

� � �:

First we fix numbers b0 > 1 and �0 2 .�; 1/. Take a number � such that the set
D� D ¹jxj � b0�º belongs to the domain of definition of the diffeomorphism f and
the Lipschitz constant l0 of the function F on the set D� satisfies the inequalities

l�0 WD max

�

l0

�0 � �;
l0

1 � �0�

�

< 1 (4.31)

and

1C l0b0

�0 � � < b0: (4.32)

Our main tool in the proof of Theorem 4.2 is the so-called Perron operator defined
as follows. Fix a vector y0 and assign to a sequence X D ¹xk 2 Rn W k � 0º with
x0 D .y0; z0/ the sequence T .X/ D „ D ¹
k 2 Rn W k � 0º, where


k D Bky0 C
k�1
X

iD0

Bk�1�if1.xi / and �k D �
1
X

iDk

C k�1�if2.xi / (4.33)

(we represent the vector 
k in the form .
k ; �k/ according to the representation x D
.y; z/; f1 and f2 are the corresponding components of F ). We show that the consid-
ered objects are well defined (i.e., that the series representing �k is convergent) using
a separate proof in any particular case.

Fix numbers d > 0, b > 1, and � 2 .�; 1/. Denote by G.d; b; �/ the set of
sequences X D ¹xk 2 Rn W k � 0º that satisfy the inequalities

jxkj � bd�k; k � 0: (4.34)

Lemma 4.6. For any numbers b > 1 and � 2 .�; 1/ there exists a number ı > 0

such that if jy0j � ı, then there exists a positive semitrajectory X D ¹xk W k � 0º
of the diffeomorphism f with the following properties: x0 D .y0; z0/ and X 2
G.jy0j; b; �/.
Proof. Take a number ı � � such that the Lipschitz constant l of the function F on
the set Dı D ¹jxj � bıº satisfies the inequalities

l� WD max

�

l

� � �;
l

1 � ��
�

< 1 (4.35)
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and

1C lb

� � � < b: (4.36)

Fix a vector y0 with jy0j � ı and assign to a sequence X 2 G.jy0j; b; �/ with
x0 D .y0; z0/ the sequence T .X/ D „ D ¹
k W k � 0º. We perform the required
estimates and prove simultaneously that the series in the definition of �k converges,
i.e., the operator T is well defined.

If X 2 G.jy0j; b; �/, then xk 2 Dı ; hence, we obtain the following inequalities:

jfj .xi/j � l jxi j � lbjy0j�i ; i � 0; j D 1; 2:

It follows that

j
kj � �kjy0j C
k�1
X

iD0

�k�1�i lbjy0j�i � �kjy0j C lb

� � � jy0j�k � bjy0j�k

(we take into account the inequalities � < �, (4.29), and (4.36)) and

j�kj �
1
X

iDk

�iC1�klbjy0j�i � lb�

1 � �� jy0j�k � bjy0j�k

(we take into account inequality (4.30) and inequality (4.35) which implies that

lb�

1 � �� � b/:

Thus, T .X/ 2 G.jy0j; b; �/.
Let us construct a sequence ¹Xm 2 G.jy0j; b; �/ W m � 0º as follows: We set

X0 D ¹xk D 0 W k � 0º (clearly, X0 2 G.jy0j; b; �/) and Xm D T .Xm�1/ (as was
shown above, in this case Xm 2 G.jy0j; b; �/ for any m).

Let Xm D ¹xm
k

W k � 0º, where xm
k

D .ym
k
; zm

k
/. Let us show (using induction on

m) that

jxmC1
k

� xm
k j � .l�/mbjy0j�k ; m � 0: (4.37)

Since X1 2 G.jy0j; b; �/, estimates (4.37) are valid for m D 0. Assume that

jxm
k � xm�1

k j � .l�/m�1bjy0j�k:

Then

jymC1
k

� ym
k j D

ˇ

ˇ

ˇ

k�1
X

iD0

Bk�1�if1.x
m
i / �

k�1
X

iD0

Bk�1�if1.x
m�1
i /

ˇ

ˇ

ˇ

�
k�1
X

iD0

�k�1�i l.l�/m�1bjy0j�i � .l�/mbjy0j�k (4.38)



Section 4.4 The stable manifold theorem 57

and

jzmC1
k

� zm
k j D

ˇ

ˇ

ˇ

1
X

iDk

C k�1�if2.x
m
i / �

1
X

iDk

C k�1�if2.x
m�1
i /

ˇ

ˇ

ˇ

�
1
X

iDk

�iC1�kl.l�/m�1bjy0j�i � .l�/mbjy0j�k : (4.39)

Combining estimates (4.38) and (4.39), we complete the proof of estimates (4.37).
Since l� < 1 (see inequality (4.35)), estimates (4.37) imply that the limit

limm!1 xm
k

D xk exists for any k � 0.
We claim that the sequence X D ¹xkº is a positive semitrajectory of the diffeomor-

phism f .
Indeed, the equalities

ymC1
k

D Bky0 C Bk�1f1.x
m
0 /C � � � C f1.x

m
k�1/

imply that

ymC1
kC1

D BkC1y0 C Bkf1.x
m
0 /C � � � C Bf1.x

m
k�1/C f1.x

m
k /

D BymC1
k

C f1.x
m
k /I (4.40)

similarly, the equalities

zmC1
k

D �.C�1f2.x
m
k /C C�2f2.x

m
kC1/C C�3f2.x

m
kC2/C � � � /

imply that

zmC1
kC1

D �.C�1f2.x
m
kC1/C C�2f2.x

m
kC2/C � � � / D CzmC1

k
C f2.x

m
k /: (4.41)

It follows from equalities (4.40) and (4.41) that

xmC1
kC1

D AxmC1
k

C F.xm
k /: (4.42)

Passing in equalities (4.42) to the limit as m ! 1, we conclude that xkC1 D
Axk CF.xk/; thus, the sequence X D ¹xkº is a positive semitrajectory of the diffeo-
morphism f .

In addition, passing to the limit as m ! 1 in the inequalities jxm
k

j � bjy0j�k , we
see that X 2 G.jy0j; b; �/.

To complete the proof, it is enough to note that the definition of the operator T
implies the equalities xm

0 D .y0; z
m
0 /;m � 1. Hence, x0 D .y0; z0/.

Remarks. 1. Note that inequalities (4.31) and (4.32), similar to inequalities (4.35)
and (4.36), hold. Hence, the statement of Lemma 4.6 is valid for jy0j � �; in this
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case, there exists a positive semitrajectory X D ¹xk W k � 0º of the diffeomorphism
f such that x0 D .y0; z0/ and X 2 G.jy0j; b0; �0/.

2. The same reasoning as that used in the proof of (4.42) shows that if a sequence
X D ¹xkº with jxkj � b0� is a fixed point of the operator T (i.e., T .X/ D X ), then
the sequence X is a positive semitrajectory of the diffeomorphism f .

Lemma 4.7. For any jy0j � �, the Perron operator T has not more than one fixed
point X D ¹xkº with jxkj � b0�.

Proof. LetXD ¹xkº andX 0D ¹x0
k
º be fixed points of the operator T with jxkj; jx0

k
j �

b0�. Set

� D sup
k�0

jxk � x0kjI

let xk D .yk ; zk/ and x0
k

D .y0
k
; z0

k
/.

The estimates

jyk � y0k j �
ˇ

ˇ

ˇ

k�1
X

iD0

Bk�1�if1.xi / �
k�1
X

iD0

Bk�1�if1.x
0
i /
ˇ

ˇ

ˇ

�
k�1
X

iD0

�k�1�i l0jxi � x0i j � l0�

1 � � � l�0�

and

jzk � z0kj �
ˇ

ˇ

ˇ

1
X

iDk

C k�1�if2.xi / �
1
X

iDk

C k�1�if2.x
0
i /
ˇ

ˇ

ˇ

� l0��

1 � � � l�0�

imply that � � l�0�.
Since l�0 < 1, � D 0. This completes the proof.

Lemma 4.8. Assume that X D ¹xkº is a positive semitrajectory of the diffeomor-
phism f with jxkj � b0� and x0 D .y0; z0/. Then X is a fixed point of the operator
T corresponding to y0.

Proof. The equalities

y1 D By0 C f1.x0/; y2 D By1 C f1.x1/ D B2y0 C Bf1.x0/C f1.x1/; : : :

imply that

yk D Bky0 C
k�1
X

iD0

Bk�1�if1.xi /:
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Fix an index k � 0. It follows from the equality

zkC1 D Czk C f2.xk/

that

zk D C�1zkC1 � C�1f2.xk/:

Further, it follows from the equality

zkC2 D CzkC1 C f2.xkC1/

that

zk D C�2zkC2 � C�2f2.xkC1/ � C�1f2.xk/:

Continuing this chain of equalities, we conclude that

zk D C�mzkCm �
kCm�1
X

iDk

C k�1�if2.xi / (4.43)

for any natural m.
Since jzkCmj � b0� and jf2.xi /j � l0b0�, the first summand in (4.43) tends

to 0 as m ! 1, the second summand is a partial sum of the convergent series
P1

iDk C
k�1�if2.xi /.

Passing in (4.43) to the limit as m ! 1, we get the equality

zk D �
1
X

iDk

C k�1�if2.xi /:

This completes the proof.

Let us summarize the conclusions of Lemmas 4.6–4.8 as follows:
There exists a mapping

	 W ¹y W jyj � �º ! U

such that

� if x0 D .y0; 	.y0//, jy0j � �, and X D ¹xk W k � 0º is the positive semitra-
jectory of the point x0 for the diffeomorphism f , then X 2 G.jy0j; b0; �0/;

� if x0 D .y0; z0/; jy0j � �, and z0 ¤ 	.y0/, then the semitrajectory ¹f k.x0/ W
k � 0º leaves the set D� as k grows.
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The mapping 	 can be defined as follows: Take a point y0 with jy0j � �; let X be
the unique fixed point of the Perron operator T corresponding to y0. Then

	.y0/ D z0 D �
1
X

iD0

C k�1�if2.xi /: (4.44)

Now we show that the mapping 	 is of class C 1. First we show that 	 is Lipschitz
continuous. To be more precise, the following statement holds.

Lemma 4.9. For any L > 0 there exists a ı1 > 0 such that

j	.y/ � 	.y0/j � Ljy � y0j (4.45)

if jyj; jy 0j � ı1.

Proof. Fix numbers b > max.1; L/ and � 2 .�; 1/ and find a number ı2 � � such
that the Lipschitz constant l of the function F on the set Dı2

D ¹jxj � bı2º satisfies
inequalities (4.35) and (4.36) and also the inequality

lb�

� � � < L: (4.46)

Set ı1 D ı2.1 � l�/. Let jyj; jy0j � ı1.
Using the same reasoning as in the proof of Lemma 4.6, let us construct successive

approximations Xm and „m which converge to the fixed points of the operator T for
y and y 0: X0 D ¹xk D 0º, „0 D ¹
k D 0º, and Xm D T .Xm�1/ and „m D
T .„m�1/ for m � 1.

Let Xm D ¹xm
k

D .ym
k
; zm

k
/º and „m D ¹
m

k
D .
m

k
; �m

k
/º. Inequalities (4.37)

imply that

jxm
k j; j
m

k j � 1

1 � l�bı1 � bı2:

We show (using induction on m) that the following inequalities hold:

jym
k � 
m

k j � b�kjy � y0j; k � 0; (4.47)

and

jzm
k � �m

k j � L�kjy � y0j; k � 0: (4.48)

The choice of b implies that if inequalities (4.47) and (4.48) are satisfied, then

jxm
k � 
m

k j � b�kjy � y0j; k � 0:
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Clearly, inequalities (4.47) and (4.48) are satisfied for m D 0. Assume that they are
satisfied for m � 1.

Then

jym
k � 
m

k j � jBk.y � y0/j C
ˇ

ˇ

ˇ

k�1
X

iD0

Bk�1�i .f1.x
m�1
i / � f1.


m�1
i //

ˇ

ˇ

ˇ

� �kjy � y0j C
k�1
X

iD0

�k�1�i lb�kjy � y0j

�
�

�k C lb
1

� � ��
k

�

jy � y0j � b�kjy � y0j

(we take inequality (4.36) into account) and

jzm
k � �m

k j �
ˇ

ˇ

ˇ

1
X

iDk

C k�1�i .f2.x
m�1
i / � f2.


m�1
i //

ˇ

ˇ

ˇ

� lb
�

1 � ���
kjy � y0j � L�kjy � y0j

(we take inequality (4.46) into account). Thus, we have proven inequalities (4.47) and
(4.48).

Now we pass to the limit as m ! 1 in the inequality

jzm
0 � �m

0 j � Ljy � y0j
and get the required estimate (4.45).

Remark. The same reasoning as in the proof of Lemma 4.9 shows that the mapping
	 is Lipschitz continuous with constant L0 D b0 on the set ¹jyj � �º.

For this purpose, one has to replace inequality (4.47) by the inequality

jym
k � 
m

k j � L0�
kjy � y0j; k � 0;

and inequality (4.48) by the inequality

jzm
k � �m

k j � L0�
kjy � y0j; k � 0:

In this case, inequalities (4.31) and (4.32) imply the inequality

jxm
k � 
m

k j � L0�
kjy � y0j; k � 0;

and its limit (as m ! 1) variant,

jxk � 
kj � L0�
kjy � y0j; k � 0: (4.49)

Lemma 4.9 shows that the Lipschitz constant of the mapping 	 can be done arbitrarily
small by the choice of a small neighborhood of the point y D 0 in S .
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Lemma 4.10. The mapping 	 is continuously differentiable on the set jyj < �, and
the second equality in (4.27) holds.

Proof. Let ei be the i th unit basic vector of the space Rm. Take a vector y with
jyj < � and a scalar h and set y0 D y C hi , where hi D hei (we assume that the
value jhj is small enough, so that jy 0j < �). Let X D ¹xkº and X 0 D ¹x0

k
º be the

fixed points of the Perron operator T corresponding to y and y 0, respectively.
Denote P.h/ D ¹pk.h/ W k � 0º D X � X 0. Let pk.h/ D .yk.h/; zk.h//

according to the representation x D .y; z/. Then

yk.h/ D Bkhi C
k�1
X

iD0

Bk�1�i
	

f1.xi / � f1.x
0
i /



and

zk.h/ D �
1
X

iDk

C k�1�i
	

f2.xi / � f2.x
0
i /



:

Since the functions f1 and f2 are continuously differentiable,

yk.h/ D Bkhi C
k�1
X

iD0

Bk�1�i

�

@f1

@x
.xi /pi .h/C d1;i

�

(4.50)

and

zk.h/ D �
1
X

iDk

C k�1�i

�

@f2

@x
.xi /pi .h/C d2;i

�

; (4.51)

where the order of smallness of the values d1;i and d2;i as h ! 0 is higher than the
order of smallness of pi .

Inequality (4.49) implies that

jpk.h/j � L0jhj�k ; k � 0; (4.52)

where L0 is a Lipschitz constant of the mapping 	 on the set ¹jyj � �º (see the
remark after Lemma 4.9).

The Jacobi matrix @F=@x is uniformly continuous on the compact set D�. Hence,
it follows from inequalities (4.52) that there exists a function �.h/ with the following
properties: �.h/ ! 0 as h ! 0 and

jdj;kj � �.h/jhj�k; k � 0; j D 1; 2: (4.53)
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Fix a number �, j�j � �, and consider the operator ‚ that assigns to a sequence
G D ¹gk 2 Rn W k � 0º the sequence ‚.G/ D Q D ¹qk 2 Rn W k � 0º, where

rk D Bk�ei C
k�1
X

iD0

Bk�1�i @f1

@x
.xi /gi and tk D �

1
X

iDk

C k�1�i @f2

@x
.xi /gi

(as above, we represent the vector qk in the form .rk ; tk/ according to the representa-
tion x D .y; z/).

The operator ‚ has precisely the same form as the operator T . Our proof of exis-
tence of a fixed point of the operator T (see Lemma 4.6 and the remark after it) used
the estimates of the matrices B and C listed before the statement of Theorem 4.2 and
the estimates of Lipschitz constants of the functions f1 and f2 on the set D�.

Since the multipliers at Bk�1�i and C k�1�i in the definition of the operator ‚ are
linear with respect to the multipliers gi , and the estimates

�

�

�

�

@f1

@x
.x/

�

�

�

�

;

�

�

�

�

@f2

@x
.x/

�

�

�

�

� l0

are valid in D�, one can prove the existence of a fixed point of the operator ‚ us-
ing the same reasoning as that used in the proof of existence of a fixed point of the
operator T .

Let G be a fixed point of the operator ‚; clearly, the sequence U D ¹uk D gk=�º
satisfies the equalities

vk D Bkei C
k�1
X

iD0

Bk�1�i @f1

@x
.xi /ui and wk D �

1
X

iDk

C k�1�i @f2

@x
.xi /ui ;

(4.54)

where uk D .vk ; wk/.
Divide equalities (4.50) and (4.51) by h and subtract form the results equalities

(4.54); we get the equalities

yk.h/

h
� vk D

k�1
X

iD0

Bk�1�i

�

@f1

@x
.xi /

�

pi .h/

h
� ui

�

C d1;i

h

�

and

zk.h/

h
� wk D �

1
X

iDk

C k�1�i

�

@f2

@x
.xi /

�

pi .h/

h
� ui

�

C d2;i

h

�

:

These equalities imply that

ˇ

ˇ

ˇ

ˇ

yk.h/

h
� vk

ˇ

ˇ

ˇ

ˇ

�
k�1
X

iD0

�k�1�i

�

l0

ˇ

ˇ

ˇ

ˇ

pi .h/

h
� ui

ˇ

ˇ

ˇ

ˇ

C
ˇ

ˇ

ˇ

ˇ

d1;i

h

ˇ

ˇ

ˇ

ˇ

�

(4.55)
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and

ˇ

ˇ

ˇ

ˇ

zk.h/

h
� wk

ˇ

ˇ

ˇ

ˇ

�
1
X

iDk

�i�kC1

�

l0

ˇ

ˇ

ˇ

ˇ

pi .h/

h
� ui

ˇ

ˇ

ˇ

ˇ

C
ˇ

ˇ

ˇ

ˇ

d2;i

h

ˇ

ˇ

ˇ

ˇ

�

: (4.56)

Let

� D sup
k�0

ˇ

ˇ

ˇ

ˇ

pk.h/

h
� uk

ˇ

ˇ

ˇ

ˇ

:

Inequalities (4.55), (4.56), and (4.53) imply that

� � l�0 � C l�0
l0
�.h/:

Since l�0 < 1, it follows from the last inequality that � ! 0 as h ! 0.
Thus, there exists the partial derivative

@	

@y
yi D @z0

@yi
D w0

(we take equality (4.44) into account).
Let us show that this partial derivative is continuous (i.e., w0 depends on y contin-

uously).
Take a vector y with jyj < � and an arbitrary " > 0.
Since the matrix @F=@x is continuous (and, hence, uniformly continuous on the

set D�), there exists a ı > 0 such that if y0 2 D�, jy � y0j < ı, and X D ¹xkº and
X 0 D ¹x0

k
º are the fixed points of the Perron operator T corresponding to y and y0,

respectively, then

�

�

�

�

@F

@x
.xk/ � @F

@x
.x0k/

�

�

�

�

< "

(see the Remark after Lemma 4.9). In what follows, we assume that if jy � y0j < ı,
then y 0 2 D�.

Let U D ¹uk D .vk ; wk/º and U 0 D ¹u0
k

D .v0
k
; w0

k
/º be the sequences that

satisfy equalities (4.54) and the analogs of these equalities for y0.
Since the sequence G D ¹gk D �ukº (the fixed point of the operator ‚) belongs

to the set G.j�j; b0; �0/, there exists a constant c > 0 such that jukj � c�k
0 .
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Set M D supk�0 juk � u0
k
j (clearly, this value is finite). Let us estimate (we take

into account that k@F=@xk � l0)

jvk � v0k j D
ˇ

ˇ

ˇ

ˇ

k�1
X

iD0

Bk�1�i

�

@f1

@x
.xi /ui � @f1

@x
.x0i /u0i

�

ˇ

ˇ

ˇ

ˇ

�
k�1
X

iD0

�k�1�i

�

ˇ

ˇ

ˇ

ˇ

�

@f1

@x
.xi / � @f1

@x
.x0i /

�

ui

ˇ

ˇ

ˇ

ˇ

C
ˇ

ˇ

ˇ

ˇ

@f1

@x
.x0i/.ui � u0i /

ˇ

ˇ

ˇ

ˇ

�

�
k�1
X

iD0

�k�1�i ."c�i
0 C l0M/

� "c
�k

0

�0 � � C l0M

1 � � � "c
1

�0 � � C l�0M:

Similar estimates show that

jwk � w0k j � "c
1

1 � �0�
C l�0M:

Thus,

M � "c
l�0
l0

C l�0M:

Hence,

jw0 � w00j � M � c"l�0
l0.1 � l�0 /

;

which establishes the required continuous dependence of w0 on y.
The second equality in (4.27) follows from the Remark after Lemma 4.9. The proof

of Theorem 4.2 is complete.

4.5 Hyperbolic periodic point

Let p be a periodic point of a diffeomorphism f of period m > 1. Denote pi D
f i .p/; i D 0; : : : ; m � 1.

The point p is called a hyperbolic periodic point if p is a hyperbolic fixed point of
the diffeomorphism f m.

Let us show that in this case the points pi are hyperbolic periodic points as well.
Consider two points pi and pj with 0 � i < j � m � 1. Denote g D f j�i ;

clearly, g�1 D f i�j . Thus, f m D g�1 ı f m ı g.
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Then

Df m.pi / D Dg�1.pj /Df
m.pj /Dg.pi /:

Since g.pi / D pj , the matrices Dg�1.pj / and Dg.pi / are mutually inverse. It
follows that the sets of eigenvalues of the matrices Df m.pi / and Df m.pj / are the
same, and these matrices are (or are not) hyperbolic simultaneously, which proves our
claim.

We consider the stable manifold of the fixed point p of the diffeomorphism f m

and call it the stable manifold W s.p/ of the hyperbolic periodic point p. Thus, x 2
W s.p/ if and only if f mk.x/ ! p as k ! 1.

Let x0 D f j .x/. Clearly, f mk.x/ ! p if and only if f mk.x0/ D f mkCj .x/ !
f j .p/ as k ! 1. Thus,

f j .W s.p// D W s.pj /: (4.57)

Note that

W s.pi / \W s.pj / D ;; 0 � i < j � m � 1: (4.58)

Indeed, if x 2 W s.pi / \ W s.pj /, then f mk.x/ ! pi and f mk.x/ ! pj as
k ! 1, which is impossible.

We define the stable manifold W s.O.p; f // of the trajectory of the periodic point
p by the equality

W s.O.p; f // D
m�1
[

iD0

W s.pi /:

Relations (4.57) imply thatW s.O.p; f // is an invariant set of the diffeomorphism f.
Relations (4.58) show thatW s.O.p; f // is the union ofm disjoint copies of a Euclid-
ean space of the same dimension.

The unstable manifold W u.O.p; f // of the trajectory of the periodic point p is
defined similarly.



Chapter 5

Hyperbolic rest point and hyperbolic closed
trajectory

5.1 Hyperbolic rest point

Consider an autonomous system of differential equations

dx

dt
D F.x/; F 2 C 1.Rn/: (5.1)

As above, we assume that system (5.1) generates a flow �. Let p be a rest point of
system (5.1). We say that the point p is a hyperbolic rest point if the eigenvalues �j

of the Jacobi matrix

P D @F

@x
.p/

satisfy the condition

Re�j ¤ 0; j D 1; : : : ; n: (5.2)

In the case of a hyperbolic rest point, the following two analogs of Theorems 4.1 and
4.2 hold.

Theorem 5.1. A hyperbolic rest point p of system (5.1) is locally topologically con-
jugate with the rest point u D 0 of the linear system

du

dt
D Pu: (5.3)

Let us assume for definiteness that

Re�j < 0; j D 1; : : : ; m; Re�j > 0; j D mC 1; : : : ; n

(the cases m D 0 and m D n are not excluded).
We also assume that p is the origin of Rn and that coordinates are chosen so that

P D diag.P1; P2/; (5.4)

where P1 is an m � m matrix whose eigenvalues satisfy the inequalities Re�j < 0,
and P2 is an .n � m/ � .n � m/ matrix whose eigenvalues satisfy the inequalities
Re�j > 0. As in Section 4, we represent vectors x and u in the form x D .y; z/ and
u D .v; w/ according to representation (5.4). Consider the subspaces S D ¹z D 0º
and U D ¹y D 0º.
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Theorem 5.2. Assume that x D 0 is a hyperbolic rest point of system (5.1). Then
there exists a number � > 0 and a mapping

	 W ¹y W jyj < �º ! U

of class C 1 such that

(1)

	.0/ D 0;
@	

@y
.0/ D 0;

and the surface

� D ¹.y; 	.y// W jyj < �º
has the following property: If x 2 � , then �.t; x/ ! 0; t ! 1;

(2) if j�.t; x/j < � for t � 0, then x 2 � .

Let us show that Theorems 5.1 and 5.2 are reduced to Theorems 4.1 and 4.2.
Denote by ‰.t/ the fundamental matrix of system (5.3) that equals the unit matrix

at t D 0. Representation (5.4) implies that

‰.t/ D eP t D diag.eP1t ; eP2t /:

It is shown in the basic course of differential equations that if �1; : : : ; �n are the
eigenvalues of P , then

�1.t/ D e�1t ; : : : ; �n.t/ D e�nt

are the eigenvalues of ‰.t/. Hence, there exists a number T > 0 such that

j�j .T /j < 1; j D 1; : : : ; m; j�j .T /j > 1; j D mC 1; : : : ; n:

Thus, the linear mapping L with the matrix

A D diag.eP1T ; eP2T /

is hyperbolic.
In addition, it is known that

keP1tk ! 0; t ! 1;

and

keP2tk ! 0; t ! �1:
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Hence, we may assume that

keP1T k < 1 and ke�P2T k < 1: (5.5)

Consider the diffeomorphism f .x/ D �.T; x/. Let us show that f is representable
in the form

f .x/ D Ax CG.x/; (5.6)

where the nonlinearityG vanishes at the origin together with its Jacobi matrix. Hence,
representation (5.6) is similar to representation (4.4).

In a neighborhood of the point x D 0, we can write the right-hand side of system
(5.6) in the form

F.x/ D Px CH.x/; (5.7)

where the nonlinearity H vanishes at the origin together with its Jacobi matrix.
According to representation (5.4), let us write

x D .y; z/; �.t; x0/ D .y.t; y0; z0/; z.t; y0; z0//; H D .H1;H2/:

Then the functions y.t; y0; z0/ and z.t; y0; z0/ satisfy the system

Py D P1y CH1.y; z/; Pz D P2z CH2.y; z/:

Thus, the function y.t; y0; z0/ is a solution of the nonhomogeneous linear system of
differential equations

Py D P1y.t; y0; z0/CH1.y.t; y0; z0/; z.t; y0; z0//:

By the Lagrange formula,

y.T; y0; z0/ D eP1T y0 C
Z T

0

eP1.T�s/H1.y.s; y0; z0/; z.s; y0; z0//ds: (5.8)

Set

G1.y0; z0/ D
Z T

0

eP1.T�s/H1.y.s; y0; z0/; z.s; y0; z0//ds:

Since .y.t; 0; 0/; z.t; 0; 0// � .0; 0/, formula (5.8) implies that G1.0; 0/ D 0.
Further,

@G1

@y0
D
Z T

0

eP1.T�s/

�

@H1

@y

@y

@y0
C @H1

@z

@z

@y0

�

ds:
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Hence, it follows from properties of the nonlinearity H that

@G1

@y0
.0; 0/ D 0:

A similar reasoning shows that

@G1

@z0
.0; 0/ D 0:

Applying a similar reasoning to the function

G2.y0; z0/ D z.T; y0; z0/ � eP2T z0;

we complete the proof of formula (5.6).
Thus, Theorem 4.1 is applicable to the hyperbolic linear mapping L and the diffeo-

morphism f .
Denote by h0 a homeomorphism that conjugates the mapping L in a neighborhood

of the fixed point u D 0 with the diffeomorphism f in a neighborhood of the fixed
point x D 0 (to avoid unnecessary technical complications, we assume that h0 conju-
gates the mapping L and the modified diffeomorphism f on the whole space Rn).

Denote by

 .t; u/ D ‰.t/u D eP tu

the flow generated by the linear system (5.3) (in this case, Lu D  .T; u/).
Set

h.x/ D
Z T

0

 .�s; h0.�.s; x/// ds:

Let us show that h is a homeomorphism that conjugates the flows of systems (5.1) and
(5.3).

For any fixed t 2 R, the following equalities hold:

 .t; h.x// D  

 

t;

Z T

0

 .�s; h0.�.s; x/// ds

!

D eP t

Z T

0

e�P sh0.�.s; x// ds D
Z T

0

eP.t�s/h0.�.s; x// ds

D
Z T

0

 .t � s; h0.�.s � t; �.t; x//// ds: (5.9)

We have applied the group property of autonomous systems of differential equations:

�.s; x/ � �.s � t; �.t; x//:
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The change of variables � D s� t on the right in equality (5.9) gives us the follow-
ing relations:

Z T�t

�t

 .��; h0.�.�; �.t; x//// d�

D
Z 0

�t

 .��; h0.�.�; �.t; x0//// d� C
Z T�t

0

 .��; h0.�.�; �.t; x0//// d�:

(5.10)

Let us transform the integrand in (5.10):

 .��; h0.�.�; � /// D  .�� � T; .T; h0.�.�; � ////
D  .�� � T; h0.�.T; �.�; � ////:

We have used the equality

 .T; h0. � // D h0.�.T; � //:
Set � D T C � in the first integral on the right in equality (5.10) and note that

Z 0

�t

 .��; h0.�.�; � /// d� D
Z 0

�t

 .�� � T; h0.'.T C �; � /// d�

D
Z T

T�t

 .��; h0.�.�; � /// d�: (5.11)

Substituting �.t; x/ into equalities (5.11), we conclude that

Z T

0

 .t � s; h0.�.s � t; �.t; x//// ds D
Z T

0

 .�s; h0.�.s; �.t; x//// ds

D h.'.t; x//:

Thus, relation (5.9) implies that  .t; � /ıh D hı�.t; � /. To prove that h is a home-
omorphism, one can apply literally the same reasoning as in the proof of Theorem 4.1.

Reduction of Theorem 5.2 to Theorem 4.2 is left as an exercise for the reader.
Let p be a hyperbolic rest point of system (5.1). The same reasoning as in Sec-

tion 4.3 gives us the following description of the behavior of trajectories in a small
neighborhood of the point p.

We say that the point p is attracting if all the eigenvalues of the matrix P satisfy
the inequalities Re�j < 0. In this case, the point p has a neighborhood U such that
if x ¤ p is an arbitrary point of U , then �.t; x/ ! p as t ! 1, and the trajectory
�.t; x/ leaves the neighborhood U as t decreases.

Let us note that this statement is close to the famous Lyapunov theorem on asymp-
totic stability by the first approximation.
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We say that the point p is repelling if all the eigenvalues of the matrix P satisfy the
inequalities Re�j > 0. In this case, the point p has a neighborhood U such that if
x ¤ p is an arbitrary point of U , then �.t; x/ ! p as t ! �1, and the trajectory
�.t; x/ leaves the neighborhood U as t increases.

Finally, we say that p is a saddle rest point if there a natural numberm ¤ 0; n such
that Re�j < 0, j D 1; : : : ; m, and Re�j > 0, j D mC 1; : : : ; n.

In this case, there exists a neighborhood U of the point p and topological disks
W s

U .p/ and W u
U .p/ of dimension m � m and .n � m/ � .n � m/, respectively, such

that

� if x 2 W s
U
.p/, then �.t; x/ ! p as t ! 1, and the trajectory �.t; x/ leaves

the neighborhood U as t decreases;

� if x 2 W u
U .p/, then �.t; x/ ! p as t ! �1, and the trajectory �.t; x/ leaves

the neighborhood U as t increases.

The disks W s
U .p/ and W u

U .p/ are called the local stable and local unstable man-
ifolds of the rest point p, respectively; by Theorem 5.2, these disks are smooth (of
class C 1).

Similarly to the case of a diffeomorphism, we define the stable manifold of the rest
point p,

W s.p/ D ¹x W �.t; x/ ! p; t ! 1º

and the unstable manifold of the rest point p,

W u.p/ D ¹x W �.t; x/ ! p; t ! �1º:

The same reasoning as in Lemma 4.3 shows that the sets W s.p/ and W u.p/ are in-
variant with respect to the flow � and that the inclusion x 2 W s.p/ (the inclusion
x 2 W u.p/) holds if and only if the intersection �.t; x/ \ W s

U .p/ is nonempty (re-
spectively, the intersection �.t; x/ \W u

U .p/ is nonempty).
Repeating the proof of Lemma 4.5, one can show that the sets W s.p/ and W u.p/

are images of Euclidean spaces of the corresponding dimension under topological
immersions.

5.2 Hyperbolic closed trajectory

Consider system (5.1); to simplify notation, we assume that x 2 RnC1. As above, we
denote by � the flow generated by system (5.1).

Assume that system (5.1) has a nonconstant periodic solution  ; let ! > 0 be
the minimal period of the solution  and let 	 be the closed trajectory of the flow �

corresponding to the solution  .
We fix coordinates in RnC1 so that 0 2 	 and F.0/ D .0; : : : ; 0; a/, where a > 0.
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Denote by S the coordinate hyperplane ¹xnC1 D 0º. By our choice of coordinates,
the vector F.0/ is orthogonal to the hyperplane S . It follows from Theorem 1.1 that
there exists a diffeomorphism T of a neighborhood of the origin in S to a neighbor-
hood of the origin in S generated by shift along trajectories of the flow � (the Poincaré
diffeomorphism of the closed trajectory 	 ).

It was shown in the proof of Theorem 1.1 that two functions t .s/ and �.s/ of class
C 1 are defined for s D .x1; : : : ; xn/ 2 S with jsj small enough; these functions have
the following properties:

t .0/ D !; �.0/ D 0; T .s/ D �.s/ D �.t.s/; .s; 0// \ S:
We say that the closed trajectory 	 is hyperbolic if 0 2 S is a hyperbolic fixed point
of the diffeomorphism T .

Let �n be the vector of the first n coordinates of the flow �. Then

T .s/ D �n.t.s/; .s; 0//:

It follows from our choice of coordinates that

@�n

@t
.!; 0/ D .0; : : : ; 0/ and DT.0/ D @T

@s
.0/ D @�n

@s
.!; 0/:

Thus, the matrix DT.0/ is the matrix of the first n coordinates of the solution � with
respect to the first n coordinates of the initial point calculated at t D ! and s D 0.

It is known from the basic course of differential equations that the derivative of a
solution with respect to initial values is calculated as follows.

We consider the variational system along the solution  ,

Py D @F

@x
.�.t; 0//y D @�F

@x
. .t//yI (5.12)

let ˆ.t/ be the fundamental matrix of this system such that ˆ.0/ D E (recall that we
denote by E the unit matrix of any dimension). Then

@�

@x
.!; 0/ D ˆ.!/:

The eigenvalues of the matrix ˆ.!/ are called the multipliers of the closed trajec-
tory 	 .

Note that the vector-function 
.t/ D P .t/ is a solution of system (5.12). Indeed,
let us differentiate the equality P .t/ D F. .t//:

P
 D @F

@x
. .t//
:

Hence,


.t/ D ˆ.t/
.0/:
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Since


.0/ D P .0/ D F.0/ and 
.!/ D F. .!// D F.0/ D 
.0/;

the following equality holds:

F.0/ D ˆ.!/F.0/:

Hence, the matrix ˆ.!/ always has an eigenvalue 1 corresponding to the eigenvector
F.0/. This eigenvalue is called the standard multiplier.

The equality

ˆ.!/

0

B

B

@

0

0
:::

a

1

C

C

A

D

0

B

B

@

0

0
:::

a

1

C

C

A

implies that the last column of the matrix ˆ.!/ has the form

0

B

B

@

0
:::

0

1

1

C

C

A

:

Hence,

@�

@x
.!; 0/ D ˆ.!/ D

0

B

B

@

0
@�n

@s
.!; 0/

:::

0

� � � 1

1

C

C

A

D

0

B

B

@

0

DT .0/
:::

0

� � � 1

1

C

C

A

:

It follows that the eigenvalues of the matrixDT.0/ are precisely the multipliers of the
closed trajectory 	 that differ from the standard unit multiplier.

Thus, we get the following equivalent form of the definition of hyperbolicity for
a closed trajectory: For all its multipliers different from the standard unit one, the
absolute values differ from 1.

In our reasoning above, the transverse section S to the closed trajectory 	 has been
chosen in a special way. Let us show that the eigenvalues of the derivative of the
Poincaré diffeomorphism at the origin of a transverse section do not depend on the
choice of the section.

Let S1 and S2 be two transverse sections, and let T1 and T2 be the corresponding
Poincaré diffeomorphisms. Denote by � the diffeomorphism of a neighborhood of the
point 	 \S1 in the section S1 to a neighborhood of the point 	 \S2 in the section S2

generated by the shift along trajectories of the flow �.
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Take a point x 2 S1; let �.x/ D x1 2 S2, T1.x/ D x2 2 S1, and �.x2/ D x3 2 S2.
The equality x3 D T2.x1/ implies that

�.T1.x// D T2.�.x//

for points x 2 S1 that are close to 	 2 S1. Hence, T1.x/ D ��1.T2.�.x///, and

DT1.0/ D G�1DT2.0/G; (5.13)

where G D D�.0/.
Relation (5.13) implies that the matricesDT1.0/ andDT2.0/ are conjugate; hence,

their spectra coincide.
Let us apply results of Section 4.3 to the hyperbolic point 0 2 S of the diffeo-

morphism T . Assume that the eigenvalues �j of the matrix DT.0/ satisfy relations
(4.2).

By Theorems 4.1 and 4.2, the point 0 2 S is contained in two smooth disksDs and
Du that belong to S and have the following properties:

� the dimensions of the disks Ds and Du equal m and n �m, respectively;

� if x 2 Ds , then T k.x/ 2 Ds as k � 0 and T k.x/ ! 0; k ! 1;

� if x 2 Du, then T k.x/ 2 Du as k � 0 and T k.x/ ! 0; k ! �1;

� there exists a neighborhood U of the point 0 in S such that if

x 2 U n .Ds [Du/;

then the trajectory T k.x/ leaves U as jkj grows.

Consider a point x 2 Ds and its trajectory �.t; x/. The disk Ds is positively
invariant under the diffeomorphism T ; it follows from the definition of T that, after a
turn around 	 , the trajectory �.t; x/ hits the disk Ds at the point T .x/.

Let us consider segments of trajectories with endpoints x 2 Ds and T .x/ for all
points x 2 Ds ; the union of such segments is an .mC 1/-dimensional manifold. We
denote this manifold by W s

l
.	/ and call it the local stable manifold of the hyperbolic

closed trajectory 	 . Clearly, the manifold W s
l
.	/ is positively invariant with respect

to the flow �, i.e., �.t; x/ 2 W s
l
.	/ for x 2 W s

l
.	/ and t � 0.

Similarly (considering negative semitrajectories of points of the disk Du), we con-
struct the .n�mC 1/-dimensional local unstable manifold W u

l
.	/ of the hyperbolic

closed trajectory 	 ; this manifold is negatively invariant with respect to the flow �.
We define the stable manifold of the hyperbolic closed trajectory 	 by the equality

W s.	/ D ¹x W �.t; x/ ! 	; t ! 1º
and the unstable manifold of the hyperbolic closed trajectory 	 by the equality

W u.	/ D ¹x W �.t; x/ ! 	; t ! �1º:
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In these definitions, the relation �.t; x/ ! 	 means that

dist.�.t; x/; 	/ ! 0:

The same reasoning as in Lemma 4.3 shows that the sets W s.	/ and W u.	/ are
invariant with respect to the flow �.

Let us show that the inclusion x 2 W s.	/ (the inclusion x 2 W u.	/) holds if
and only if the intersection �.t; x/ \W s

l
.	/ (respectively, the intersection �.t; x/ \

W u
l
.	/) is nonempty. We consider the case of W s.	/; for W u.	/, the reasoning is

similar.
If �.t; x/ \W s

l
.	/ ¤ ;, then �.�; x/ 2 W s

l
.	/ for some � 2 R. Our construction

of W s
l
.	/ implies that the point �.�; x/ belongs to a segment of a trajectory of the

flow � whose endpoints lie in Ds . Thus, there exists a number � � 0 such that
y WD �.�; x/ 2 Ds .

Take an arbitrary " > 0. The theorem on continuous dependence of the solution on
its initial point implies that there exists a ı > 0 such that if jzj < ı, then

j�.t; z/ �  .t/j < "; t 2 Œ0; 2!� (5.14)

(recall that ! is the period of the solution  and  .0/ D 0).
It was shown in the proof of Theorem 1.1 that if z 2 Ds , then T .z/ D �.t.z/; z/\

S , where t .z/ ! ! as z ! 0.
Since T k.y/ ! 0 as k ! 1, there exists an index m such that jT k.y/j < ı and

0 < t.T k.y// < 2! for k � m.
If z D T k.y/; k � m, then relation (5.14) implies that

T .z/ D �.t.z/; z/ \ S � Ds

and

dist.�.t; z/; 	/ � j�.t; z/ �  .t/j < "; t 2 Œ0; t.z/�:

Hence,

dist.�.t; z/; 	/ < "; t � 0:

Since " is arbitrary, we conclude that

dist.�.t; y/; 	/ ! 0; t ! 1: (5.15)

Since y D �.�; x/, relation (5.15) implies that

dist.�.t; x/; 	/ ! 0; t ! 1: (5.16)
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Now we assume that x 2 W s.	/, i.e., relation (5.16) holds.
By the Remark after Theorem 1.1, every point y 2 	 has a neighborhood Uy

such that if z 2 Uy , then the positive semitrajectory of the point z intersects the
transverse section S at a point belonging to the domain of definition of the Poincaré
diffeomorphism T . Set

U D
[

y2�

Uy :

There exists a number � 2 R such that

�.t; x/ 2 U; t � �:

Consider the point y D �.�; x/. It follows from the choice of � that the positive
semitrajectory of the point y intersects the transverse section S at points z1; z2; : : :

such that zkC1 D T .zk/. Properties of the section S listed above imply that z1 2 Ds .
Clearly,

z1 2 �.t; x/ \W s
l .	/:

When one constructs stable and unstable manifolds of a hyperbolic closed trajectory
of a flow, the following phenomenon is possible. Let us explain it by giving a simple
example. Consider system (5.1) in the space R3 with coordinates .x; y; z/. Assume
that the plane S D ¹x D 0º is a transverse section for a closed trajectory 	 and that
the corresponding local Poincaré diffeomorphism T has the form

.y; z/ 7!
��y
2
;�2z

�

for small jyj and jzj.
In this case (under a proper choice of the neighborhoodU ), the diskDs is a segment

of the axis ¹x D z D 0º. Take a small oriented segment l of this axis such that the
origin is one of the endpoints of this segment. Clearly, T maps l to a segment of the
same axis with the opposite orientation. Thus, the appearing local stable manifold
W s

l
.	/ of the closed trajectory 	 is a Möbius band for which 	 is a middle circle.

One can show that the stable and unstable manifoldsW s.	/ andW u.	/ of a hyper-
bolic closed trajectory 	 are images under topological immersions either of cylinders
Rm � S1 and Rn�m � S1 or of nonorientable foliations over S1 with leaves Rm and
Rn�m.
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Transversality

6.1 Transversality of mappings and submanifolds

Let K and M be smooth manifolds, let L be a submanifold of the manifold M , and
let f be a smooth mapping of K into M .

We say that the mapping f is transverse to L at a point x 2 K if either f .x/ … L
or

Df.x/TxK C Tf .x/L D Tf .x/M: (6.1)

The left-hand side of equality (6.1) is the sum of two linear subspaces of the space
Tf .x/M , the image of TxK under the action of the derivative of f at the point x and
the tangent space Tf .x/L.

Let us note that, in general,

Df.x/TxK ¤ Tf .x/f .K/

(consider the following example: K D R with coordinate t , M D R2 with coordi-
nates .x; y/, and f .t/ D .0; t3/; in this case,

Df.0/R ¤ T.0;0/f .K//:

We say that the mapping f is transverse to L if f is transverse to L at every point
x 2 K.

If K and L are two submanifolds of the same manifold M , we say that K is trans-
verse to L at a point x0 2 K if the mapping Id that takes any point x 2 K to the same
point x 2 M is transverse to L at x0.

In other words, K is transverse to L at a point x0 2 K \ L if

Tx0
K C Tx0

L D Tx0
M; (6.2)

i.e.,

Tx0
M D ¹aC b W a 2 Tx0

K; b 2 Tx0
Lº:

We say that submanifoldsK and L are transverse if the above-mentioned mapping Id
is transverse to L.

One can reformulate condition (6.2) as follows:

dimK C dimL � dim.Tx0
K \ Tx0

L/ D dimM: (6.3)

This statement is a corollary of the following simple algebraic lemma.
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Lemma 6.1. If X1 and X2 are two linear subspaces of a finite-dimensional linear
space X , then

dimX1 C dimX2 � dim.X1 \X2/ D dim.X1 CX2/: (6.4)

Proof. Consider the linear operator A W X1 �X2 ! X defined by the formula

A.x1; x2/ D x1 C x2:

Let R and K be the range and kernel of the operator A, respectively.
Clearly,

K D ¹.x;�x/ W x 2 X1 \X2º:
Hence, dimK D dim.X1 \X2/.

Since R D X1 CX2, equality (6.4) is a corollary of the relation

dimRC dimK D dim.X1 �X2/ D dimX1 C dimX2:

Equality (6.3) follows from equality (6.4) in which we take X1 D Tx0
K (in this

case, dimX1 D dimK) and X2 D Tx0
L (in this case, dimX2 D dimL) since

X1 CX2 D Tx0
M by (6.2).

Let us note that the following simple statement holds (this statement is very impor-
tant for us).

Lemma 6.2. If K and L are two submanifolds of a manifold M , f is a diffeomor-
phism of M , and K and L are transverse at a point x0 2 K \ L, then f .K/ and
f .L/ are transverse at the point f .x0/.

Proof. Since equality (6.2) holds, there exists a basis of the tangent space Tx0
M

such that every vector of this basis belongs either to Tx0
K or to Tx0

K. Since f is
a diffeomorphism, its derivative Df.x0/ is a linear isomorphism between the spaces
Tx0

M and Tf .x0/M . Hence, Df.x0/ takes the above-mentioned basis to a basis of
the space Tf .x0/M such that every vector of the latter basis belongs either to Tf .x0/K

or to Tf .x0/L.

Corollary. If K and L are two submanifolds of a manifold M , � is a flow on M
generated by a smooth vector field, K and L are transverse at a point x0 2 K \ L,
and T ¤ 0, then �.T;K/and �.T;L/ are transverse at the point �.T; x0/.

Proof. As was shown in Section 1.2, �.T; � / is a diffeomorphism of M .

We formulate one more important statement without a proof (the reader can find a
proof in [16]).

Let K and L be two smooth disks in a manifold M with Riemannian metric dist.
Assume that the disks K and L are images of disks D1 2 Rk and D2 2 Rl under
smooth embeddings h1 and h2, respectively.
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Lemma 6.3. Assume that the disks K and L have a common point x0 at which they
are transverse. For any " > 0 there exists a ı > 0 such that if H1 and H2 are
embeddings of the disks D1 and D2 into M for which the inequalities

�1.hi ;Hi / < ı; i D 1; 2;

hold, then the disks H1.D1/ and H2.D2/ have a point x of transverse intersection
such that

dist.x; x0/ < ":

6.2 Transversality condition

Let p and q be two hyperbolic fixed points of a diffeomorphism f of a manifold
M (we do not exclude the case where p D q). Assume that a point x is a point of
intersection of the unstable manifold W u.p/ and the stable manifold W s.q/.

It was noted above that the unstable manifold W u.p/ and the stable manifold
W s.q/ are not necessarily submanifolds of the manifold M . At the same time, it
follows from Theorem 4.2 (applied both to f and to f �1) that there exist neigh-
borhoods U and V of the points p and q, respectively, such that the local unstable
manifold W u

U .p/ and the local stable manifold W s
V .q/ are smooth disks.

Let us first assume that x ¤ p and x ¤ q. By Lemma 4.3, there exist indices m
and n such that y D f m.x/ 2 W u

U .p/ and z D f n.x/ 2 W s
V .q/. Fix smooth disks

K � W u
U .p/ and L � W s

V .q/ such that y 2 K, z 2 L, dimK D dimW u.p/, and
dimL D dimW s.q/.

We say that the unstable manifoldW u.p/ and the stable manifoldW s.q/ are trans-
verse at the point x if the disks f �m.K/ and f �n.L/ are transverse at x.

Lemma 6.2 implies that the introduced property of transversality of W u.p/ and
W s.q/ at the point x does not depend on the choice of the indices m and n and the
disks K and L; in addition, W u.p/ and W s.q/ are transverse at a point x if and only
if W u.p/ and W s.q/ are transverse at the point f l .x/ for some (for any) l 2 Z.

If x D p (then x D q as well), the smooth disksW u
U .p/ and W s

U .p/ are transverse
at the point p (the tangent spaces of these disks at p are complementary linear sub-
spaces of the space TpM ); in this case, it is natural to consider p as a point at which
W u.p/ and W s.p/ are transverse.

Similarly one defines transversality of stable and unstable manifolds for hyperbolic
periodic points (recall that if p is a periodic point of a diffeomorphism f of period
m, then, by definition, its stable manifold is the stable manifold of the fixed point
p of the diffeomorphism f m) and also of stable and unstable manifolds for hyper-
bolic rest points and closed trajectories of flows generated by autonomous systems of
differential equations.

Let us mention a simple corollary of the transversality condition.
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Lemma 6.4. (1) If p and q are hyperbolic periodic points of a diffeomorphism such
that the manifolds W u.p/ and W s.q/ have a common point at which they are
transverse, then

dimW u.p/ � dimW u.q/: (6.5)

(2) If p and q are hyperbolic rest points or closed trajectories of a smooth flow �

such that the manifolds W u.p/ and W s.q/ have a common point x0 at which
they are transverse and x0 is not a rest point, then inequality (6.5) holds. In this
case, (6.5) may turn into an equality only if q is a closed trajectory.

Proof. (1) If dimM D n and q is a hyperbolic periodic point of a diffeomorphism
such that dimW s.q/ D m, then dimW u.q/ D n �m.

Assume that W u.p/ and W s.q/ intersect transversally at a point x0.
Relation (6.3) with K D W u.p/ and L D W s.q/ implies that

dimW u.p/ D n � dimW s.q/ � dim.Tx0
W u.p/ \ Tx0

W s.q//

D n �m � dim.Tx0
W u.p/ \ Tx0

W s.q// � n �m D dimW u.q/:

(2) Let W u.p/ and W s.q/ have a common point x0 at which they are transverse;
assume that x0 is not a rest point,

Since the manifolds W u.p/ and W s.q/ are invariant under the flow �, the trajec-
tory �.t; x0/ belongs to both manifolds. Hence, the tangent vector F.x0/ ¤ 0 of
this trajectory at the point x0 belongs to the intersection Tx0

W u.p/ \ Tx0
W s.q/. It

follows that

dim.Tx0
W u.p/ \ Tx0

W s.q// � 1:

The same reasoning as above shows that

dimW u.p/ � dimM � dimW s.q/ � 1:

To complete the proof, we note that if q is a rest point,then

dimW s.q/C dimW u.q/ D dimM;

and if q is a closed trajectory, then

dimW s.q/C dimW u.q/ D dimM C 1:

Statement (2) of Lemma 6.4 implies that if p is a hyperbolic rest point of a smooth
flow, then the manifolds W u.p/ and W s.p/ have no points of transverse intersection
different from p.
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At the same time, the manifolds W u.p/ and W s.p/ may have points of transverse
intersection different from p (in the case of a hyperbolic periodic point p of a dif-
feomorphism) or not belonging to the trajectory p (in the case of a hyperbolic closed
trajectory p of a smooth flow).

Following Poincaré, such points are called double-asymptotic to p, or homoclinic.
The behavior of trajectories in a neighborhood of the trajectory of a transverse homo-
clinic point is very complicated (see Section 9.3).

Let us define an important class of dynamical systems.
A diffeomorphism f of a smooth closed manifold M is called Kupka–Smale if all

periodic points of f are hyperbolic, and the stable and unstable manifolds of periodic
points are transverse at any point of intersection.

The following statement had been proven independently by I. Kupka and S. Smale
(see also [9]).

Theorem 6.1. The set KS of Kupka–Smale diffeomorphisms is residual in Diff1.M/.

Kupka–Smale flows are defined in a similar way: a flow � generated by a smooth
vector field is called Kupka–Smale if all rest points and closed trajectories of � are
hyperbolic, and the stable and unstable manifolds of rest points and closed trajectories
are transverse at any point of intersection.

In the case of flows, a statement similar to Theorem 6.1 is valid.

6.3 Palis lemma

We will prove an important statement related to the transversality condition (this state-
ment, usually called the �-lemma, was proven by J. Palis).

Let p be a hyperbolic fixed point of a diffeomorphism f (since the statement which
we prove is local, the cases of a manifold and Euclidean space are treated similarly).

For definiteness, we assume that p is the origin of the space Rn and that the diffeo-
morphism f is represented in the form (4.4) in a neighborhood U of the point x D 0,
where the Jacobi matrix A of f at zero has the form described in Lemma 4.1, while
the nonlinear term F vanishes at the origin together with its Jacobi matrix.

We consider coordinates x D .y; z/ related to the representation of the matrix A in
block-diagonal form; let S and U be the coordinate subspaces corresponding to the
parts of the spectrum of the matrix A inside and outside the unit disk, respectively.

Fix a number � > 0 such that the local stable manifold W s
V .0/ of the fixed point

x D 0 in the neighborhood V D ¹jxj < �º has the structure described by Theo-
rem 4.2.

Let 	 be the mapping which determines W s
V .0/.

Let us assume that the local unstable manifoldW u
V .0/ is determined by the mapping

˛ W ¹jzj < �º ! S ;
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with the following properties:

˛.0/ D 0 and
@˛

@z
.0/ D 0

(the existence of such a mapping follows from Theorem 4.2 applied to the diffeomor-
phism f �1).

Lemma 6.5 (�-lemma). Let N be a smooth disk having a point of transverse inter-
section with W s

V .0/. Then there exists a smooth disk Q � W u
V .0/ containing the

fixed point x D 0 (let the disk Q be the image of a smooth embedding h of the disk
D � Rn�m into Rn) and having the following property: For any " > 0 there is an
index m."/ such that for any m � m."/ there exists an embedding hm of the disk D
into Rn such that hm.Q/ � f m.N / and �1.h; hm/ < ".

Proof. To prove Lemma 6.5, we perform a change of coordinates under which the
local stable and unstable manifolds become disks that belong to the coordinate sub-
spaces S and U, respectively.

Since the statement on the existence of such a change of variables is of independent
interest, we formulate it as a separate lemma.

Lemma 6.6. There exist neighborhoods V1 � V and V2 of the origin of Rn and a dif-
feomorphismH that maps V1 onto V2 and such that the images ofW s

V1
.0/ andW u

V1
.0/

under H are disks belonging to the coordinate subspaces S and U, respectively.

Proof of Lemma 6.6. Consider the mapping

H W V ! Rn

defined by the equalities


 D y � ˛.z/; 
 D z � 	.y/ (6.6)

(here 
 and 
 are coordinates in S and U, respectively).
It follows from properties of the mappings ˛ and 	 that

H.0/ D 0 and DH.0/ D Id:

By the Inverse Mapping Theorem, there exist neighborhoods V1 � V and V2 of the
origin in Rn such that H is a diffeomorphism of V1 onto V2; we may assume that the
neighborhood V1 is so small that the sets W s

V1
.0/ and W u

V1
.0/ are smooth disks.

Equalities (6.6) imply that the diffeomorphism H maps W s
V1
.0/ and W u

V1
.0/ to

disks that belong to the coordinate subspaces S and U, respectively.
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Let r be a point of transverse intersection of the disk N with W s
V .0/. Since

f k.r/ ! 0 as k ! 1, there exists an index k0 such that r0 D f k0.r/ 2 V1.
By Lemma 6.2, the disk f k0.N / is transverse to W s

V1
.0/ at the point r0. Clearly, the

disk f k0.N / contains a smaller disk N0 that belongs to V1, contains the point r0, and
is transverse to W s

V1
.0/ at this point.

The same reasoning as in the proof of Lemma 6.2 shows that the diskN 0 D H.N0/

is transverse to S at the point �0 D H.r0/.
Decreasing the neighborhood V1, we may assume that the diffeomorphism H is

defined on f .V1/. Consider the mapping

g D H ı f ıH�1I
clearly, g maps V2 diffeomorphically onto H.f .V1//.

The equalities DH.0/ D E and DH�1.0/ D E imply that

Dg.0/ D DH.0/Df .0/DH�1.0/ D Df.0/: (6.7)

Hence, x D 0 is a hyperbolic fixed point of the diffeomorphism g.
We reduce the proof of Lemma 6.5 to the following auxiliary statement.

Lemma 6.7. There exists a number ı > 0 having the following property: For any
" > 0 one can find an index m."/ such that if m � m."/, then there exists a family of
smooth disks �0; : : : ; �m such that

�0 2 �0 � N 0; �k WD gk.�0/ 2 �k � g.�k�1/ \ V2; 1 � k � m � 1; (6.8)

and the disk �m contains a smooth disk �m given by

y D ˇ.z/; jzj < ı;
where

jˇ.z/j < " and

�

�

�

�

@ˇ

@z

�

�

�

�

< " (6.9)

for jzj < ı.
Let us show that Lemma 6.5 is a corollary of Lemma 6.7. Consider the smooth

disks Nk D H�1.�k/; 1 � k � m. Relations (6.8) imply that

H�1 ı gj	k
D f ıH�1j	k

I
hence,

NkC1 D H�1.�kC1/ � H�1 ı g.�k/ D f ıH�1.�k/ D f .Nk/: (6.10)
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Denote by D the disk ¹y D 0; jzj < ıº (a ball in the space U). Set Q D H�1.D/.
The disk Q is the image of D under the embedding H�1, and the disk Nm is the
image of D under the embedding H�1 ı b, where b W .0; z/ ! .ˇ.z/; z/.

Relations (6.10) imply that Nm � f m.N0/ � f mCk0.N /. Since H�1 is a diffeo-
morphism and we can guarantee that inequalities (6.9) hold with arbitrarily small ",
the value �1.H

�1;H�1 ıb/ can be done arbitrarily small as well. Thus, the statement
of Lemma 6.4 is fulfilled.

Now let us prove Lemma 6.7. We consider the diffeomorphism g in a small neigh-
borhood V of the origin (we reduce the neighborhood V several times to provide the
properties of g which we need in the proof of Lemma 6.7). Equality (6.7) implies that

g.x/ D Ax CG.x/:

Let, as above, A D diag.B; C /, and let g1 and g2 be the components of the nonlin-
earity G with respect to the representation x D .y; z/. If x 2 S , then x D .y; 0/ and
g.x/ 2 S . The equality

g.y; 0/ D .By C g1.y; 0/; g2.y; 0//

implies that g2.y; 0/ D 0. Hence,

g2.y; 0/ D 0 and
@g2

@y
.y; 0/ D 0; .y; 0/ 2 V: (6.11)

A similar reasoning shows that if the neighborhood V is small enough, then

g1.0; z/ D 0 and
@g1

@z
.0; z/ D 0; .0; z/ 2 V: (6.12)

Let

a0 D kBk < 1 and
1

b0
D kC�1k < 1; (6.13)

where the operator norms are induced by the Euclidean norm. One can repeat the
proof of Lemma 4.1 to prove that there exist coordinates for which estimates (6.13)
hold.

Take a number k > 0 for which the following inequalities are valid:

a D a0 C k < 1; b D b0 � k > 1; k <
.b � 1/2

8
: (6.14)

Relations (6.11) and (6.12) imply that if the neighborhood V is small enough, then
the following inequalities hold in V :

�

�

�

�

@gi

@.y; z/
.y; z/

�

�

�

�

< k; i D 1; 2: (6.15)



86 Chapter 6 Transversality

As above, let us fix a disk N0 that belongs to the intersection f k0.N / \ V 0 (where
V 0 D H�1.V /), contains the point r0, and is transverse to W s

V 0.0/ at this point.
Let dim S D m. It is geometrically obvious that the disk N 0 D H.N0/ contains

an .n � m/-dimensional disk �0 such that the point �0 D H.r0/ lies in �0 and �0 is
transverse to S at this point.

Consider a tangent vector v0 of �0 at the point �0 with jvj D 1. According to the
representation x D .y; z/, we write v D .vs ; vu/. Since the disk �0 is transverse to S

at the point �0, formula (6.3) implies that vu ¤ 0.
Define the inclination of the vector v to the subspace S by the formula

� D jvsj
jvuj :

The main contents of the following proof is estimation of the inclinations of images
of the vector v under the action of derivatives Dgk.�0/; this explains the term “�-
lemma”.

Since the unit sphere of the tangent spaceT
0
�0 is compact, there exists a number

L > 0 such that the inclination of any vector v 2 T
0
�0 satisfies the inequality � � L.

Let us write

Dg.�0/ D
 

B C @g1

@y
g1.�0/

@g1

@z
.�0/

@g2

@z
.�0/ C C @g2

@z
.�0/

!

:

Since �0 2 S , relations (6.11) imply that

@g2

@y
.�0/ D 0:

If v1 D Dg.�0/v D .vs
1; v

u
1 /, then

vs
1 D

�

B C @g1

@y
.�0/

�

vs C @g1

@z
.�0/v

u and vu
1 D

�

C C @g2

@z
.�0/

�

vu:

(6.16)

It follows from inequalities (6.15) and (6.13) that

jvs
1j � .a0 C k/jvsj C kjvuj D ajvsj C kjvuj: (6.17)

Let us apply the operator C�1 to the second equality in (6.16):

vu C C�1 @g2

@z
.�0/ D C�1vu

1 :

Clearly, the following estimates hold:

1

b0
jvuj � kC�1kjvu

1 j � jvuj �
ˇ

ˇ

ˇ

ˇ

C�1 @g2

@z
.�0/v

u

ˇ

ˇ

ˇ

ˇ

� jvuj � k

b0
jvuj
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and

jvu
1 j � .b0 � k/jvuj D bjvuj: (6.18)

Let us estimate the inclination �1 of the vector v1 in terms of the inclination �0 of the
vector v using inequalities (6.17) and (6.18):

�1 D jvs
1j

jvu
1 j � ajvs j C kjvuj

bjvuj � a

b
�0 C k

b
: (6.19)

Denote by �2; : : : ; �m the inclinations of the vectors v2 D Dg2.�0/v; : : : ; vm D
Dgm.�0/v. Iterating estimate (6.19), we get the following chain of inequalities:

�2 �
�a

b

�2

�0 C k

b2
C k

b
;

:::

�m �
�a

b

�m

�0 C k

bm
C � � � C k

b
�
�a

b

�m

�0 C k

b � 1: (6.20)

Find an index m1 such that
�a

b

�m1

L <
b � 1
8

:

Relations (6.14) and (6.20) imply that if m � m1, then

�m � b � 1
4

; (6.21)

where �m is the inclination of the vector Dgm.�0/v for any vector v 2 T
0
�0.

We construct disks �1; : : : ; �m1
applying the following procedure. Assume that a

disk �k with 0 � k � m1 � 1 is constructed; we take a small disk �kC1 belonging to
g.�k/ \ V and containing the point �kC1.

Since �m1
is a smooth disk containing the point �m1

and inequalities (6.21) hold,
we can select in �m1

a subdisk (denoted again �m1
) with the following properties:

�m1
contains the point �m1

, is transverse to S at this point, and the inclination � of
any unit tangent vector v 2 Tx�m1

at any point �m1
satisfies the inequality

� <
b � 1
2

: (6.22)

(Let us note that now we consider inclinations of tangent vectors at all points of the
disks, and not only at points belonging to S .)

Set

b1 D b C 1

2
:
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Find a number ı > 0 such that if D D ¹.0; z/ W jzj < ıº, then the closed disk ClD
belongs to the neighborhood V . Relations (6.12) imply that

@g1

@z
D 0

at points of the disk D.
Fix an arbitrary " > 0; we assume that " is small enough, so that the following

inequalities hold:

b2 WD b1p
1C "2

> 1 (6.23)

and
�

a

b1

��

b � 1
2

�

C ".b1 � 1/
2b1

<
b � 1
2

(6.24)

(we take into account that a < b1).
Fix a neighborhood V0 � V of D in which the following inequality is satisfied:

�

�

�

�

@g1

@z

�

�

�

�

< k1 WD ".b1 � 1/
2

: (6.25)

Without loss of generality, we may assume that the index m1 chosen above is large
enough, so that �m1

2 V0.
We decrease the disk once more �m1

and take its subdisk (denoted again �m1
) such

that this subdisk belongs to V0, contains the point �m1
, and is transverse to S at this

point.
Take an arbitrary point x 2 �m1

and an arbitrary unit tangent vector v in Tx�m1
.

Represent v in the form .vs; vu/ and denote by � the inclination of the vector v.
Let us estimate the number �1, the inclination of the vector v1 D .vs

1; v
u
1 / D

Dg.x/v. The equalities

vs
1 D

�

B C @g1

@y
.x/

�

vs C @g1

@z
.x/vu

and

vu
1 D @g2

@y
.x/vs C

�

C C @g2

@z
.x/

�

vu

and estimates (6.14), (6.15), and (6.25) imply the following inequalities (as above, we
multiply the second equality by C�1 from the left):

jvs
1j � ajvsj C k1jvuj;

1

b0
jvuj � kC�1kjvu

1 j �
�

1 � k

b0

�

jvuj � k

b0
jvsj;
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and

jvuj � bjvuj � kjvsj: (6.26)

Hence,

�1 � ajvsj C k1jvuj
bjvuj � kjvs j D a�C k1

b � k� :

Since 0 < k < 1, inequality (6.22) implies that

b � k� > b � b � 1
2

D b1: (6.27)

Taking into account inequality (6.24) and the definition of k1, we get the inequalities

�1 � a

b1
�C k1

b1
<
b � 1
2

:

Assume that a point x 2 �m1
is such that g.x/; : : : ; gm�1.x/ 2 V0.

Let �1; : : : ; �m be the inclinations of the vectors v1 D Dg.x/v, : : : , vm D
Dgm.x/v. Iterating the above estimate, we obtain the inequality

�m �
�

a

b1

�m

�C k1

bm
1

C � � � C k1

b1
�
�

a

b1

�m

�C k1

b1 � 1: (6.28)

Inequalities (6.25) and (6.28) imply that there exists an index m2 such that �m < "

for m � m2.
If m � m2, gm.x/ 2 V0, and vmC1 D Dg.gm.x//vm, then

jvmC1j
jvmj D

q

.vs
mC1/

2 C .vu
mC1/

2

p

.vs
m/

2 C .vu
m/

2
D jvu

mC1j
jvu

mj

q

1C �2
mC1

p

1C �2
m

: (6.29)

It follows from relations (6.26) and (6.28) that

jvu
mC1j � b1jvu

mj:
In addition,

q

1C �2
mC1

p

1C �2
m

� 1
p

1C �2
m

� 1p
1C "2

:

Hence, equalities (6.29) imply the estimate

jvmC1j � b2jvmj:
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Thus, if we construct successively disks �m1CkC1 that belong to the intersections
of the images g.�m1Ck/ with the neighborhood V0, then, for k � m2, these disks
are uniformly expanded under the action of diffeomorphism g. At the same time,
the inclination of tangent spaces of such disks to the subspace U is uniformly small
(the smallness of the inclination is determined by the number "). Hence, if m is large
enough, then projection onto U parallel to S defines mappings

ˇm W D ! �m:

The Grobman–Hartman theorem implies that if the neighborhood V0 is small enough,
then the diffeomorphism g in V0 is topologically conjugate with a contraction along
S . Hence,

jˇm.x/ � xj < "; x 2 D;
for m large enough.

It follows from our reasoning that if m is large enough, then the mapping .0; z/ 7!
.ˇm.z/; z/ is an embedding of the disk D having the properties described by Lem-
ma 6.7.

It is suggested to the reader to formulate an analog of Lemma 6.5 in the case of
flows.

6.4 Transversality and hyperbolicity for one-dimensional
mappings

Let us describe a relation between transversality and hyperbolicity for one-dimen-
sional mappings.

Let f be a diffeomorphism of the line R.
Consider the following mapping related to f , the graph of f , grf W R ! R2:

grf.x/ D .x; f .x//:

Denote by � the diagonal of R2: � D ¹.x; x/ W x 2 Rº.
Clearly, p is a fixed point of f if and only if grf.p/ 2 �.

Lemma 6.8. If p is a hyperbolic fixed point of f , then the mapping grf is transverse
to � at the point p.

Proof. Clearly, the spectrum of the one-dimensional linear mapping Df.p/ consists
of a single number equal to the derivative f 0.p/. By the definition of hyperbolicity of
the fixed point p, jf 0.p/j ¤ 1. Hence, the line

¹y D f 0.p/xº D Df.p/R

does not coincide with T.p;p/� D �, which means that the mapping grf is transverse
to � at the point p.
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Remark. The example of the diffeomorphism f .x/ D �x shows that the inverse
statement is not always true.

Consider the following two sets of diffeomorphisms of the line R; denote by F1

the set of diffeomorphisms f such that any periodic point of f is hyperbolic and by
F2 the set of diffeomorphisms f for which the mappings grfm are transverse to� for
all m � 1.

Lemma 6.9. F1 D F2.

Proof. The inclusion F1 � F2 follows from Lemma 6.8 applied to the family of
diffeomorphisms ¹f mº. To prove the inverse inclusion, let us assume that there exists
a diffeomorphism f 2 F2 n F1 that has a nonhyperbolic periodic point p. If m is the
period of p, then j.f m/0.p/j D 1.

If .f m/0.p/ D 1, then the line

¹y D .f m/0.p/xº D Df.p/R

coincides with T.p;p/� D �; hence, the mapping grfm is not transverse to � at the
point p, which contradicts the inclusion f 2 F2. If .f m/0.p/ D �1, then

.f 2m/0.p/ D .f m ı f m/0.p/ D .f m/0.f m.p//.f m/0.p/ D 1;

and we conclude that the mapping grf2m is not transverse to � at the point p, which
again contradicts the inclusion f 2 F2.
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Hyperbolic sets

7.1 Definition of a hyperbolic set

In Sections 4 and 5, we defined and studied hyperbolic fixed and periodic points of
diffeomorphisms and hyperbolic rest points and closed trajectories of smooth flows
generated by autonomous systems of differential equations.

Now we give a general definition of a hyperbolic set, one of the basic objects in the
theory of structural stability.

We start with the case of a diffeomorphism f of a smooth closed manifold M .
Let dist be a Riemannian metric on M and let jvj be the corresponding norm of a

tangent vector v 2 TxM .
We say that a set I � M is a hyperbolic set of a diffeomorphism f if the following

conditions hold:

(HS1) the set I is compact and f -invariant;

(HS2) there exist numbers C > 0 and � 2 .0; 1/ with the following property: For
any point p 2 I , two linear subspaces S.p/ and U.p/ of the tangent space
TpM are defined such that

(HS2.1) S.p/C U.p/ D TpM ;

(HS2.2) Df.p/S.p/ D S.f .p// and Df.p/U.p/ D U.f .p//;

(HS2.3) if v 2 S.p/, then jDf k.p/vj � C�kjvj for k � 0;

(HS2.4) if v 2 U.p/, then jDf k.p/vj � C��k jvj for k � 0.

The numbers C > 0 and � 2 .0; 1/ are usually called hyperbolicity constants of the
set I ; the families S.p/ and U.p/ are called the hyperbolic structure on I .

Remark. In the above definition of a hyperbolic set, it is assumed that the hyper-
bolic structure is invariant with respect to the derivative Df of the diffeomorphism f

(property (HS2.2)).

Let us show that property (HS2.2) can be replaced by the following one: For any
point p 2 I , the dimensions of the spaces S.f k.p// and U.f k.p// are the same for
all k 2 Z.

Assume that this condition is fulfilled and

Df 	S.p/ ¤ S.q/
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for some p 2 I and q D f 	.p/ (the case of the subspace U is considered similarly).
Let dimS.f k.p// D l for k 2 Z.

Since Df is a nondegenerate linear mapping,

Q WD Df �	S.q/ ¤ S.p/:

For any vector v 2 Q, the inclusion

Df 	v 2 S.q/
holds, hence, condition (HS2.3) implies the inequalities

jDf k.p/vj � C�k�	 jDf 	.p/vj; k � �:

Thus, there exists a constant C1 � C such that

jDf k.p/vj � C1�
kjvj; k � �; (7.1)

for all v 2 Q.
By our assumption, the subspaces Q and S.p/ of the space TpM have the same

dimension l and do not coincide. Fix a vector v0 of unit length that belongs to Q and
does not belong to S.p/.

Denote by L the one-dimensional space spanned by v0; set P D LC S.p/.
The angle between the vector v0 and the subspace S.p/ is nonzero. Hence, there

exists a number a > 0 such that if a vector w 2 P , jwj D 1, is represented in the
form

w D a0v0 C a1v1; v1 2 S.p/; jv1j D 1;

then jai j � a, i D 0; 1.
Condition (HS2.3) and inequalities (7.1) imply that there exists a number C2 � C1

such that if w 2 P , then

jDf k.p/wj � C2�
kjwj; k � 0: (7.2)

Find a natural number m such that C2�
m < 1=2.

Let r D f m.p/. Property (HS2.1) and the fact that the dimensions U.f k.p// are
constant imply that

dimDf �mU.r/ D dimU.p/ � dimM � l:
Since dimP D l C 1, there exists a vector

w0 2 Df �mU.r/ \ P
of unit length.
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This vector satisfies the following relations:

1 D jw0j D jDf �m.r/Df m.p/w0j � 1

2
jDf m.p/w0j � 1

4
jw0j D 1

4

(in the first inequality, we refer to property (HS2.4) and the inequality C�m < 1=2;
in the second one, we refer to inequality (7.2)). We get a contradiction; our statement
is proven.

7.2 Examples of hyperbolic sets

Let us give two important examples of hyperbolic sets.

Example 7.1 (Hyperbolic fixed point). The simplest example of a hyperbolic set is a
hyperbolic fixed point.

Let p be a hyperbolic fixed point of a diffeomorphism f of a smooth manifold M .
Let us check the above definition of a hyperbolic set using coordinates whose exis-
tence has been established in Lemma 4.1.

Let L be the matrix corresponding to the linear mapping

Df.p/ W TpM ! TpM:

There exists a nonsingular matrix T such that the matrix A D T�1LT has the prop-
erties described in Lemma 4.1 (with Rn replaced by TpM ).

Consider the representation x D .y; z/ corresponding to the block-diagonal struc-
ture of the matrix A D diag.AC; A�/ in which max.kACk; kA�k/ < 1.

Denote by S 0 and U 0 the subspaces of the space TpM given by th equalities z D 0

and y D 0, respectively.
Set S D TS 0 and U D T U 0 (we identify the matrix T and the corresponding

nonsingular mapping of TpM ).
The obvious equality S 0˚U 0 D TpM implies that S˚U D TpM . Thus, property

(HS2.1) is fulfilled.
Let us check property (HS2.2). Take a vector v 2 S and find the vector v0 2 S 0

such that v D T v0.
Since the subspace S 0 is invariant with respect to A, the equality

Lv D TAT �1T v0 D TAv0

implies that Lv 2 S . Thus, the subspace S is invariant with respect to Df.p/. The
same reasoning shows that U is Df -invariant.

Let us show that property (HS2.3) is fulfilled with C D kT kkT �1k and � D
max.kACk; kA�k/.
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If v 2 S and v D T v0, then v0 satisfies the inequalities jAkv0j � �kjv0j for k � 0.
Hence,

jLkvj D jTAkv0j � kT k�kjv0j; k � 0;

and the desired estimate follows from the inequality jv0j � kT �1kjvj.
A similar reasoning shows that property (HS2.4) holds.

Example 7.2 (Hyperbolic automorphism of the two-dimensional torus). Consider a
linear mapping L of the plane R2 given by the formula x 7! Ax, where

A D
�

2 1

1 1

�

:

Note that

detA D 1: (7.3)

We define the two-dimensional torus T 2 as the quotient R2=Z2, where Z2 is the two-
dimensional integer lattice; thus, we identify points x D .x1; x2/ and x0 D .x01; x02/
of the plane if x1 � x01 2 Z and x2 � x02 2 Z.

Entries of the matrix A are integer. Hence, if x D .x1; x2/ 2 R2 and Ax D y D
.y1; y2/, then for any vector x0 D .x1 C m1; x2 C m2/ with integer m1 and m2,
Ax0 D .y1 C n1; y2 C n2/, where the numbers n1 and n2 are integer. Thus, the
mapping L generates a mapping f of the torus T 2. Equality (7.3) implies that entries
of the matrix A�1 are integer as well. Hence, the linear mapping L�1 generates a
mapping of T 2; clearly, this mapping gives us the inverse mapping f �1 of f . Both
mappings f and f �1 are smooth (in local coordinates near any point of T 2, these
mappings are linear).

The diffeomorphism f is called the hyperbolic automorphism of the torus. The
diffeomorphism f was introduced in the theory of dynamical systems by R. Thom.
The proof of structural stability of f (see Theorem 8.1) was an important step in the
development of the theory of structural stability.

Let us consider a point p 2 T 2; we identify in the natural way the tangent space
T 2

p and the plane R2. It is easily seen that the derivative Df.p/ coincides with the
linear mapping L under this identification.

The eigenvalues of the matrix A are

�1;2 D 3˙ p
5

2
:

Clearly,

� WD �1 D 3 � p
5

2
2 .0; 1/ and �2 D 1

�
D 3C p

5

2
> 1:
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Denote by S and U the one-dimensional subspaces spanned by the eigenvectors vs

and vu corresponding to the eigenvalues �1 and �2, respectively.
For any point p 2 T 2 we set S.p/ D S and U.p/ D U .
Since the vectors vs and vu are linearly independent, property (HS2.1) is fulfilled.

The equalities Avs D �1v
s and Avu D �2v

u imply property (HS2.2).
If v 2 S.p/, then

Df k.p/v D Akv D �kv; k � 0I
if v 2 U.p/, then

Df k.p/v D Akv D �k
2v D ��kv; k � 0:

Thus, the whole torus T 2 is a hyperbolic set of the diffeomorphism f (with hyper-
bolicity constants � and C D 1).

Let us prove that the nonwandering set �.f / of the diffeomorphism f coincides
with the whole torus T 2.

Lemma 7.1. A point of the torus is a periodic point of the diffeomorphism f if and
only if the coordinates of this point are rational.

Proof. Fix a natural number n and consider the set Qn of points of the torus T 2 that
correspond to the set of points

°�m1

n
;
m2

n

�

; 0 � m1; m2 � n � 1
±

of the plane R2.
The entries of the matrix A are integer; hence, f .Qn/ � Qn. Since the set Qn is

finite, the trajectory of each point of this set is finite. It follows from Lemma 1.2 that
any point of the set Qn is a periodic point of the diffeomorphism f .

Any point of the torus with rational coordinates belongs to one of the sets Qn.
Thus, any point of the torus with rational coordinates is a periodic point of the diffeo-
morphism f .

Let us prove the converse statement. Let p be a periodic point of f of period m.
If the point p corresponds to a point x of the plane R2, the equality f m.p/ D p

implies the equality Amx D x C y, where y is a point with integer coordinates.
Then .Am �E/x D y. Since the eigenvalues of the matrix Am equal �˙m (hence,

they are different from 1), the matrix Am �E is nondegenerate, and we conclude that

x D .Am �E/�1y:

It remains to note that the entries of the matrix Am �E are integer; hence, the entries
of the matrix .Am �E/�1 are rational, and the coordinates of the vector x are rational
as well.
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Lemma 7.1 implies that any point of the torus T 2 with rational coordinates belongs
to the nonwandering set �.f /. Since the set of points with rational coordinates is
dense in T 2 and the set �.f / is closed (see Theorem 3.2), �.f / D T 2.

We have considered two examples of hyperbolic set with opposite properties; in the
first case, the hyperbolic set is a point, while in the second case, the hyperbolic set
coincides with the phase space.

7.3 Basic properties of hyperbolic sets

Let us note several basic properties of hyperbolic sets, which we use below.
Let I be a hyperbolic set of a diffeomorphism f of a smooth closed manifold M

with hyperbolic structure ¹S.p/; U.p/º and hyperbolicity constants C; �.
Take a vector v 2 U.p/, p 2 I , and an integer k > 0. Let q D f k.p/. Write the

vector v in the form

v D Df �k.q/Df k.p/v:

Property (HS2.2) of the hyperbolic structure implies that Df k.p/v 2 U.q/. By
property (HS2.4),

jvj � C�kjDf k.p/vj:

Hence,

jDf k.p/vj � ��k

C
jvj; v 2 U.p/; k � 0: (7.4)

A similar reasoning shows that

jDf k.p/vj � �k

C
jvj; v 2 S.p/; k � 0: (7.5)

First we show that the subspaces S.p/ and U.p/ are complementary subspaces of
TpM .

Lemma 7.2. If p 2 I , then TpM D S.p/˚ U.p/.

Proof. It is enough to show that S.p/ \ U.p/ D ¹0º.
Consider a vector v 2 S.p/\U.p/. Property (HS2.3) and inequalities (7.4) imply

that if k > 0, then

��k

C
jvj � jDf k.p/vj � C�kjvj:
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Hence,
 

C�k � ��k

C

!

jvj � 0: (7.6)

Since

C�k � ��k

C
< 0

for large k, inequalities (7.6) imply that v D 0.

By Lemma 7.2, any vector v 2 TpM is uniquely representable in the form

v D vs C vu;

where vs 2 S.p/ and vu 2 U.p/. This defines in TpM projections P.p/ to S.p/
parallel to U.p/ and Q.p/ to U.p/ parallel to S.p/, respectively: vs D P.p/v and
vu D Q.p/v.

Let us show that the norms of these projections are bounded from above by a con-
stant depending only on hyperbolicity constants and on an estimate of the derivative
Df on the set I .

Let L and K be complementary subspaces of TpM . Define the value

†.L;K/ D min jv � wj;
where the minimum is taken over all pairs of vectors v 2 L;w 2 K such that jvj D
jwj D 1.

Let N D maxp2I kDf.p/k.

Lemma 7.3. There exists a number ˛ D ˛.C; �;N / > 0 such that if p 2 I , then
†.S.p/; U.p// � ˛.

Proof. Take vectors v 2 S.p/; w 2 U.p/ with jvj D jwj D 1 and a number k � 0

and consider the vector a.k/ D Df k.p/.v � w/.
By the definition of N ,

ja.k/j � N kja.0/j: (7.7)

Property (HS2.3) and inequalities (7.4) imply that

ja.k/j � ��k

C
� C�k ! 1; k ! 1:

Hence, there exists a number l D l.C; �/ such that ja.l/j � 1. By inequality (7.7)
with k D l ,

jv � wj D ja.0/j � ˛.C; �;N / D N�l.C;�/:
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Take a vector v 2 TpM and represent it in the form

v D P.p/v CQ.p/v:

If P.p/v D 0, then jQ.p/vj D jvj; if Q.p/v D 0, then jP.p/vj D jvj.
Consider the case where P.p/v ¤ 0 and Q.p/v ¤ 0; let

vs D P.p/v

jP.p/vj ; vu D Q.p/v

jQ.p/vj ; and wu D �vu:

If ˇ is the angle between the vectors P.p/v and Q.p/v, then

jvs � vuj D 2 sin.ˇ=2/ � ˛ and jvs � wuj D 2 cos.ˇ=2/ � ˛:

Hence, sin.ˇ/ � b WD ˛2=2.
The Law of Sines applied to the triangle with sides v, P.p/v, and Q.p/v implies

that

jP.p/vj � jvj
sin.ˇ/

� jvj
b
:

Clearly, a similar inequality holds for the vector Q.p/v.
Thus, the following statement is a corollary of Lemma 7.3.

Corollary. There exists a number R D R.C; �;N / such that

kP.p/k; kQ.p/k � R; p 2 I: (7.8)

Finally, we show that the hyperbolic structure is continuous on a hyperbolic set.
Consider a subsetM0 � M and assume that to any point p 2 M0 we assign a linear

subspace L.p/ � TpM . The tangent bundle TM of the manifold M is a manifold
as well (see [16]); hence, for a sequence of points pk 2 M0 converging to a point
p 2 M0, we can define the limit

lim
k!1

L.pk/ D ¹v 2 TpM W v D lim
k!1

vk ; vk 2 Tpk
M º:

We say that the family ¹L.p/º is continuous on M0 if

lim
k!1

L.pk/ D L.p/

for any point p 2 M0 and for any sequence of points pk converging to p.

Lemma 7.4. The families ¹S.p/º and ¹U.p/º are continuous on the hyperbolic set I .
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Proof. Consider a sequence of points pk 2 I converging to a point p 2 I . First we
show that if vk 2 S.pk/ is a sequence of unit vectors and vk ! v, then

v 2 S.p/: (7.9)

Assume that inclusion (7.9) is not valid. Since v 2 TpM , property (HS2.1) of the
hyperbolic structure implies that

v D vs C vu; vs 2 S.p/; vu 2 U.p/; vu ¤ 0:

Take a number m such that

C�m <
1

3
; jDf m.p/vs j < 1

3
; jDf m.p/vuj > 1: (7.10)

Due to the first inequality in (7.10),

jDf m.pk/vj < 1

3
:

The mapping Df m.r/w is continuous in r and w; hence,

jDf m.p/vj � 1

3
:

The second and third inequalities in (7.10) imply that

jDf m.p/vj � jDf m.p/vuj � jDf m.p/vsj � 2

3
:

The contradiction obtained proves inclusion (7.9).
Inclusion (7.9) implies that

S.p/ D lim
k!1

S.pk/ � S.p/: (7.11)

A similar reasoning shows that

U.p/ D lim
k!1

U.pk/ � U.p/:

Let s be a number that is met in the sequence dimS.pk/ infinitely many times. Con-
sider a subsequence pkl

such that dimS.pkl
/ D s.

Fix in any subspace S.pkl
/ an orthonormal basis v1

kl
; : : : ; vs

kl
. Without loss of

generality, we may assume that there exist the limits

vi D lim
kl!1

vi
kl
; i D 1; : : : ; s:
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Clearly, the vectors v1; : : : ; vs are pairwise orthogonal unit vectors in S.p/. Relation
(7.11) implies that

dimS.p/ � s:

Since dimU.pkl
/ � n � s, a similar reasoning gives us the inequality

dimU.p/ � n � s:

Since

dimS.p/C dimU.p/ D n;

we conclude that

dimS.p/ D s and dimU.p/ D n � s:

It follows that the number s is uniquely defined, and S.p/ and U.p/ are linear sub-
spaces of S.p/ and U.p/, respectively, whose dimensions coincide with the dimen-
sions of S.p/ and U.p/. Clearly,

S.p/ D S.p/ and U.p/ D U.p/:

This proves Lemma 7.4.

Remarks. 1. It follows from the proof of Lemma 7.4 that the dimensions of the
subspaces S.p/ and U.p/ are locally constant at points of a hyperbolic set.

2. Modifying the proof of Lemma 7.4, it is easy to show that the projections P.p/
and Q.p/ defined after Lemma 7.2 are continuous as well: If

pk 2 I; pk ! p 2 I; wk 2 Tpk
M; and wk ! w 2 TpM;

then

P.pk/wk ! P.p/w and P.pk/wk ! P.p/w: (7.12)

7.4 Stable manifold theorem

Points of hyperbolic sets have stable and unstable manifolds whose properties are
parallel to properties of stable and unstable manifolds of hyperbolic fixed and periodic
points.

Let us give the corresponding definitions. Let p be a point of a hyperbolic set I for
a diffeomorphism f of a smooth closed n-dimensional manifold M .
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The stable and unstable manifolds of the point p are defined by the equalities

W s.p/ D ¹x 2 M W dist.f k.x/; f k.p// ! 0; k ! 1º
and

W u.p/ D ¹x 2 M W dist.f k.x/; f k.p// ! 0; k ! �1º:
Theorem 7.1 below describes properties of these sets. Usually, this theorem is called
the stable manifold theorem.

Denote by N.a; p/ the open ball of radius a > 0 centered at p (with respect to the
Riemannian metric dist).

Theorem 7.1. Assume that f is a diffeomorphism of class C r ; r � 1; let I be a hy-
perbolic set of the diffeomorphism f . There exists a number� > 0 with the following
properties. If p 2 I and dimS.p/ D l , then:

(1) there exists immersions bs W Rl ! M and bu W Rn�l ! M of class C r such
that

bs.0/ D p; bs.Rl / D W s.p/; bu.0/ D p; and bs.Rn�l / D W u.p/I
(2) for any a 2 .0;�/, the point p belongs to smooth (of class C r ) disks W s.a; p/

and W u.a; p/ that are components of intersection of W s.p/ and W u.p/ with
N.a; p/, respectively, and

(2.1) TpW
s.a; p/ D S.p/ and TpW

u.a; p/ D U.p/;

(2.2) if x 2 N.a; p/ nW s.a; p/, then there exists an index m > 0 such that

dist.f m.x/; f m.p// � �I
(2.3) if x 2 N.a; p/ nW u.a; p/, then there exists an index m < 0 such that

dist.f m.x/; f m.p// � �:

The proof of statement (2) of Theorem 7.1 for the set W s.a; p/ is practically the
same as the proof of Theorem 4.2 above. Proving Theorem 4.2, we applied the fol-
lowing estimates in the study of the Perron operator:

jBk�1�if1.xi /j � �k�1�i jf1.xi /j and jC k�1�if2.xi /j � �iC1�kjf2.xi /j:
(7.13)

In the proof of the corresponding statement of Theorem 7.1, one works with the
representation

f .pk C v/ D f .pk/CDf.pk/v C F.pk ; v/ (7.14)

in local coordinates near a point pk D f k.p/, where v 2 Tpk
M .
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To construct the local stable manifold, one uses the Perron operator that assigns to
a sequence V D ¹vk 2 Tpk

M º the sequence W D ¹wk 2 Tpk
M º by the formulas

P.pk/wk D Df k.p/P.p/v0 C
k�1
X

iD0

Df k�1�i .p/P.pi /F.pi ; vi /

and

Q.pk/wk D �
1
X

iDk

Df k�1�i .p/Q.pi /F.pi ; vi/;

where P and Q are the projections defined after Lemma 7.2.
Properties (HS2.3) and (HS2.4) of a hyperbolic set and estimates (7.8) imply the

estimates

jDf k�1�i .p/P.pi /F.pi ; vi /j � CR�k�1�i jF.pi ; vi /j
and

jDf k�1�i .p/Q.pi /F.pi ; vi /j � CR�iC1�kjF.pi ; vi /j;
that are similar to estimates (7.13) (up to the factor CR).

It remains to note that the value � (the size of the local stable and unstable mani-
folds in Theorem 4.2) is determined by the smallness of the Lipschitz constant of the
nonlinear term F in a neighborhood of the hyperbolic fixed point p, and the radius of
this neighborhood is proportional to �.

The derivative Df on the compact set I is uniformly continuous. Hence, one can
choose the size � of neighborhoods of points of the hyperbolic set I small enough,
so that the Lipschitz constants of the nonlinear terms F.pk ; v/ with respect to v in
representations (7.14) are so small that the required estimates of the Perron operator
in the proof of Theorem 7.1 are similar to the corresponding estimates in the proof of
Theorem 4.2.

The reader can find the remaining details of the proof of Theorem 7.1, for example,
in the book [15].

7.5 Axiom A

S. Smale introduced the following condition on a diffeomorphism f of a smooth
closed manifold M .

Axiom A. (1) The nonwandering set �.f / is hyperbolic.

(2) The set of periodic points of f is dense in �.f /.
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This condition played a very important role in the development of the theory of
structural stability. First we describe the structure of the nonwandering set of a dif-
feomorphism that satisfies Axiom A. Smale proved the following statement.

Theorem 7.2 (spectral decomposition theorem). If a diffeomorphism f satisfies Ax-
iom A, then its nonwandering set can be represented in the form

�.f / D �1 [ � � � [�m; (7.15)

where the�i are disjoint, compact, invariant sets such that each of these sets contains
a dense positive semitrajectory. Representation of the form (7.15) is unique.

The sets �i in representation (7.15) are called basic.
We have shown in Lemma 7.4 that the spaces S.p/ and U.p/ of the hyperbolic

structure of the set �.f / are continuous with respect to p. The smooth disks in the
stable and unstable manifolds of a point p described in Theorem 7.2 are tangent at
the point p to the spaces S.p/ and U.p/, respectively; analyzing the proof of the
continuous differentiability of the mappings bs and bu (and using the same reasoning
as in the proof of Lemma 4.10), one can prove the following statement.

Lemma 7.5. Any point p 2 �.f / has a neighborhood Up such that if x; y 2 Up \
�.f /, then the manifolds W u.x/ and W s.y/ have a point of transverse intersection.

To prove Theorem 7.2, we need the following lemma.

Lemma 7.6. Let p and q be hyperbolic periodic points of the diffeomorphism f . If x1

and x2 are points of transverse intersection for the pairs of manifoldsW u.p/;W s.q/

and W u.q/;W s.p/, respectively, then x1; x2 2 �.f /.
Proof. Assume, for definiteness, that p and q are hyperbolic fixed points of f (to
consider the general case, it is enough to pass from f to f k , where k is large enough
so that p and q are fixed points of f k ; clearly, if x 2 �.f k/, then x 2 �.f /).

Take an arbitrarily small open ball V containing the point x1. The ball V is a
smooth disk; clearly, this disk is transverse to W s.p/ at the point x1. By �-lemma
(Lemma 6.5) there exists a smooth disk Qu � W u.q/ containing the point q and
having the following property. If Qu is the image of a ball D0 under an embedding
gu, then there exists a sequence of embeddings gm

u of the disk D0 such that

gm
u .D0/ � f m.V / and �1.g

m
u ; gu/ ! 0; m ! 1:

Consider smooth disks P s and P u belonging to W s.p/ and W u.q/, respectively,
and such that x2 is a point of transverse intersection of P s and P u. Assume that
the disks P s and P u are the images of balls D1 and D2 under embeddings hs and
hu, respectively. Apply Lemma 6.3 to find a number ı > 0 such that if Hs and
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Hu are embeddings of D1 and D2 with �1.Hs; hs/ < ı and �1.Hu; hu/ < ı, then
Hs.D1/ \Hu.D2/ ¤ ;.

There exists a negative number l such that f l .Pu/ � Qu.
Clearly, the disks gm

u .D0/ contain disks �m that are images of D2 under embed-
dings hm

u such that �1.h
m
u ; f

l ı hu/ ! 0 as m ! 1.
Set Hm

u D f �l ı hm
u . Then

Hm
u .D2/ D f �l.�m/ � f mCl.V /:

Since the number l is fixed, �1.H
m
u ; hu/ ! 0 as m ! 1.

Hence, there exists a number m1 such that �1.H
m
u ; hu/ < ı for m � m1.

A similar reasoning shows that there exist numbers k > 0 and m2 and embeddings
Hm

s of the disk D1 such that �1.H
m
s ; hs/ < ı for m � m2, and the disks Hm

s .D1/

are subsets of f �k�m.V /.
The choice of the number ı implies that

f mCl.V / \ f �k�m.V / ¤ ;; i.e.; f 2mClCk.V / \ V ¤ ; (7.16)

for m � max.m1; m2/.
Since relations (7.16) are valid for arbitrarily large m and the neighborhood V can

be taken arbitrarily small, x1 2 �.f /. Similarly one shows that x2 2 �.f /.

Let us pass to the proof of Theorem 7.2. Take a point x0 2 �.f / and consider a
neighborhood U of this point having the property formulated in Lemma 7.5 (we take
the set �.f / as the hyperbolic set I ).

Set

„.x0/ D ClO.U \�.f /; f /

(recall that O.A; f / is the trajectory of a set A in the dynamical system f ). The set
„.x0/ is the closure of an invariant subset of �.f /; hence, the set „.x0/ is a closed,
invariant subset of �.f /.

We claim that the set „.x0/ depends only on the point x0 and not on the choice of
the neighborhood U (let us formulate the exact statement as a separate lemma).

Lemma 7.7. If V is an open subset of U such that V \�.f / ¤ ;, then the set

„1.x0/ D ClO.V \�.f /; f /

coincides with „.x0/.

Proof. Fix a point y 2 V \ �.f /. Since periodic points are dense in �.f /, there
exists a periodic point p that belongs to V . Let q be an arbitrary periodic point in U .
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By the choice of the neighborhood U , there exist points x1; x2 of transverse inter-
section for the pairs W u.p/;W s.q/ and W u.s/;W s.p/. By Lemma 7.6, x1; x2 2
�.f /.

Since x1 2 W u.p/, the trajectory of the point x1 intersects the set V ; hence,
x1 2 „1.x0/. In addition, x1 2 W s.q/; it follows that an arbitrary neighborhood of
the point q contains points of the trajectory O.x1; f /. Hence, q 2 Cl„1.x0/; since
the set „1.x0/ is closed, we conclude that q 2 „1.x0/.

Consider now an arbitrary point x 2 U \ �.f /. Any neighborhood of this point
contains a periodic point q 2 U . As was shown above, q 2 „1.x0/; hence, x 2
„1.x0/. Thus,

O.U \�.f /; f / � „1.x0/:

Passing to closures in the above inclusion, we get the inclusion

„.x0/ � „1.x0/:

The inverse inclusion is obvious.

Corollary. For any point x 2 „.x0/, „.x0/ D „.x/.

Proof. Fix an arbitrary point x 2 „.x0/ and its arbitrary neighborhood W . Consider
the set

„.x/ D ClO.W \�.f /; f /:
It follows from the definition of the set„.x0/ that there exists a point x1 2 U \�.f /
and an index k such that f k.x1/ 2 W . In this case, there exists an open set V � U

such that f k.V / � W .
By Lemma 7.7,

„.x0/ D ClO.V \�.f /; f / � ClO.W \�.f /; f / D „.x/: (7.17)

Relations (7.17) imply that x0 2 „.x/, and the same reasoning shows that „.x/ �
„.x0/.

Let us construct the sets �x for all points x 2 �.f /. The corollary to Lemma 7.7
implies that if x; y 2 �.f /, then the sets �x and �y either coincide or do not inter-
sect. Indeed, if z 2 �x \�y , then

�z D �y D �x :

Let us show that the number of different sets �x is finite. Otherwise, there exists
a countable family of distinct sets �x1

; �x2
; : : : . Let y be a limit set of the sequence

¹xkº (such a point exists since the manifoldM is compact). Since xk 2 �.f / and the
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set�.f / is closed, y 2 �.f /. Let V be the neighborhood used in the construction of
the set�y . There exists an index k0 such that xk 2 V for k � k0. By the construction
of the set �y , the inclusions xk 2 �y hold for k � k0, which implies that the sets
�xk

, k � k0, coincide with �y .
The contradiction obtained shows that the number of different sets �x is finite.

Denote these sets �1; : : : ; �m.
To prove that every set �i contains a dense positive semitrajectory, we apply a

construction invented by Birkhoff (see [1]).
Take a set �i and fix a countable dense subset pk ; k D 1; 2; : : : ; of the set �i .

We assume that the set ¹pkº has the following property: For any k0 > 0, the set
¹pk W k � k0º is still dense in �i (since the set �i is compact, such a dense set
obviously exists). Take a number d 2 .0; 1/ and assume that d is small enough, so
that if x and y are points of different basic sets, then

dist.x; y/ � d:

Clearly, if a sequence of points qk 2 �i ; k D 1; 2; : : : ; satisfies the inequalities

dist.pk; qk/ < d
k ;

then the set ¹qkº is dense in �i . As above, we denote by N.a; p/ the ball of radius a
centered at a point p. Let Dk D N.dk ; pk/.

The set D1 is open and contains the point p1 2 �i ; Lemma 7.6 and its corollary
imply that

�i D ClO.D1 \�.f /; f /:
Hence, there exists a point r2 2 D1 \�.f / and a number k2 such that

f k2.r2/ 2 D2:

Since the mapping f k2 is continuous, there exists a neighborhood Q2 of the point r2
such that ClQ2 � D1 and

f k2.ClQ2/ 2 D2:

We apply a similar reasoning to show that there exists a point r3 2 Q2 \�.f / and
a number k2 such that

f k3.r3/ 2 D3:

Find a neighborhood Q3 of the point r3 such that ClQ3 � Q2 and

f k3.ClQ3/ 2 D3:
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By construction,

f k2.ClQ3/ 2 D2;

which means that the positive semitrajectory of any point of the setQ3 intersects both
D2 and D3.

We continue this procedure and construct sequences of points rj , numbers kj , and
neighborhoods Qj such that

rj 2 Qj \�.f /; f kj .ClQj / 2 Dj ;

and

D1 
 ClQ1 
 Q1 
 ClQ2 
 Q2 
 � � � :
We require, in addition, that

diamQj ! 0; j ! 1: (7.18)

The sequence of embedded compact sets ClQj has a nonempty intersection; relation
(7.18) implies that this intersection is a point (which we denote by q).

It follows from (7.18) that rj ! q, j ! 1. Since rj 2 �i , q 2 �i as well. By
our construction qj D f kj .q/ 2 Dj ; hence, the positive semitrajectory of the point q
is dense in �i .

To complete the proof of Theorem 7.2, it remains to establish the uniqueness of
representation (7.15).

Let

�.f / D „1 [ � � � [„l ;

where the „i are disjoint, compact, invariant sets each of which contains a dense
positive semitrajectory.

Take a point x 2 „1 such that

„1 D ClOC.x; f /:

There exists an index i 2 ¹1; : : : ; mº such that x 2 �i .
Then OC.x; f / � �i . Passing to closures in this inclusion, we conclude that

„1 � �i .
The same reasoning shows that there exists an index j such that�i � „j . Clearly,

j D 1, and �i D „j .
Hence, any of the sets �i coincides with one of the sets „k . This completes the

proof of Theorem 7.2.
Let �i be a basic set; define the sets

W s.�i / D ¹x 2 M W dist.f k.x/;�i / ! 0; k ! 1º
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and

W u.�i / D ¹x 2 M W dist.f k.x/;�i / ! 0; k ! �1º:
These sets are analogs of stable and unstable manifolds for individual trajectories.

Theorem 7.3. If a diffeomorphism f satisfies Axiom A, then

M D
m
[

iD1

W s.�i / D
m
[

iD1

W u.�i /: (7.19)

Proof. Consider a point x 2 M . By Lemma 3.3, the sets ˛.x; f / and !.x; f / are
subsets of the nonwandering set �.f /.

Let us show that the set !.x; f / intersects not more than one basic set. To get a
contradiction, let us assume that there exist two different basic sets �i and �j such
that

!.x; f / \�i ¤ ; and !.x; f / \�j ¤ ;:
Find neighborhoods U1; : : : ; Um of the basic sets �1; : : : ; �m such that

.Uk [ Cl f .Uk// \ Ul D ;; k ¤ l;

and set U D U1 [ � � � [ Um.
There exist sequences of indices lk ; mk ! 1; k ! 1; such that lk < mk < lkC1,

dist.f lk .x/;�i / ! 0; and dist.f mk .x/;�j / ! 0:

If k is large enough, then

f lk .x/ 2 Ui and f mk .x/ 2 Uj :

Hence, there exists a sequence of indices nk such that lk < nk < mk and

f nk .x/ 2 Cl f .Ui/ n Ui :

A limit point y of the sequence f nk .x/ belongs to the compact set Clf .Ui / n Ui .
The choice of the neighborhoods Uk implies that y … U , and we get a contradiction
with the inclusion

y 2 !.x; f / � �.f /:

Hence, the set !.x; f / is a subset of a unique basic set (let this set be �i ). Clearly,
x 2 W s.�i /.

A similar reasoning proves the second equality in (7.19).
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Theorem 7.3 means that if a diffeomorphism satisfies Axiom A, then any trajectory
of this diffeomorphism tends to a basic set both for k ! 1 and for k ! �1.

In fact the following, more exact, statement holds (we do not give a proof here and
refer the reader to the original paper [17]).

Theorem 7.4. If a diffeomorphism f satisfies Axiom A, then

M D
[

p2�.f /

W s.p/ D
[

p2�.f /

W u.p/: (7.20)

Now we give definitions which we need to formulate necessary and sufficient con-
ditions of �-stability and structural stability of diffeomorphisms.

Let�i and�j be two different basic sets of a diffeomorphism that satisfies Axiom
A. We write �i ! �j if

W u.�i / \W s.�i / ¤ ;:
We say that a diffeomorphism has a 1-cycle if there exists a basic set �i such that




W u.�i / \W s.�i /
� n�i ¤ ;:

We say that a diffeomorphism has a k-cycle (k > 1) if there exist k different basic
sets �i1

; : : : ; �ik
such that

�i1 ! � � � ! �ik
! �i1

:

We say that a diffeomorphism satisfies the no cycle condition if it does not have k-
cycles with k � 1.

The following theorem states necessary and sufficient conditions of �-stability.

Theorem 7.5. A diffeomorphism f is�-stable if and only if f satisfies Axiom A and
the no cycle condition.

We say that a diffeomorphism f satisfies the strong transversality condition if for
any points p; q 2 �.f /, the stable manifoldW s.p/ and the unstable manifoldW u.q/

are transverse (for a diffeomorphism satisfying Axiom A, the sets W s.p/ and W u.q/

are not necessarily submanifolds of the phase space; their transversality is understood
in the sense explained in Section 6.2).

Theorem 7.6. A diffeomorphism f is structurally stable if and only if f satisfies
Axiom A and the strong transversality condition.

The history of the proof of Theorems 7.5 and 7.6 is complicated; we analyze it
in Appendix B. The necessity of conditions of Theorem 7.6 had been established by
R. Mañé. Appendix A of this book is devoted to a scheme of the proof of the Mañé
result.
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In a particular but important case of Anosov diffeomorphisms, we prove structural
stability in the next section (to simplify presentation, we consider the case of a hyper-
bolic automorphism of the two-dimensional torus).

Let us also note that in the case of diffeomorphisms with finite nonwandering set,
an analog of Theorem 7.6 had been proven by Smale and Palis [18]. It follows from
Lemma 1.2 that the nonwandering set of a diffeomorphism is finite if and only if this
set coincides with the set of periodic points (and this latter set is finite).

The corresponding analog of Theorem 7.6 is as follows.

A diffeomorphism f with finite nonwandering set is structurally stable if and only if
the following two conditions are fulfilled:

(MS1) the nonwandering set consists of a finite number of hyperbolic periodic
points;

(MS2) stable and unstable manifolds of periodic points are transverse.

Diffeomorphisms satisfying conditions (MS1) and (MS2) are called Morse–Smale
diffeomorphisms. These diffeomorphisms are analogs of structurally stable (rough)
systems introduced by A. A. Andronov and L. S. Pontryagin (see the next subsection).

Let us mention (without proofs) several important results related to description of
the sets of �-stable and structurally stable diffeomorphisms.

It was shown by Smale [19] that the set of structurally stable diffeomorphisms is not
dense in the space Diff1.M/ if dimM � 3; later, R. Williams showed that structurally
stable diffeomorphisms are not dense in the space Diff1.T 2/, where T 2 is the two-
dimensional torus [20].

R. Abraham and Smale had constructed an open subset U of the space Diff1.M/,
where M is a 4-dimensional manifold, such that any diffeomorphism f 2 U is not
�-stable and does not satisfy Axiom A [21].

The following two statements are widely used when one wants to prove that a par-
ticular set of diffeomorphisms consists of structurally stable or �-stable diffeomor-
phisms.

If X is a subset of Diff1.M/, we denote by Int1.X/ the C 1-interior of the set X .
Denote by H the set of diffeomorphisms f such that any periodic point of f is

hyperbolic.
S. Hayashi and N. Aoki [22, 23] independently proved that the set Int1.H / coin-

cides with the set of �-stable diffeomorphisms.
In addition, it was shown by Aoki [22] that the set Int1.KS/ coincides with the set

of structurally stable diffeomorphisms (recall that KS denotes the set of Kupka–Smale
diffeomorphisms, see Section 6.2).

Theorem 6.2 and the above-mentioned Smale’s theorem on the nondensity of struc-
turally stable diffeomorphisms imply that there exist Kupka–Smale diffeomorphisms
that are not structurally stable.
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7.6 Hyperbolic sets of flows

Let us formulate analogs of the above definitions and statements for the case of flows
generated by smooth vector fields on a smooth manifold.

Let us start with the simplest case of a flow �.t; x/ generated by an autonomous
system of differential equations of the form (1.1) in the Euclidean space Rn.

We say that a set I � M is a hyperbolic set of the flow � if it has the following
properties:

(HSF1) the set I is compact and �-invariant;

(HSF2) there exist numbers C > 0 and � > 0 and linear subspaces S.p/ and U.p/
of the space Rn defined for any point p 2 I such that

(HSF2.1) S.p/CU.p/C ¹F.x/º D Rn, where ¹F.x/º is the subspace spanned by
the vector F.x/;

(HSF2.2) if ˆ.t/ is the fundamental matrix of the variational system

dy

dt
D @F

@x
.�.t; x/y

along the trajectory �.t; p/ such that ˆ.0/ D E, then

ˆ.t/S.p/ D S.�.t; p// and ˆ.t/U.p/ D U.�.t; p//; t 2 RI

(HSF2.3) if v 2 S.p/, then jˆ.t; p/vj � C exp.��t/jvj for t � 0;

(HSF2.4) if v 2 U.p/, then jˆ.t; p/vj � C exp.�t/jvj for t � 0.

The main difference in the definitions of a hyperbolic set for a diffeomorphism and a
flow is as follows: The representation S.p/C U.p/C ¹F.x/º D Rn in the case of a
flow contains the subspace ¹F.x/º such that the images of vectors from this space do
not increase or decrease exponentially under the action of the operator ˆ.t/.

In the case of a flow on a smooth manifold generated by a smooth vector field, the
definition of a hyperbolic set is literally the same (with the natural replacement of Rn

by the corresponding tangent space). In what follows, we consider flows � on smooth
manifolds (unless otherwise explicitly stated).

The following condition introduced by Smale is an analog of Axiom A for the case
of flows.

Axiom A0. (1) The nonwandering set �.�/ of the flow � is hyperbolic;

(2) the set �.�/ is the union of two disjoint compact �-invariant sets Q1 and Q2,
where Q1 consists of a finite number of rest points, while Q2 does not contain
rest points and points of closed trajectories are dense in Q2.
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If a flow � satisfies Axiom A0, then the following analog of Theorem 7.2 holds:
The nonwandering set �.�/ has a unique representation of the form

�.�/ D �1 [ � � � [�m;

where the �i are disjoint, compact, �-invariant sets such that each of these sets con-
tains a dense positive semitrajectory.

As in the case of a diffeomorphism, the sets �i are called basic. A basic set is
either a rest point or a closed invariant set that does not contain rest points and such
that points of closed trajectories are dense in it.

Let �i and �j are two different basic sets of a flow �, that satisfies Axiom A0. We
write �i ! �j if there exists a point x such that

�.t; x/ ! �i ; t ! �1; and �.t; x/ ! �j ; t ! 1:

The no cycle condition for a flow � literally repeats the corresponding condition for a
diffeomorphism.

The following statement is an analog of Theorem 7.5: A flow � is �-stable if and
only if � satisfies Axiom A0 and the no cycle condition.

If a flow � satisfies Axiom A0, then hyperbolic trajectories �.t; p/, p 2 �.�/,
have stable and unstable manifolds W s.�.t; p// and W u.�.t; p// whose properties
are similar to properties of stable and unstable manifolds of hyperbolic trajectories of
a diffeomorphism described in Theorem 7.1.

We say that a flow � satisfies the strong transversality condition if for any points
p; q 2 �.�/, the manifolds W s.�.t; p// and W u.�.t; q// are transverse.

An analog of Theorem 7.6 is stated as follows: A flow � is structurally stable if and
only if � satisfies Axiom A0 and the strong transversality condition.

As was said above, the notion of a structurally stable (rough) system was first intro-
duced by Andronov and Pontryagin [24] for the case of two-dimensional autonomous
systems of differential equations and for flows on the two-dimensional sphere gener-
ated by smooth vector fields.

To simplify presentation, let us consider the case of an autonomous system of dif-
ferential equations. Consider a system of the form (1.1) in a closed two-dimensional
disk D bounded by a smooth closed curve � . We assume that at points of the curve
� , the vector field of the system is not tangent to the curve and is directed inside the
disk D.

Consider a perturbed system

dx

dt
D G.x/: (7.21)

Clearly, if the number

r1;D.F;G/ D max
x2D

�

jF.x/ �G.x/j C
�

�

�

�

@F

@x
.x/ � @G

@x
.x/

�

�

�

�

�
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is small enough, then the vector field of system (7.21) is not tangent to � at points of
this curve and is also directed inside the disk D.

In this case, the disk D is positively invariant for the flows � and  generated by
systems (1.1) and (7.21), respectively, i.e.,

�.t; x/ 2 D and  .t; x/ 2 D for t 2 D; t � 0:

Andronov and Pontryagin call system (1.1) rough if for any " > 0 there exists a
ı > 0 such that if system (7.21) satisfies the inequality

r1;D.F;G/ < ı;

then there exists a homeomorphism h of the diskD to itself that maps intersections of
trajectories of system (1.1) withD to intersections of trajectories of system (7.21) with
D, preserves the direction of movement along trajectories, and satisfies the inequality

max
x2D

jh.x/ � xj < "

(clearly, this definition correspond to the definition of structural stability in the strong
sense introduced in Section 3.1).

Before formulating the Andronov–Pontryagin theorem, let us introduce one useful
notion.

Let p be a saddle hyperbolic rest point of system (1.1). Our description of stable
and unstable manifolds of hyperbolic rest points (see Section 5.1) implies that the
stable manifold W s.p/ of the point p is the union of three trajectories: the point p
itself and two different trajectories gs

1 D O.x1; �/ and gs
2 D O.x2; �/ such that

xi ¤ p; i D 1; 2, and both �.t; x1/ and �.t; x2/ tend to p as t ! 1. The trajectories
gs

1 and gs
2 are called the stable separatrices of the saddle rest point p (sometimes, the

stable manifold W s.p/ is called the stable separatrix).
Similarly one defines the unstable separatrices gu

1 and gu
2 of the saddle rest point p.

We say that system (1.1) has a separatrix joining saddles if there exist saddle hy-
perbolic rest points p and q (not necessarily distinct) and their stable and unstable
separatrices gs and gu, respectively, such that gs D gu.

Now we can state the Andronov–Pontryagin theorem using the terminology of this
book.

Theorem 7.7. System (1.1) is rough if and only if the following three conditions are
satisfied:

(AP1) all the rest points are hyperbolic;

(AP2) all the closed trajectories are hyperbolic;

(AP3) the system does not have separatrices joining saddles.
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The first complete proof of Theorem 7.7 had been given by de Baggis in [25].
Let us comment relations between Theorems 7.6 and 7.7.
First we note that the relation r1;D.F;G/ ! 0 implies that �1.�;  / ! 0 (see

Lemma 2.2; of course, when we define the corresponding value �1.�;  /, we take the
maximum over the disk D).

Denote by� the nonwandering set of the flow � in the diskD; let P denote the set
of its rest points and closed trajectories in D.

In this case, an analog of Axiom A0 is stated as follows:

(AA01) The set � is hyperbolic;

(AA02) the set � is the union of two disjoint compact �-invariant sets Q1 and Q2,
where Q1 consists of a finite number of rest points, while Q2 does not
contain rest points and points of closed trajectories are dense in Q2.

Clearly, condition (AA01) implies conditions (AP1) and (AP2).
Let us assume that p and q are two saddle hyperbolic rest points of system (1.1)

in the disk D and that a stable separatrix gs of the saddle rest point p coincides with
an unstable separatrix gu of the saddle rest point q. If x 2 gs \ gu, then the stable
manifold W s.p/ and the unstable manifold W u.q/ are not transverse at x. Indeed,
both tangent spaces TxW

s.p/ and TxW
u.q/ coincide with the one-dimensional space

spanned by the vector F.x/. This shows that the condition of transversality of stable
and unstable manifolds for trajectories from the set� (the natural analog of the strong
transversality condition) is violated.

Thus, the strong transversality condition implies condition (AP3). We have shown
that, for an autonomous system of differential equations in a two-dimensional disk,
the conditions of the Andronov–Pontryagin theorem follow from the conditions of an
analog of Theorem 7.6 for flows.

Let us show that the converse statement is true. We start with a simple lemma.

Lemma 7.8. Let p be a saddle hyperbolic rest point of system (1.1). For any sequence
of points pk ! p, k ! 1, such that pk … W s.p/ there exists a point r 2 W u.p/ n
¹pº and a sequence of times tk such that �.tk ; pk/ ! r .

Proof. We apply the Grobman–Hartman theorem and find a neighborhood V of the
origin in R2, numbers a; b > 0, and a homeomorphism h that maps the neighborhood
V onto a neighborhood U of p that conjugates the flow  of the system

Py D �ay; Pz D bz (7.22)

in V and the flow of system (1.1) in U . Let qk D h�1.pk/ D .yk; zk/. Since
pk … W s.p/, zk ¤ 0.

Find a number c > 0 such that

¹.y; z/ W jyj; jzj � cº � V:
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Select in the sequence ¹zkº an infinite subsequence whose elements have the same
sign (for definiteness, we assume that zk > 0).

If k is large enough, then 0 < zk < c. Since

 .t; qk/ D .yk exp.�at/; zk exp.bt//;

for k large enough there exist numbers tk such that zk exp.btk/ D c. Clearly, tk ! 1
as k ! 1.

Then yk exp.�atk/ ! 0, and  .tk; qk/ ! .0; c/.
Hence, �.tk ; pk/ ! h�1.0; c/ 2 W u.p/ n ¹pº.

Let us prove one more auxiliary statement.

Lemma 7.9. If system (1.1) satisfies the conditions of Theorem 7.7, then the set P is
finite, and the union of trajectories from P coincides with the set �.

Proof. Denote by P the union of trajectories from P .
Any trajectory belonging to the set P consists of nonwandering points of the flow�;

hence, P � �. Let us prove the converse inclusion.
Every rest point p of system (1.1) in the diskD that is not saddle is either attracting

or repelling. If p is an attracting or repelling rest point, then p has a neighborhood
U � D such that if x 2 U , then �.t; x/ ! p either as t ! 1 or as t ! �1.
It follows from the Grobman–Hartman theorem that we can find a neighborhood U
having the following property: If x 2 U , then �.t; x/ 2 U for t � 0 if the rest point
p is attracting, and �.t; x/ 2 U for t � 0 if the rest point p is repelling.

If 	 is a hyperbolic closed trajectory of a planar autonomous system of differential
equations, then the local Poincaré diffeomorphism T of 	 is a diffeomorphism of an
interval to an interval. In this case, the hyperbolic fixed point of T corresponding
to the closed trajectory 	 is either attracting or repelling. It follows that 	 has a
neighborhood U whose properties are similar to the above-mentioned properties of
neighborhoods of attracting and repelling rest points.

The classical Poincaré–Bendixson theorem (see, for example, [26]) states that for
any point x 2 R2, its ˛-limit and !-limit sets, ˛.x; �/ and !.x; �/, are sets of one of
the following three types:

(i) a rest point,

ii) a closed trajectory,

(iii) a contour � that consists of rest points and of trajectories that tend to these rest
points as t ! ˙1.

Our reasoning above implies that if a contour � of type (iii) belongs to the disk D,
then any rest point on the contour � is a saddle point. Hence, such a contour must
consist of saddle rest points and their separatrices. It follows from condition (AP3)
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of Theorem 7.7 that the third type of sets ˛.x; �/ and !.x; �/ cannot realize in the
disk D.

We take a point x 2 � and show that x 2 P . The following two cases are possible.

Case 1. O.x; �/ � D.

Since the disk D is closed, ClO.x; �/ � D. Hence, both sets ˛.x; �/ and !.x; �/
are subsets of D.

We have shown above that

˛.x; �/ [ !.x; �/ � P :

Condition (AP3) of Theorem 7.7 implies that at least one of the sets ˛.x; �/ and
!.x; �/ is not a saddle rest point; for definiteness, we assume that !.x; �/ is not a
saddle rest point. Then p D !.x; �/ is either an attracting rest point or an attract-
ing closed trajectory. Find a neighborhood U of the trajectory p having the above-
mentioned properties.

If x 2 p, then x 2 P .
Let us show that the relation x … p cannot realize. If this relation holds, we may

assume that x … U (reducing the neighborhood U , if necessary).
Find a number T > 0 such that �.T; x/ 2 U . Since � is continuous, there exists a

neighborhood V of the point x such that V \ U D ; and �.T; V / � U .
An analog of Lemma 3.3 for flows implies that there exist sequences xk ! x and

tk ! 1 as k ! 1 such that �.tk ; xk/ ! x.
If k is large enough, then xk 2 V . The above-mentioned properties of V imply

that in this case, �.T; xk/ 2 U , and we deduce from properties of U that �.t; xk/ 2
U; t � T .

Since tk � T for k large enough, it follows from the relation V \ U D ; that
�.tk; xk/ … V for such k.

The contradiction obtained proves that x 2 P .

Case 2. There exists a number T such that �.T; x/ … D.

In this case, there exists a neighborhood U of the point �.T; x/ such thatD\U D
;. It was assumed that the disk D is bounded by a closed curve � such that, at points
of � , the vector field of the system is directed inside D. Hence, if y 2 � and t � 0,
then �.t; y/ … U .

An analog of Lemma 3.3 for flows implies that there exist sequences xk ! x and
tk ! �1 as k ! 1 such that �.tk ; xk/ ! x.

If k is large enough, then �.T; xk/ 2 U , and the same reasoning as in the first case
leads to a contradiction. This shows that Case 2 is impossible.

Thus, P D �. Since the set � is closed, the set P is closed as well.
Let p be an attracting or repelling rest point or closed trajectory. We have shown

above that there exists a neighborhood Up of p such that

Up \ P D ¹pº: (7.23)
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If p is a saddle rest point, then it follows from the Grobman–Hartman theorem that
p has a neighborhood containing no rest points different from p. Let us show that
p has a neighborhood containing no points belonging to closed trajectories. To get
a contradiction, assume that there exists a sequence of points pk belonging to closed
trajectories and such that pk ! p as k ! 1. If q 2 W s.p/, then �.t; q/ ! p,
t ! 1, and it follows that q cannot be a point of a closed trajectory. Hence, pk 2
W s.p/ n ¹pº. By Lemma 7.8, there exists a sequence of numbers tk and a point
r 2 W u.p/ n ¹pº such that �.tk ; pk/ ! r . Since pk 2 P and the set P is closed
and invariant, r 2 P D �. Thus, we get a contradiction with the structure of the set
� described above.

Hence, any trajectory p 2 P has a neighborhood with property (7.23).
Since the set P is closed and the disk D is compact, we conclude that the set P is

finite.

Lemma 7.9 implies that the set � satisfies conditions (AA01) and (AA02).
If p is an attracting rest point or closed trajectory, then W u.p/ D ¹pº, and the sta-

ble manifold W s.p/ is two-dimensional. Since W u.p/ cannot intersect stable man-
ifolds of trajectories from the set P that are different from p, W u.p/ are W s.p/

transverse to any W u.q/ and W s.q/, respectively.
The same holds in the case of a repelling rest point or closed trajectory.
If p is a saddle rest point, then condition (AP3) implies that the manifold W u.p/

(W s.p/) can intersect only two-dimensional stable (respectively, unstable) manifolds
of trajectories from the set P that are different from p.

Thus, an analog of the strong transversality condition is satisfied.
We have shown that in the case of a planar autonomous system of differential equa-

tions, the conditions of the Andronov–Pontryagin theorem are equivalent to the gen-
eral necessary and sufficient conditions of structural stability for smooth flows.



Chapter 8

Anosov diffeomorphisms

A diffeomorphism f of a closed smooth manifoldM is called Anosov if the manifold
M is a hyperbolic set of f (defining such diffeomorphisms in his pioneering book
[27], Anosov called them Y -diffeomorphisms). The hyperbolic automorphism of the
two-dimensional torus (see Section 7.2) is an example of an Anosov diffeomorphism.

The basic result on Anosov diffeomorphisms mentioned in this book is as follows.

Theorem 8.1. An Anosov diffeomorphism is structurally stable.

In fact, we prove that an Anosov diffeomorphism is structurally stable in the strong
sense (see Section 3.1).

To avoid unessential technical difficulties, we consider the particular case of a hy-
perbolic automorphism of the two-dimensional torus. We explain in the proof how to
modify it in the general case.

There exist several principally different approaches to proving the structural sta-
bility of an Anosov diffeomorphism. The method which we use in this book is, in a
sense, a generalization of Hartman’s method applied in the proof of Theorem 4.1.

Let us recall that if we fix a Riemannian metric on the manifoldM , then we induce
the exponential mapping of a neighborhood U of the section M � ¹0º of the tangent
bundle TM to M ; this mapping assigns to a pair .x; v/ 2 U a point expx.v/ 2 M

as follows. Let V be a unit tangent vector in TxM and let 	.t/ be a geodesic with
natural parameter t such that

	.0/ D x and
d	

dt
.0/ D V: (8.1)

If v D tV , set

expx.v/ D 	.t/:

It is known that expx. � / is a diffeomorphism of a neighborhood of the origin in TxM

to a neighborhood of the point x in M ; it follows from the definition that

expx.0/ D x and D expx.0/ D Id: (8.2)

We assume that a Riemannian metric on M D T 2 (for brevity, we write M instead
of T 2) is induced by the Euclidean metric on the plane (recall that we get the torus as
the quotient R2=Z2, where Z2 is the two-dimensional integer lattice).

For any x 2 M we naturally identify the tangent space TxM with the plane R2.
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Let x 2 M and let y be the corresponding point of the square

Œ0; 1� � Œ0; 1� � R2;

(if a point x corresponds to a point of the boundary of the square, we take as y any of
such points).

We naturally identify N.1=4; x/ � M (recall that N.a;A/ is the a-neighborhood
of a set A) with N.1=4; y/ � R2.

Let V 2 TxM be a unit tangent vector. Clearly, under the considered identifica-
tions, the geodesic 	.t/ that satisfies conditions (8.1) is identified with the part of the
line through the point y and parallel to the vector V that belongs to N.1=4; y/ � R2.
This line is given by 	.t/ D x C V t .

Hence, if jvj < 1=4, then we can identify the point expx.v/ of the torus with the
point x C v of the plane.

This means that the equality

expx.v/ D x C v (8.3)

(in the sense of the above identifications) is valid for any point x 2 M and any vector
v 2 TxM with jvj < 1=4.

We use this property of the torus in our proof of Theorem 8.1 considering small
tangent vector fields v and treating points xCv.x/ as points of the torus that are close
to x.

Thus, let f be an Anosov diffeomorphism, let ¹S.x/; U.x/º be the corresponding
hyperbolic structure on M , and let C > 0 and � 2 .0; 1/ be hyperbolicity constants.

Let g be a diffeomorphism that is C 1-close to f ; we search for a homeomorphism
h of the manifold M that conjugates f and g.

Let us write the equation

h ı f D g ı h

in the following equivalent form:

f �1 ı h ı f D f �1 ı g ı h: (8.4)

We search for a homeomorphism h of the form h.x/ D x C v.x/, where v is a
small tangent vector field on M .

Remark. In the proof of Theorem 8.1 in the general case, the required homeomor-
phism h has the form h.x/ D expx.v.x//, where v is a small tangent vector field
onM (and the necessary estimates use uniform estimates of the exponential mapping
which follow from relations (8.2)).



Chapter 8 Anosov diffeomorphisms 121

Let X be the space of continuous vector fields on M with the uniform norm

kvk D max
x2M

jv.x/j:

Clearly, X is a complete space.
The diffeomorphism f �1 ı g is C 1-close to the identity if the value �1.f; g/ is

small. Hence, we can write

f �1 ı g.x/ D x C w1.x/; (8.5)

where w1 is a vector field such that the values

kw1k and max
x2M

�

�

�

�

@w1

@x
.x/

�

�

�

�

are small if the value �1.f; g/ is small.
Define on the space X an operator ˆ that assigns to a vector field v a vector field u

by the formula

u.x/ D Df �1.f .x//v.f .x//I
we can write ˆv D Df �1v.f /.

Let us apply Taylor’s formula to the left-hand side of equation (8.4):

f �1 ı h ı f .x/ D f �1.f .x/C v.f .x/// D x Cˆv.x/C s.v/.x/:

Clearly, s.0/ D 0 (in this equality, 0 denotes the zero element of the space X ).
Since the derivative Df is continuous (and hence, uniformly continuous) on M ,

there exists a function G.a/ such that

if kvk; kv0k � a; then ks.v/ � s.v0/k � G.a/kv � v0k;
and G.a/ ! 0 as a ! 0.

Let us transform the right-hand side of (8.4) using representation (8.5):

f �1 ı g ı h.x/ D .Id C w1/.x C v.x// D x C v.x/C w.v/.x/;

where w.v/.x/ D w1.x C v.x//.
Since

kw.v/ � w.v0/k � max
x2M

�

�

�

�

@w1

@x
.x/

�

�

�

�

kv � v0k;

the Lipschitz constant of the field w in v can be done arbitrarily small if the value
�1.f; g/ is small enough.
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Hence, we can write equation (8.4) in the following form:

.Id �ˆ/.v/.x/ D r.v/.x/; (8.6)

where r.v/ D s.v/ � w.v/.
Note that r.0/ D �w.0/ (hence, kr.0/k ! 0 as �1.f; g/ ! 0) and that the

Lipschitz constant of the field r in v on the ball ¹kvk � aº of the spaceX can be done
arbitrarily small if the values a and �1.f; g/ are small enough.

Set

� D RC
1C �

1 � � ;

where C and � are hyperbolicity constants of the diffeomorphism f , and the number
R is given by the Corollary to Lemma 7.3.

Remark. Of course, it is possible to find the exact value of the constant R for the
case of the hyperbolic automorphism of the torus, but we prefer to use the general
result of Lemma 7.3 as this is done in the proof of Theorem 8.1 in the general case.

Fix an arbitrary " > 0; we assume that " is small enough, so that

kr.v/ � r.v0/k � 1

2�
kv � v0k (8.7)

if kvk; kv0k � " and �1.f; g/ � ".
In addition, we assume that " is so small that the following three statements are

valid:

(a) 2" < �, where the number� has the property stated in item (2) of Theorem 7.1;
thus, if x 2 M andW s.2"; x/ andW u.2"; x/ are the smooth disks described in
the above-mentioned item (2), then

W s.2"; x/ \W u.2"; x/ D ¹xºI

(b) " < 1=4; hence, equality (8.3) holds for tangent vectors v with jvj � ";

(c) if h is a continuous mapping of M into itself such that

max
x2M

dist.x; h.x// � ";

then h.M/ D M (such an " exists due to index theory).

Find a number ı 2 .0; "/ such that if �1.f; g/ < ı, then

kr.0/k � "

2�
: (8.8)
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The main step in solving equation (8.6) is construction of the operator .Id �ˆ/�1.
Consider a vector field v 2 X and represent it in the form v D .vs; vu/, where vs.x/

and vu.x/ are the projections of the vector v.x/ to the subspace S.x/ parallel to the
subspace U.x/ and to the subspace U.x/ parallel to the subspace S.x/, respectively.

Property (HS2) of the hyperbolic structure implies that, according to representation
v D .vs; vu/, the derivative Df.x/ is block-diagonal:

Df.x/ D diag.Dfs.x/;Dfu.x//:

It is easily seen that the operator ˆ is block-diagonal as well: ˆ D diag.ˆs ; ˆu/.
Define an operator ‰ on the space X by the equality

‰v.x/ D Df.f �1.x//v.f �1.x//:

Clearly, ‰v.f .x// D Df.x/v.x/. The operator ‰ is also block-diagonal: ‰ D
diag.‰s; ‰u/.

Fix a vector field v 2 X ; let u D ‰v and v0 D ˆu.
The equalities

u.f .x// D Df.x/v.x/

and

v0.x/ D Df �1.f .x//u.f .x// D Df �1.f .x//Df .x/v.x/ D v.x/

imply that the operator ˆ is the inverse of ‰. Clearly,

ˆs‰s D Id and ˆu‰u D Id (8.9)

(we use the same symbol Id to denote the identity operator in various spaces).
Let us construct the operator L D .Id � ˆ/�1 in block-diagonal form: L D

diag.Ls; Lu/, where

Ls D �
1
X

kD1

‰k
s and Lu D

1
X

kD0

‰�k
u :

Let us prove that the series introduced above are convergent.
Take a vector field v such that v.x/ 2 S.x/ for any x 2 M . Let k � 0. By

definition,

k‰k
s vk D max

x2M
j‰k

s v.x/j:

There exists a point x0 2 M such that

k‰k
s vk D j‰k

s v.x0/j D jDf k.f �k.x0//v.f
�k.x0//j:
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Property (HS3) of the hyperbolic structure implies that

jDf k.f �k.x0//v.f
�k.x0//j � C�kjv.f �k.x0//j � C�k max

x2M
jv.x/j D C�kkvk:

Thus,

k‰k
s k � C�k ; k � 0: (8.10)

Similar estimates show that

k‰�k
u k � C�k; k � 0: (8.11)

The estimates obtained imply that if m > l , then

�

�

�

m
X

kD1

‰k
s �

l
X

kD1

‰k
s

�

�

�

�
m
X

kDlC1

k‰k
s k

� C.�lC1 C � � � C �m/ < C
�lC1

1 � � ! 0; l ! 1I

thus, the sequence of partial sums for the series defining the operator Ls is a Cauchy
sequence (hence, this series converges since the corresponding space of operators is
complete). One can apply the same reasoning to the series defining the operator Lu.

Equalities (8.9) imply that

.Id �ˆs/
�

�
1
X

kD1

‰k
s

�

D �
1
X

kD1

‰k
s Cˆs.‰s C‰2

s C � � � /

D �
1
X

kD1

‰k
s C Id C

1
X

kD1

‰k
s D Id

and

.Id �ˆu/
�

1
X

kD0

‰�k
u

�

D
1
X

kD0

‰�k
u �ˆu.Id C‰�1

u C‰�2
u C � � � /

D Id C‰�1
u C‰�2

u C � � � �‰�1
u �‰�2

u � � � � D IdI
hence, L D .Id �ˆ/�1.

Let us estimate the norm of the operator L. Consider a vector field v 2 X ; let
v D .vs; vu/, where vs.x/ and vu.x/ are the projections of the vector v.x/ to the
subspace S.x/ parallel to the subspace U.x/ and to the subspace U.x/ parallel to the
subspace S.x/, respectively.

By the corollary to Lemma 7.3, jvs.x/j � Rjv.x/j and jvu.x/j � Rjv.x/j. Hence,
kvsk � Rkvk and kvuk � Rkvk.
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Estimates (8.10) and (8.11) imply that

kLsvsk �
1
X

kD1

C�kkvsk � RC
�

1 � �kvk

and

kLuvuk �
1
X

kD0

C�kkvuk � RC
1

1 � �kvk:

Since Lv D .Lsvs ; 0/C .0; Luvu/,

kLk � RC

�

�

1 � � C 1

1 � �
�

D �: (8.12)

Now we show that if �1.f; g/ < ı, then there exists a continuous vector field v 2 X
with kvk � " that satisfies equation (8.6).

Applying the operator L to equation (8.6), we get an equivalent equation,

v D Lr.v/: (8.13)

Estimates (8.12), (8.7), and (8.8) imply that if �1.f; g/ < ı and kvk � ", then

kLr.v/k � �.kr.0/k C kr.v/ � r.0/k/ � �

�

"

2�
C "

1

2�

�

� ";

and if kvk; kv0k � ", then

kLr.v/ � Lr.v0/k � �
1

2�
kv � v0k � 1

2
kv � v0k:

Thus, the operator Lr maps the ball S D ¹kvk � "º of the space X into itself and
contracts in this ball. It was noted above that the space X is complete; it follows that
the ball S contains (a unique) solution v of equation (8.13) (hence, of equation (8.6)).

Set h.x/ D x C v.x/. Since the vector field v is continuous, h is a continuous
mapping of M into itself. Our choice of " implies that h.M/ D M .

Let us show that the mapping h is injective. Assume that h.p/ D h.r/. Since

h ı f k.p/ D gk ı h.p/ and h ı f k.r/ D gk ı h.r/; k 2 Z;

the following equalities hold:

h ı f k.p/ D h ı f k.r/; k 2 Z:

Hence,

dist.f k.p/; f k.r// < 2"; k 2 Z:

We conclude that

r 2 W s.2"; p/ \W u.2"; p/:

The choice of " implies that p D r . Hence, h is a homeomorphism of the manifoldM .
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Smale’s horseshoe and chaos

9.1 Smale’s horseshoe

In 1961, S. Smale gave the first example of a structurally stable diffeomorphism hav-
ing an infinite number of periodic points. The Smale construction was based on the
so-called horseshoe (the history of this construction is described in Appendix B).

Let us describe this construction in its simplest, linear, variant.
Let Q D Œ0; 1� � Œ0; 1� be a square in the plane of variables .x; y/. We construct a

mapping of the square Q into the plane in two steps. In the first step, we apply to Q
a hyperbolic linear mapping

f0.x; y/ D .x=4; 4y/:

The image of Q under this mapping is a vertical rectangle Q0 with height 4 and
width 1=4.

In the second step, we apply a mapping f1 of the plane that bends the rectangle Q0
and places the image over the initial squareQ as shown in Figure 2. Figure 2 explains
the origin of the term “horseshoe.”

We will study the mapping f D f1 ı f0. It is easy to show that one can con-
struct a diffeomorphism of the plane whose restriction to Q coincides with f (or a
diffeomorphism of the two-dimensional sphere with a similar behavior in a coordinate
neighborhood).

Q

y

x

Q1Q0

f Q( )

Figure 2. The horseshoe.



Section 9.1 Smale’s horseshoe 127

Let us treat in detail the behavior of the mapping f1.
Denote byQ0 andQ1 the components of the intersection of f1.Q

0/with the square
Q (see Figure 2). We call Q0 and Q1 vertical rectangles. Denote by Q00 and Q01 the
preimages of Q0 and Q1 under the mapping f1, respectively; we call Q00 and Q01
horizontal rectangles in Q0.

The sets

R0 D f �1
0 .Q00/ D f �1.Q0/ and R1 D f �1

0 .Q01/ D f �1.Q1/

are horizontal rectangles in Q.
We assume that under the action of the mapping f1 on the rectangles Q00 and Q01,

vertical and horizontal segments are mapped to vertical and horizontal segments of
the same length.

By construction, the intersection f .Q/ \Q is the union of two vertical rectangles
Q0 and Q1 with height 1 and width 1=4; we call them first rank vertical rectangles.

It is easy to understand that the intersection f 2.Q/ \ Q consists of four vertical
rectangles with height 1 and width 1=16 (it is useful for the reader to draw the image
of the initial square Q under the action of f 2); we call them second rank vertical
rectangles.

Let us note that for any of the rectangles Q0 and Q1, the intersection f .Qi / \Q

consists of two second rank rectangles that lie in different first rank rectangles.
Continuing this process, we conclude that for any natural k, the set f k.Q/ \Q is

the union of 2k vertical rectangles with height 1 and width 4�k; we call them rank k
vertical rectangles.

Clearly, for any rank k vertical rectangle S , the intersection f .S/ \Q consists of
two rank k C 1 vertical rectangles that lie in different first rank vertical rectangles.

Passing to actions of negative degrees of the mapping f , we call the rectangles R0

and R1 first rank horizontal rectangles.
We note that for any natural k, the intersection f �k.Q/\Q consists of 2k horizon-

tal rectangles with width 1 and height 4�k; we call them rank k horizontal rectangles.
For any rank k horizontal rectangle S , the intersection f �1.S/\Q consists of two

rank k C 1 horizontal rectangles that lie in different first rank horizontal rectangles.
Our main object of study is the set

ƒ D ¹p 2 Q W O.p; f / � Qº:
This definition immediately implies that ƒ is an invariant set of the mapping f .

Consider a point p 2 Q. Clearly, if f �1.p/ 2 Q, then p 2 Q0 [ Q1, i.e.,
the point p belongs to one of the two first rank vertical rectangles. Further, since
f �2.p/ 2 Q and f �1.p/ 2 Q, the point p belongs to one of the four second rank
vertical rectangles, and so on.

Thus, if the negative semitrajectory of a point p lies in Q, then the point p belongs
to the intersection of a countable family of vertical rectangles ¹Skº of all positive
ranks in which any rank k vertical rectangle Sk contains the rectangle SkC1.
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Clearly, the inverse statement holds as well: If a point p belongs to the intersection
of a countable family of vertical rectangles ¹Skº of all positive ranks with the above
property, then the negative semitrajectory of p lies in Q.

This allows us to give the following description of the geometric structure of the
set ƒ.

Let us call the intersection of a vertical rectangle with the line ¹y D 0º the lower
base of the rectangle. The union of the lower bases of rank 1 vertical rectangles is
obtained when we exclude three parts from the segment Œ0; 1� � ¹0º (see Figure 3).

0 1

Q0 Q1 Q

Figure 3. Lower bases of vertical rectangles.

The union of the lower bases of rank 2 vertical rectangles is obtained when we
exclude three parts from each of the lower bases of rank 1 vertical rectangles (see
Figure 3, where lower bases of rank 2 vertical rectangles are represented by thick
lines).

Continuing this process, we construct on the segment Œ0; 1�� ¹0º a classical Cantor
set (denoted ƒx). The properties of the mapping f described above imply that the
negative semitrajectory of a point p 2 Q belongs to the set Q if and only if p is a
point of a vertical segment in Q that intersects the segment Œ0; 1� � ¹0º at a point of
the set ƒx .

A similar reasoning shows that the segment ¹0º � Œ0; 1� contains a Cantor set ƒy

such the positive semitrajectory of a point p 2 Q belongs to the set Q if and only if
p is a point of a horizontal segment in Q that intersects the segment ¹0º � Œ0; 1� at a
point of the set ƒy .

Thus, the set ƒ is the product of two one-dimensional Cantor sets: ƒ D ƒx �ƒy .
The dynamics of f on the set ƒ is described by the following Smale theorem.

Recall that we denoted by X the space of binary sequences and by � the homeomor-
phism of shift on X (see Example 1.1).

Theorem 9.1. There exists a homeomorphism

h W ƒ ! X

that conjugates f on ƒ and � on X.

Proof. The construction of the homeomorphism h is very visual. Take a point p 2 ƒ.
Clearly, f k.p/ 2 Q0 [Q1 for any k (if f k.p/ … Q0 [Q1, then f k�1.p/ … Q).
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Assign to the point p a binary sequence a D ¹akº as follows:

f k.p/ 2 Qak
; k 2 Z

(thus, ak D 0 if f k.p/ 2 Q0 and ak D 1 if f k.p/ 2 Q1). The mapping h is well
defined since Q0 \Q1 D ;.

Let us show that h.f .p// D �.h.p// for all p 2 ƒ. Consider points p 2 ƒ and
q D f .p/; let a D ¹akº D h.p/ and b D ¹bkº D h.q/.

Since

f k.p/ D f k�1.q/ 2 Qbk�1
and f k.p/ 2 Qak

;

ak D bk�1, which means that b D h.f .p// D �.a/ D �.h.p//.
Let us show that h is injective (as we show below, almost the same reasoning proves

that h maps ƒ onto X and is a homeomorphism).
Assume that h.p/ D h.q/ D ¹akº for two points p; q 2 ƒ.
Let us analyze the structure of preimages of the rectangles Q0 and Q1. Recall that

the sets f �1.Q0/ and f �1.Q1/ are rank 1 horizontal rectangles.
The set f �k.Q0/ is the union of rank k horizontal rectangles each of which lies in

one of rank k � 1 horizontal rectangles, and two different horizontal rectangles that
lie in f �k.Q0/ cannot lie in one rank k � 1 horizontal rectangle (the same is true for
the set f �k.Q1/).

Since f .p/; f .q/ 2 Qa1
, the points p and q belong to one rank 1 horizontal rect-

angle, namely, to Ra1
.

Since f 2.p/; f 2.q/ 2 Qa2
, the points p and q belong to f �2.Qa2

/. The set
f �2.Qa2

/ has as a subset a unique rank 2 horizontal rectangle lying in Ra1
; hence,

the points p and q belong to one rank 2 horizontal rectangle.
Repeating the same reasoning and using the inclusions f k.p/; f k.q/ 2 Qak

, we
conclude that the points p and q belong to the intersection of a countable family of
horizontal rectangles of all ranks. This implies that p and q belong to a horizontal
segment in Q.

A similar reasoning based on the inclusions f k.p/; f k.q/ 2 Qak
with k � 0

shows that p and q belong to a vertical segment in Q. Hence, p D q, and the
mapping h is injective.

We apply the same scheme as above to show that the mapping h is surjective. Con-
sider a sequence a D ¹akº 2 X. As above, we construct a sequence of horizontal
rectangles of all positive ranks as follows. We start with the rank 1 horizontal rectangle
Ra1

; the set f �2.Qa2
/ contains a unique rank 2 horizontal rectangle that is a subset

of f �2.Qa2
/ which we select as the rank 2 horizontal rectangle of our sequence, and

so on.
The intersection L of this sequence of horizontal rectangles is a horizontal segment

in Q with the following property: if p 2 L, then f k.p/ 2 Qak
for all k > 0.
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We apply the same reasoning to construct a vertical segment L0 in Q such that if
p 2 L0, then f k.p/ 2 Qak

for all k � 0.
Clearly, if p 2 L \ L0, then h.p/ D a.
It is known from the basic course of topology that if g is an injective continuous

mapping of a metric compact setK onto g.K/, then g is a homeomorphism ofK onto
g.K/.

We have shown that h�1 is an injective mapping of X onto ƒ. Thus, to complete
the proof of Theorem 9.1 it remains to show that the mapping h�1 is continuous.

Take an arbitrary " > 0 and find a natural number n such that
p
2 � 4�n < ". There

exists a positive number ı such that if two sequences a; b 2 X satisfy the inequality
dist.a; b/ < ı, then ak D bk ; jkj � n.

Let us show that if dist.a; b/ < ı, then

jh�1.a/ � h�1.b/j < ": (9.1)

Indeed, let p D h�1.a/ and q D h�1.b/. Since ak D bk; 1 � k � n, the reasoning
applied in the proof of injectivity of the mapping h shows that p and q belong to the
same rank n horizontal rectangle.

A similar reasoning based on the equalities ak D bk ; 0 � k � �n, shows that p
and q belong to the same rank n vertical rectangle.

Thus, p and q belong to a square with side 4�n. This proves inequality (9.1). The
proof of Theorem 9.1 is complete.

Remark. Usually, the homeomorphism h constructed in the proof of Theorem 9.1
is called coding. The sense of this terminology is as follows: We have selected two
disjoint vertical rectangles Q0 and Q1 in the square Q; any point of the invariant set
ƒ is coded by the sequence of indices of vertical rectangles consecutively visited by
the trajectory of the point.

Remark. In the proof of Theorem 9.1, we have used not all our assumptions con-
cerning the mapping f .

In fact, we have used only the following properties (a)–(d) of f .

(a) The intersection f .Q/\Q consists of two disjoint sets (as above, we call them
rank 1 vertical rectangles); the intersection f �1.Q/\Q consists of two disjoint
sets (as above, we call them rank 1 horizontal rectangles).

Of course, in this case the term “rectangle” is conditional; geometrically, the
corresponding sets may significantly differ from usual rectangles.

(b) There exist vertical and horizontal rectangles of all positive ranks; for any rank
k vertical rectangle S , the intersection f .S/ \ Q consists of two rank k C 1

vertical rectangles belonging to different rank 1 vertical rectangles (and a similar
statement holds for horizontal rectangles).
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(c) If S1 
 S2 
 � � � is a sequence of vertical rectangles of all positive ranks and
S 01 
 S 02 
 � � � is a sequence of horizontal rectangles of all positive ranks, then
the intersection of the sets 1

\

kD1

Sk and
1
\

kD1

S 0k
is a single point.

(d) For any " > 0 there exists an index n such that if S is a rank n vertical rectangle
and S 0 is a rank n horizontal rectangle, then the diameter of the set S \ S 0 is
less than ".

Under the conditions formulated before Theorem 9.1, the invariant setƒ is hyperbolic
with hyperbolicity constants C D 1 and � D 1=4. To prove this fact, take as spaces
of the hyperbolic structure the spaces S.p/ D ¹y D 0º and U.p/ D ¹x D 0º for all
p 2 ƒ.

9.2 Chaotic sets
At present, the mathematical literature contains a lot of different definitions of in-
variant sets of dynamical systems with chaotic behavior (sometimes, a shorter term
“chaotic sets” is applied).

The definition of a chaotic set used in this book is close to that given by Devaney
in [28] (the original definition by Devaney was given for the case of semi-dynamical
systems, see Section 3.1; we define chaotic sets for dynamical systems generated by
homeomorphisms).

First we introduce some terminology. Letƒ be a compact invariant set of a dynam-
ical system generated by a homeomorphism f of a metric space .M; dist/.

We say that f has sensitive dependence on initial conditions on a set ƒ if there
exists a number a > 0 having the following property: Any neighborhood of any point
p 2 ƒ contains a point q such that dist.f k.p/; f k.q// � a for some k 2 Z.

The sense of the above-formulated property is as follows: An arbitrarily small error
in the choice of the initial point of a trajectory starting at the set ƒ can result in a
significant divergence of trajectories.

We say that f is topologically mixing on a set ƒ if for any couple U; V of open
sets such that U \ ƒ ¤ ; and V \ ƒ ¤ ; there exists a positive index k such that
f k.U / \ V ¤ ;.

Clearly, if a setƒ contains a point whose positive semitrajectory is dense inƒ, then
f is topologically mixing on this set.

Finally, we say that a compact invariant set ƒ is chaotic if

(a) the set ƒ contains infinitely many periodic points of f , the set of periods of
these points is unbounded, and periodic points are dense in ƒ;

(b) f is topologically mixing on the set ƒ;

(c) f has sensitive dependence on initial conditions on the set ƒ.
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Remark. In the course of development of the theory of chaotic sets, it was shown
that condition (c) in the above definition is a corollary of conditions (a) and (b) (see,
for example, [29]). Nevertheless, it seems reasonable to define a chaotic set formulat-
ing conditions (a), (b), and (c) since these three conditions indicate the characteristic
properties of chaotic behavior of a dynamical system.

Let us show that the invariant set ƒ of Smale’s horseshoe is chaotic in the sense of
the above definition.

It was shown in Example 1.1 that the shift � on the space X satisfies conditions (a)
and (b) on the whole space X.

We claim that Theorem 9.1 implies that the diffeomorphism f generating the horse-
shoe satisfies conditions (a) and (b) on the set ƒ.

It was shown in Section 3.1 that a topological conjugacy maps periodic points to
periodic points.

Since the shift � has an infinite set of periodic points, the same is true for the
restriction of f to ƒ.

It is useful for the reader to check the remaining properties mentioned in conditions
(a) and (b).

Let us show that f has sensitive dependence on initial conditions on the set ƒ.
The vertical rectangles Q0 and Q1 are disjoint compact sets. Let a > 0 be the

minimal distance between points of these sets. We take this a as the constant in the
definition of sensitive dependence on initial conditions.

Let p be an arbitrary point of the set ƒ and let U be an arbitrary neighborhood of
p in the plane. Set a D h.p/.

It follows from Theorem 9.1 that there exists a sequence b 2 X such that b ¤ a

and q WD h�1.b/ 2 U (why?).
Since the sequences a and b are different, there exists an index k 2 Z such that

ak ¤ bk . This means that the points f k.p/ and f k.p/ belong to different rank 1
vertical rectangles. Hence,

jf k.p/ � f k.q/j � a;

which completes the proof.

9.3 Homoclinic points

We have introduced the notion of a homoclinic point in Section 6.2.
Let us study such points in the simplest case of a planar diffeomorphism.
Thus, let f be a diffeomorphism of the plane. Assume that a point p is a hy-

perbolic saddle fixed point of f . Denote by W s.p/ and W u.p/, respectively, the
one-dimensional stable and unstable manifolds of the point p.

As was said in Section 6.2, homoclinic points are points of intersection of the man-
ifolds W s.p/ and W u.p/ that are different from the fixed point p.
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Since the manifoldsW s.p/ andW u.p/ are invariant, the trajectory of a homoclinic
point consists of homoclinic points.

We say that a point q is a transverse homoclinic point of f if the manifoldsW s.p/

and W u.p/ are transverse at the point q.
One can show that the existence of a transverse homoclinic point implies the exis-

tence of an invariant set whose properties are similar to properties of the invariant set
generated by the horseshoe (in particular, this implies that an arbitrary neighborhood
of a transverse homoclinic point contains an infinite number of periodic points).

We do not prove this statement; instead, we give a visual explanation.
Consider a transverse homoclinic point q that belongs to a local stable manifolds

of the fixed point p (see Figure 4). Take a rectangle Q containing the segment of the
local stable manifold with endpoints p and q .

q

W  

u p( )

Ws q( )

f   

2 Q( )

p

f Q( )

Q

Figure 4. Horseshoe generated by a transverse homoclinic point.

Since the diffeomorphism f contracts in the direction of the stable manifold and
expands in the direction of the unstable manifold (in properly chosen coordinates),
the images f .Q/; f 2.Q/; : : : behave as shown in Figure 4. Under the action of
large positive degrees of f , the image of the rectangle Q expands along the unstable
manifold W u.p/ and crosses the rectangle Q; thus, we get a horseshoe.

It follows that if a diffeomorphism has a transverse homoclinic point, then it has
chaotic invariant sets.

Let us mention that the case of a nontransverse homoclinic point is significantly
more complicated. Here we give an example of a diffeomorphism that has a nontrans-
verse homoclinic point while the set of its periodic points is finite.

Consider the flow shown in Figure 5. We assume that if a trajectory does not belong
to the set bounded by the closure of the trajectory of the point q, then this trajectory
tends to infinity if time goes either to C1 or to �1.
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q

O

p

Figure 5. A flow with a nontransverse homoclinic point.

Let f be the shift at time 1 along trajectories of the flow. In this case, q is a
nontransverse homoclinic point for the fixed point p; clearly, f does not have periodic
points different from o and p.
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Closing Lemma

The following statement is usually called the Closing Lemma.

Theorem 10.1. Let p be a nonwandering point of a diffeomorphism f of a smooth
closed manifold M . Any neighborhood of f in Diff1.M/ contains a diffeomorphism
g for which p is a periodic point.

An analog of Theorem 10.1 has been proven by C. Pugh [30] for the case of flows
generated by smooth vector fields. Later, it was shown that the original proof by
Pugh contained some inaccuracies, and a corrected proof was published by Pugh and
C. Robinson [31].

An important corollary of Theorem 10.1 is the so-called density theorem stated
below.

Theorem 10.2. For a generic diffeomorphism in Diff1.M/, the set of periodic points
is dense in the nonwandering set.

Several modifications of the Closing Lemma have been published; at present, all
the existing proofs are very complicated.

Let us state one of recent results on the possibility of connection of close trajectories
under a C 1-small perturbation (precisely this technology is the base of the Closing
Lemma and its generalizations).

Consider a diffeomorphism f of a smooth closed manifold M and fix a point z 2
M , a positive number d , and a natural number L.

Consider the set

D.z; d; L; f / D
L
[

mD1

f �m.N.d; z//:

Theorem 10.3 (a uniform C 1 connecting lemma [32]). Given an arbitrary neighbor-
hood V of the diffeomorphism f in Diff1.M/, there exist numbers R > 1, d0 > 0,
a natural number L, and a neighborhood W of the diffeomorphism f in Diff1.M/

having the following property. Let points p; q; z 2 M , a number d 2 .0; d0/, and a
diffeomorphism h 2 W satisfy the following conditions:

(1) The inclusions h�m.N.z; d// � N.d0; h
�m.z//;m D 1; : : : ; L; hold;

(2) the sets h�m.N.z; d//;m D 1; : : : ; L; are pairwise disjoint;
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(3) p; q … D.z; d; L; f /I
(4) the positive semitrajectory OC.p; h/ and the negative semitrajectory O�.q; h/

intersect the set N.d=R; z/.

Then there exists a diffeomorphism g 2 V coinciding with h outside the set
D.z; d; L; f / and such that q 2 OC.p; g/.

Let us note that an analog of the Closing Lemma in which C 1 topology is replaced
by C 0 topology is a rather simple result (we prove it below); at the same time, it is
not known whether it is possible to prove an analog of the Closing Lemma in which
C 1 topology is replaced by C 2 topology – this is one of the main open problems of
the modern theory of dynamical systems (Smale included this problem into his survey
“Mathematical problems for the next century” [33]).

Let us prove an analog of Theorem 10.1 for the case of C 0 topology; to simplify
presentation, we consider a homeomorphism of a Euclidean space (since our con-
struction is performed in a small neighborhood of a nonwandering point p, almost the
same reasoning is applicable in the case of a homeomorphism of a manifold).

Thus, we prove the following statement.

Theorem 10.4. Let p be a nonwandering point of a homeomorphism f of the Eu-
clidean space Rn. For any " > 0 there exists a homeomorphism g of the space Rn

such that p is a periodic point of g and the following inequality holds:

sup
x2Rn

max.jf .x/ � g.x/j; jf �1.x/ � jg�1.x/j/ < ": (10.1)

Let us start with a simple lemma.

Lemma 10.1. Let l be a segment in the Euclidean space Rn with endpoints a; b. For
any neighborhood U of the segment l there exists a homeomorphism h of the space
Rn such that

(h1) h.a/ D b;

(h2) h D Id outside U ;

(h3)

sup
x2Rn

max.jh.x/ � xj; jh�1.x/ � xj/ � jb � aj: (10.2)

Proof. Consider a scalar-valued function ˛.x/ of class C1 in Rn such that

(a1) ˛.x/ D 1, x 2 l ;
(a2) 0 � ˛.x/ � 1, x 2 Rn;

(a3) ˛.x/ D 0 outside U .
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To construct such a function, one can take a neighborhood of the segment l belonging
to U and having the form of a parallelepiped; in this neighborhood, one can consider
a function ˛.x/ equal to product of functions similar to the function 
.t/ applied in
the proof of Lemma 4.2.

Consider the system of differential equations

dx

dt
D ˛.x/.b � a/ (10.3)

and denote by �.t; x/ the trajectory of system (10.3) with initial point .0; x/.
Since

aC t .b � a/ 2 l; t 2 Œ0; 1�;
the following equalities hold:

�.t; a/ D aC t .b � a/; t 2 Œ0; 1�; and �.1; a/ D b: (10.4)

Set h.x/ D �.1; x/. It was shown in Section 1.2 that h is a diffeomorphism (hence, h
is a homeomorphism) and h�1.x/ D �.�1; x/.

The second equality in (10.4) proves property (h1) of the homeomorphism h.
If x … U , then x is a rest point of system (10.3); hence, h.x/ D x, which proves

property (h2).
Finally, the inequality j˛.x/.b � a/j � jb � aj implies property (h3) of the home-

omorphism h.

Let us pass to the proof of Theorem 10.4. If p is a fixed point of f , we have nothing
to prove. Assume that p is not a fixed point.

There exists a small ball neighborhood V of the point p such that the sets V 0 D
f �1.V /, V , and f .V / are pairwise disjoint.

Fix a natural number k (to simplify notation, we do not indicate the dependence of
our constructions on k).

By Lemma 3.3, there exists a point r and a number � such that

max.jr � pj; jq � pj/ < 1

k
; (10.5)

where q D f 	.r/; we assume, in addition, that the number k is large enough, so that
r; q 2 V .

Let y D f .r/. Consider the set

Y D ¹f k.y/ W 0 � k � � � 1º:
Assume that p … Y (if p 2 Y , then we set f1 D f in the first step of construction

of g).
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Let z D f m.y/ be the point of the set Y closest to p (if there are several such
points, we take as z the point with the minimal value m).

Since q 2 Y , inequality (10.5) implies that

jz � pj < 1

k
:

Let

Y1 D ¹f k.y/ W 0 � k � mº:
Denote by l1 the segment with endpoints p and z; the choice of z implies that Y1 \
l1 D ¹zº.

Hence, there exists a neighborhood V1 of the segment l1 such that Y1 \ V1 D ¹zº.
It follows from our constructions that l1 � V ; hence, we may assume that V1 � V .

Apply Lemma 10.1 to find a homeomorphism h1 such that h1.z/ D p, h1.x/ D x

outside V1, and

sup
x2Rn

max.jh1.x/ � xj; jh�1
1 .x/ � xj/ � 1

k
: (10.6)

Set f1 D h1 ı f (it was mentioned that if p 2 Y , then we set f1 D f ). Note that
f1.x/ D f .x/ for x … f �1.V1/.

Since Y1 \ l1 D ¹zº, f k.y/ … f �1.V1/ for 0 � k � m � 1; hence, f k
1 .y/ D

f k.y/; 0 � k � m � 1, and f m
1 .y/ D p (the last equality is true in the case where

p D f m.y/ as well).
Let l2 be the segment with endpoints p and r .
First we assume that Y1\l2 D ;. In this case l2 has a neighborhood V2 that belongs

to V and does not intersect Y1. Apply Lemma 10.1 to find a homeomorphism h2 such
that h2.p/ D r , h2.x/ D x outside V2, and

sup
x2Rn

max.jh2.x/ � xj; jh�1
2 .x/ � xj/ � 1

k
: (10.7)

Set g D f1 ıh2. Note that g.x/ D f1.x/ for x … V2. The relations f �1.V1/ � V 0,
V2 � V , and V 0 \ V D ; imply that gk.y/ D f k.y/; 0 � k � m � 1, gm.y/ D p,
and g.p/ D y. Hence, p is a periodic point of g.

To prove that it is possible to guarantee inequality (10.1), let us note that

jf1.x/ � f .x/j D jh1.f .x// � f .x/j
and

jf �1
1 .x/ � f �1.x/j D jf �1.h1.x// � f �1.x/j;

and we have to estimate the above values on the sets f �1.V1/ and V1, respectively.
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Similarly,

jg.x/ � f1.x/j D jf1.h2.x// � f1.x/j;
and we have to estimate this value for x 2 V2 only, but if x 2 V2, then f1.x/ D f .x/.

Hence,

jg.x/ � f1.x/j D jf .h2.x// � f .x/j
for x 2 V2.

One can apply a similar reasoning in the estimation of the value jg�1.x/�f �1
1 .x/j.

We modify the homeomorphism f on a bounded set, where both f and f �1 are
uniformly continuous. Since k is arbitrary, it follows from inequalities (10.6) and
(10.7) that we can achieve inequality (10.1) with an arbitrary " > 0.

If Y1 \ l2 ¤ ;, then we construct a homeomorphism h2 that maps the point p not
to r but to the closest to p point of the intersection Y1 \ l2 (we leave details of the
corresponding proof to the reader).

Now we formulate one more variant of the Closing Lemma belonging to Mañé [34].
Mañé used this result in the proof of necessity of hyperbolicity of the nonwandering
set for structural stability (see Appendix A).

Let f be a diffeomorphism of a smooth closed manifold M .
Consider a measure � on the set of Borel subsets of M . As usual, � is called an

f -invariant probability measure if �.M/ D 1 and �.f �1.A// D �.A/ for any Borel
subset A of M .

Fix a point x 2 M and a number " > 0; let B."; x; f / be the set of points y 2 M
with the following property: There exist an integer n such that dist.f n.x/; y/ � " (in
other words, B."; x; f / is the closure of the "-neighborhood of the trajectory of the
point x).

Finally, we define a set †.f / as follows. A point x 2 M belongs to †.f / if for
any " > 0 and for any neighborhood V of the diffeomorphism f in Diff1.M/ we can
find a diffeomorphism g 2 V , a point y 2 M , and a natural number m such that

(1) y is a periodic point of g of period m;

(2) g D f on the set M n B."; x; f /;
(3) dist.f k.x/; gk.y// � " for all 0 � k � m.

Theorem 10.5. The equality �.†.f // D 1 holds for any f -invariant probability
measure �.

The main difference between Theorems 10.1 and 10.5 is as follows. The classical
Closing Lemma (Theorem 10.1) states that there exists a diffeomorphism g that isC 1-
close to f and such that a point p 2 �.f / is a periodic point of g; the trajectories of
the point p in dynamical systems generated by f and g are not necessarily close.
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In Theorem 10.5, the trajectory of the periodic point y for the perturbed diffeomor-
phism g is close to the trajectory of the point x for the original diffeomorphism f

over the period of y (and the set of points x for which such a closing is possible is full
with respect to any f -invariant measure).
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C 0-generic properties of dynamical systems

11.1 Hausdorff metric

In the study of C 0-generic properties of dynamical systems, an important role is
played by the Hausdorff metric on the set of compact subsets of the phase space.

Let .M; dist/ be a compact metric space. Denote by C.M/ the set of nonempty
closed subsets of the spaceM . Since the spaceM is compact, any its closed subset is
compact as well.

Fix two sets A;B 2 C.M/.
The number

dev.A;B/ D max
x2A

dist.x; B/

is called the deviation of the set A from the set B .
The Hausdorff distance between the sets A and B is defined as follows:

distH .A;B/ D max.dev.A;B/; dev.B;A//:

Let us show that distH is a metric on C.M/.
Clearly, distH .A;A/ D 0, and if distH .A;B/ D 0, then A D B . Let us prove the

triangle inequality. Take A;B;C 2 C.M/.
If x 2 A and y 2 B , then

dist.x; C / � dist.x; y/C dist.y; C / � dist.x; y/C distH .B; C /:

Hence,

dist.x; C / � min
y2B

dist.x; y/C distH .B; C / D dist.x; B/C distH .B; C /

and

dist.x; C / � distH .A;B/C distH .B; C /:

Hence,

dev.A; C / � distH .A;B/C distH .B; C /:

A similar reasoning shows that

dev.C;A/ � distH .A;B/C distH .B; C /;

and we get the required triangle inequality.
Everywhere below, we consider the space C.M/ with the topology induced by the

Hausdorff metric.
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11.2 Semicontinuous mappings

Let X be a topological space and let .M; dist/ be a metric space. Consider a mapping

F W X ! C.M/:

We say that the mapping F is upper semicontinuous if for any point x 2 X and any
number " > 0 there exists a neighborhood W of x in X such that

F.y/ � N."; F.x//; y 2 W
(recall that N.a;A/ is the a-neighborhood of a set A).

We say that the mapping F is lower semicontinuous if for any point x 2 X and any
number " > 0 there exists a neighborhood W of x in X such that

F.x/ � N."; F.y//; y 2 W:
Fix a number d > 0. We say that the mapping F is d -continuous at a point x 2 X

if there exists a neighborhood W of the point x in X such that

distH .F.y/; F.z// < d

for any y; z 2 W .
Clearly, a mapping F is continuous at a point x with respect to the Hausdorff metric

if and only if F is d -continuous at x for any d > 0.
Denote by Vd .F / the set of points of d -continuity for a mapping F .

Lemma 11.1 ([35]). If the space M is compact and a mapping F is upper or lower
semicontinuous, then the set Vd .F / is open and dense in X for any d > 0.

Proof. We prove our lemma for the case of an upper semicontinuous mapping F ; the
case of a lower semicontinuous mapping is treated similarly.

The set Vd .F / is open by definition. Let us prove that this set is dense.
Since the spaceM is compact, there exists a finite open covering U1; : : : ; Uk ofM

such that

diamUi < d; i D 1; : : : ; k:

Consider the setK D ¹1; : : : ; kº as a topological space with discrete topology; in this
case, the set K� D C.K/ coincides with the set of all nonempty subsets of K.

Fix an element L 2 K� and define a set NL � C.M/ as follows: A 2 NL if and
only if

(1) A \ Ui ¤ ; for any i 2 L;

(2) A � [i2LUi .

Clearly, the set NL is open in C.M/ for any L.
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Let W be an arbitrary open set in X . We have to show that W \ Vd .F / ¤ ;.
Consider the set

BW D ¹L 2 K� W there exists a point x 2 W such that F.x/ 2 NLº:
Since the set K� is finite and partially ordered (with respect to inclusion), the set BW

contains a minimal (with respect to inclusion) element L0. The minimality of L0

means that we cannot find an element L 2 BW such that L � L0 and L ¤ L0.
Take a point x0 2 W such that F.x0/ 2 NL0

.
We claim that x0 2 Vd .F /, i.e., the mapping F is d -continuous at the point x0.
Since the mapping F is upper semicontinuous at x0, there exists a neighborhood V

of x0 such that

F.x/ �
[

i2L0

Ui ; x 2 V:

We assume that V � W .
Since L0 is a minimal element of BW , the relations

F.x/ \ Ui ¤ ;; i 2 L0;

hold for any x 2 V .
Consider points x; y 2 V ; let x0 2 F.x/. There exists an index i 2 L0 such that

x0 2 Ui . Find a point y0 2 F.y/ such that y0 2 Ui . The inequality diamUi < d

implies that dist.x0; y0/ < d . Thus,

distH .F.x/; F.y// < d;

which proves the required density of the set Vd .F /.

Corollary 11.1. If the spaceM is compact and a mapping F is upper or lower semi-
continuous, then a generic point of the space X is a point of continuity of F .

11.3 Tolerance stability and Takens’ theory

Let H.M/ be the space of homeomorphisms of a compact metric space .M; dist/
with metric �0 (see Section 2.1). As above, we denote by C.M/ the set of nonempty,
closed subsets of the space M . We denote by C.C.M// the set of nonempty, closed
subsets of the space .C.M/; distH /.

For a homeomorphism f 2 H.M/ and a point x 2 M , the set ClO.x; f / is an
element of the space C.M/.

The equality

F.f / D Cl¹ClO.x; f / W x 2 M º (11.1)

defines a mapping F W H.M/ ! C.C.M//.
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Fix A;B 2 C.C.M//.
As done in Section 11.1, consider the deviation

Dev.A;B/ D max
A2A

min
B2B

distH .A;B/

and the Hausdorff distance

DistH .A;B/ D max.Dev.A;B/;Dev.A;B//:

The same reasoning as in Section 11.1 shows that DistH is a metric on C.C.M//.
An exercise for the reader: show that if the space M is compact, then both spaces

C.M/ and .C.C.M//;DistH / are compact as well.
Let D be a subset of H.M/. We consider a topology on D that is not coarser than

the topology induced by the metric �0 (this means that convergence in the topology
considered implies convergence in the standard topology of H.M/).

If M is a smooth closed manifold, one may take as D, for example, the space of
diffeomorphisms Diff1.M/ with its standard C 1 topology.

We say that a homeomorphism f 2 H.M/ is toleranceD-stable if f is a continu-
ity point of the restriction F jD.

In the paper [35], F. Takens formulated the following conjecture (and called it Zee-
man’s tolerance stability conjecture): Any subset D � H.M/ contains a residual
subset D0 such that any homeomorphism f 2 D0 is tolerance D-stable.

In its general form, the tolerance stability conjecture is not true; a counterexample
had been constructed by W. White in [36] (see also [10]).

Nevertheless, Takens obtained in [35] several interesting results related to this con-
jecture. Let us pass to some of these results.

Consider two homeomorphisms f; g 2 H.M/; we denote by O.f / and O.g/
trajectories of these homeomorphisms, respectively (in this case, the initial points of
trajectories are irrelevant for us).

Fix " > 0. We say that two homeomorphisms f and g are orbitally "-equivalent if
the following conditions are satisfied:

(OE1) for any trajectory O.f / there exists a trajectory O.g/ such that

(OE1.1) O.f / � N.";O.g//

(OE1.2) O.g/ � N.";O.f //;

(OE2) for any trajectory O.g/ here exists a trajectory O.f / such that

(OE2.1) O.g/ � N.";O.f //

(OE2.2) O.f / � N.";O.g//.

It is easy to understand that a homeomorphism f 2 D is tolerance D-stable if and
only if for any " > 0 there exists a neighborhood V of f in D such that any homeo-
morphism in V is orbitally "-equivalent to f .
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Takens considered two weakened variants of the property of tolerance D-stability.
As above, fix " > 0. We say that two homeomorphisms f and g are minimally

"-equivalent (maximally "-equivalent) if conditions (OE1.1) and (OE2.1) (respec-
tively, conditions (OE1.2) and (OE2.2)) are omitted in the above definition of orbital
"-equivalence.

Thus, homeomorphisms f and g are maximally "-equivalent if any trajectory of f
belongs to the "-neighborhood of some trajectory of g and, vice versa, any trajectory
of g belongs to the "-neighborhood of some trajectory of f .

Let, as above, D be a subset of the space H.M/. Denote by Dmax the subset of D
which consists of homeomorphisms f having the following property: For any " > 0

there exists a neighborhood W of f in D such that any two homeomorphisms h; g 2
W are maximally "-equivalent (recall that we consider the set D with a topology that
is not coarser than the standard C 0 topology).

Similarly, we denote by Dmin the subset of D which consists of homeomorphisms
f having the following property: For any " > 0 there exists a neighborhood W of f
in D such that any two homeomorphisms h; g 2 W are minimally "-equivalent.

Takens had proven the following statement.

Theorem 11.1. Any of the sets Dmax and Dmin is residual in D.

Proof. We give a complete proof for the set Dmax; the case of the set Dmin is treated
similarly (we give a comment concerning the difference between the two cases).

Fix " > 0 and consider the subset Q" of the set D consisting of homeomorphisms
f with the following property: There exists a neighborhood W of f in D such that
any two homeomorphisms h; g 2 W are maximally "-equivalent.

Clearly, any of the sets Q" is open in D and the following equality holds:

Dmax D
\

">0

Q":

Thus, to complete the proof we have to show that any of the sets Q" is dense in D.
Since the space M is compact, there exists a finite covering of M by open sets

U1; : : : ; Uk such that

diamUi < "; i D 1; : : : ; k:

Similarly to the proof of Lemma 11.1, we consider the set K D ¹1; : : : ; kº as a
topological space with discrete topology; treating the setK� D C.K/ as a space with
discrete topology as well, we define the set K�� D C.C.K//.

Consider a mapping

F max W D ! K��
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defined as follows: A subset L � K (i.e., an element of the set K�) is an element of
the set F max.f / if and only if there exists a trajectory O.f / of the homeomorphism
f such that

O.f / \ Ui ¤ ;; i 2 L
(this means that the trajectory O.f / intersects every element Ui of our covering with
i 2 L; at the same time, it is not assumed that the trajectory O.f / belongs to the
union of elements of the covering with indices i 2 L).

Let us show that the mapping F max is lower semicontinuous. Take f 2 D and let
L D ¹l1; : : : ; lmº � F max.f /.

In this case, there exists a point x 2 M and integers n1; : : : ; nm such that

f ni .x/ 2 Uli
; i D 1; : : : ; m:

Since the sets Ui are open, there exists a neighborhood W of f in D such that if
g 2 W , then

gni .x/ 2 Uli
; i D 1; : : : ; m

(we take into account here that convergence in the topology ofD implies convergence
in the standard topology of H.M/).

Thus, L � Fmax.f /. Since the set K� is finite, it follows that the mapping Fmax

is lower semicontinuous.
The set K�� is discrete; hence, it follows from Lemma 11.1 that there exists an

open and dense subset D0 of D on which the mapping Fmax is locally constant. Let
us show that D0 � Q".

For this purpose, we show that if Fmax.g/ D Fmax.h/, then the homeomorphisms
g and h are maximally "-equivalent. Consider a trajectory O.g/ and find an element
L 2 K� such that

O.g/ \ Ui ¤ ;; i 2 L; and O.g/ �
[

i2L

Ui :

Since L 2 Fmax.g/, L 2 Fmax.h/. Hence, there exists a trajectory O.h/ such that

O.h/ \ Ui ¤ ;; i 2 L:
Clearly, O.f / � N.";O.h//.

We see that the homeomorphisms g and h satisfy analogs of conditions (OE1.1)
and (OE2.1) in the definition of orbital "-equivalence. This proves our theorem in the
case of the set Dmax.

Let us comment the difference between the proofs of Theorem 11.1 for the sets
Dmax and Dmin.
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Treating the case of the set Dmin, we again fix " > 0 and consider a finite covering
of M by closed sets U1; : : : ; Uk such that

diamUi < "; i D 1; : : : ; k:

Consider a mapping

F min W D ! K��

defined as follows: A subset L � K is an element of the set Fmin.f / if and only if
there exists a trajectory O.f / of the homeomorphism f such that

O.f / �
[

i2L

Ui :

Let us show that the mapping F min is upper semicontinuous. Take f 2 D and con-
sider a setL � K that is not an element of Fmin.f /. In this case, for any point x 2 M
there exists an index n.x/ such that

f n.x/.x/ …
[

i2L

Ui :

Both sets M and [i2LUi are compact; hence, there exist numbers T > 0 and d > 0

such that for any point x 2 M there is an index n.x/; jn.x/j � T , such that

dist
�

f n.x/.x/;
[

i2L

Ui

�

> d: (11.2)

We can find a neighborhood W of f such that, for any homeomorphism g 2 W ,
an analog of inequality (11.2) holds with d replaced by d=2. Hence, L … Fmin.g/

for g 2 W . Since the set K� is finite, we conclude that the mapping F min is upper
semicontinuous.

The rest of the proof repeats the reasoning applied in the case of the set Dmax.

11.4 Attractors of dynamical systems

Let f be a homeomorphism of a topological space M .
We say that a set I � M is Lyapunov stable for the dynamical system generated

by f if

(LS1) the set I is compact and f -invariant;

(LS2) for any neighborhoodU of the set I there exists a neighborhood V of I such
that OC.V; f / � U (recall that OC.V; f / is the positive semitrajectory of
the set V in the system f ).



148 Chapter 11 C 0-generic properties of dynamical systems

We say that a set I � M is an attractor of the dynamical system f if

(A1) the set I is Lyapunov stable;

(A2) there exists a neighborhood W of the set I such that if x 2 W , then

f k.x/ ! I; k ! 1: (11.3)

Sometimes, the term attractor is replaced by the term attracting set.
Consider the set of points x 2 M for which relation (11.3) is satisfied; this set is

called the basin of the attractor I and denoted D.I/.
Let us first describe several simple properties of attractors.

Lemma 11.2. The set D.I/ is open.

Proof. Consider a point x 2 D.I/. Relation (11.3) implies that there exists an index
m such that f m.x/ 2 W (here W is the neighborhood mentioned in the definition of
the attractor I ). There exists a neighborhoodN of the point x such that f m.N / � W .
Clearly, N � D.I/.

Lemma 11.3. If K is a compact subset of D.I/ and U is a neighborhood of I , then
there exists an index m0 such that f m.K/ � U for m � m0.

Proof. To get a contradiction, let us assume that there exists a compact subset K of
the basin D.I/ and a neighborhood U of the attractor I with the following property:
For any m0 there exists an index m � m0 such that

f m.K/ n U ¤ ;: (11.4)

Find a sequence of points xm 2 K;m � 0, such that f m.xm/ … U . Let y be a limit
point of the sequence xm (for simplicity, we assume that y D limm!1 xm).

Then y 2 K; hence, y 2 D.I/. Since the set I is Lyapunov stable, there exists a
neighborhood V of I such that f k.V / � U for k � 0.

Find an index k0 such that f k0.y/ 2 V . If m is large enough, then f k0.xm/ 2 V .
Hence,

f kCk0.xm/ 2 U; k � 0:

Take m > k0 and k D m � k0 to get a contradiction with relation (11.4). This
completes the proof.

In what follows, we assume that M is a metric space (in particular, we will use the
following simple property of metric spaces: If a point x does not belong to a compact
set K, then there exists a neighborhood of the set K that does not contain x).

Corollary 11.2. If K is a compact subset of the basin D.I/ and x … I , then there
exists an index m0 such that f m.x/ … K for m � �m0.
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Proof. Since the point x does not belong to the compact set I , there exists a neigh-
borhood U of the attractor I that does not contain x. By Lemma 11.3, there exists
an index m0 such that f m.K/ � U for m > m0. Clearly, m0 has the desired prop-
erty.

Let us describe a general construction which allows one to establish the existence
of an attractor.

Theorem 11.2. Assume thatU is an open subset ofM for which there exists a natural
number N such that

f N .ClU / � U and f NC1.ClU / � U: (11.5)

Then the set

I D
\

k�0

f kN .ClU / (11.6)

is an attractor of the dynamical system f , and ClU � D.I/.

Proof. The first condition in (11.5) implies that

ClU 
 f N .ClU / 
 f 2N .ClU / 
 � � � : (11.7)

Hence, the set I defined by equality (11.6) is nonempty and compact.
Note that if l is a natural number, then

.l C 1/.N C 1/N D l.N C 1/N CN 2 CN:

Hence,

f .lC1/.NC1/N .ClU / D f l.NC1/NCN 2

.f N .ClU / � f l.NC1/NCN 2

.ClU /:

A similar reasoning shows that

f .lC1/.NC1/N .ClU / � f l.NC1/NCN.N�1/.f N .ClU /

� � � � � f l.NC1/N .ClU /: (11.8)

Relations (11.7) and (11.8) imply that

I D
\

l>0

f l.NC1/N .ClU /:

Applying the second condition in (11.5), let us define the compact set

I1 D
\

k�0

f k.NC1/.ClU /:
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The same reasoning as above proves that

I1 D
\

l>0

f l.NC1/N .ClU /:

Hence, I D I1.
Now we note that

f N .I / D
\

k�1

f kN .ClU / D I:

Similarly,

f NC1.I / D f NC1.I1/ D I1 D I:

Hence,

f NC1.I / D f N .I /; and f .I / D I:

It follows that the set I is f -invariant.
Let us prove that the set I is Lyapunov stable. Let Y be an arbitrary neighborhood

of the set I . Since I is a compact f -invariant set, there exists a neighborhood V0 of
the set I such that

f m.V0/ � Y; m D 0; 1; : : : ; N � 1:
Relations (11.6) and (11.7) imply the existence of an index m0 such that

f mN .ClU / � V0; m � m0: (11.9)

Set V D f m0N .U / and consider an arbitrary k � 0. Representing k in the form

k D lN C l1; l � 0; 0 � l1 � N � 1;
we get the relations

f k.V / D f l1.f lN .V // D f l1.f .m0Cl/N .U // � f l1.V0/ � Y;

which imply that I is Lyapunov stable.
A similar reasoning applying the fact that for any neighborhood V0 of the set I

there exists an index m0 for which relations (11.9) are valid shows that the set I
has property (A2). We can take as W any open set containing ClU and such that
f N .W / � U (clearly, any small enough neighborhood of the set ClU has the latter
property).

This implies the desired inclusion ClU � D.I/.
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In what follows, we assume that M is a compact metric space.
We say that an attractor I of a dynamical system f is stable in H.M/ with respect

to the Hausdorff metric if for any " > 0 there exists a neighborhoodW of f inH.M/

such that any dynamical system g 2 W has an attractor I 0 such that

distH .I; I
0/ < ":

M. Hurley studied in [37] stability of attractors inH.M/with respect to the Hausdorff
metric.

Theorem 11.3 ([37]). Any attractor of a generic dynamical system is stable inH.M/

with respect to the Hausdorff metric.

We do not prove the Hurley theorem here; we get it as a corollary of a more general
statement.

Let us introduce one more metric on the set C.M/; let

R0.A;B/ D max.distH .A;B/; distH .Cl.M n A/;Cl.M n B//
(we preserve the original notation introduced by the author in [10]). It is easily shown
that R0 is a metric.

Exercise 11.1. Show that the metrics distH and R0 generate different topologies on
the set C.D2/, where D2 is the two-dimensional disk.

We say that an attractor I of a dynamical system f is stable in H.M/ with respect
to the metric R0 if for any " > 0 there exists a neighborhood W of f in H.M/ such
that any dynamical system g 2 W has an attractor I 0 such that

R0.I; I
0/ < ":

Theorem 11.4. Any attractor of a generic dynamical system is stable in H.M/ with
respect to the metric R0.

Clearly, distH .A;B/ � R0.A;B/; hence, Theorem 11.3 is a corollary of Theo-
rem 11.4.

First we prove a simple lemma.

Lemma 11.4. If I 2 C.M/, then

lim
d!0

distH .M nN.d; I //;Cl.M n I // D 0:

Proof. Clearly,

M nN.d; I / � Cl.M n I /:
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Thus, we have to show that

lim
d!0

dev.M nN.d; I //;Cl.M n I // D 0: (11.10)

Assuming the converse, we can find a number a > 0 and a sequence of points xk 2
Cl.M n I / such that

dist.xk; N.1=k; I // � a:

Let x be a limit point of the sequence xk (such a point exists since the space M is
compact). If k is large enough, then

dist.x;M nN.1=k; I // � a=2: (11.11)

If x … I , then x … N.1=k; I / for large k, which shows that inequalities (11.11)
cannot hold.

If x 2 I , then x 2 @I . Find a sequence of points yl 2 M n I such that yl ! x as
l ! 1. There exists an index m such that

dist.ym; x/ < a=2: (11.12)

Since ym … I , ym … N.1=k; I / for large k, and relations (11.11) and (11.12) are
contradictory.

This proves equality (11.10).

Now we pass to the proof of Theorem 11.4.
Let us extend the Hausdorff metric distH from the set C.M/ to the set C.M/[¹;º

by setting

distH .;; A/ D diamM

for A ¤ ;. It is easily seen (check!) that Lemma 11.1 and Corollary 11.1 remain
valid for mappings

F W X ! C.M/ [ ¹;º:
Let U be a nonempty open subset of M . We assign to this set two mappings

GC; G� W H.M/ ! C.M/ [ ¹;º
as follows. If a dynamical system f has an attractor I such that

I � U � ClU � D.I/; (11.13)

then we set

GC.f / D I and G�.f / D Cl.M n I /:
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Otherwise, we set

GC.f / D M and G�.f / D ;:

To show that the mappings GC and G� are well defined, we prove that a dynamical
system f has not more than one attractor that satisfies conditions (11.13).

To get a contradiction, let us assume that a dynamical system f has two attractors
I1 ¤ I2 such that

I1 � U � ClU � D.I1/

and

I2 � U � ClU � D.I2/:

Let I1 n I2 ¤ ;; consider a point x 2 I1 n I2. Since the set I1 is f -invariant,
O.x; f / � I1 � ClU . We apply Corollary 11.2 to x and I2 to show that f m.x/ …
ClU for some m. The contradiction obtained shows that the mappings GC and G�
are well defined.

Now we prove that the mapping GC is upper semicontinuous and the mapping G�
is lower semicontinuous.

We start with the mapping GC. Fix a dynamical system f 2 H.M/. If GC.f / D
M , then the mapping GC is obviously upper semicontinuous at f . Now we assume
that f has an attractor I satisfying condition (11.13), so that GC.f / D I . We select
a small d > 0 such that N.d; I / � U .

By Lemma 11.3, there exists a natural number n such that

f n.ClU / � N.d; I / and f nC1.ClU / � N.d; I /:

We can find a neighborhood W of the dynamical system f in H.M/ such that if
g 2 W , then

gn.ClU / � N.d; I / and gnC1.ClU / � N.d; I /:

By Theorem 11.2, there exists an attractor I 0 of g such that

I 0 � U � ClU � D.I 0/:

Clearly, GC.g/ D I 0, which proves that the mapping GC is upper semicontinuous
at f .

Now we consider the mappingG� and a dynamical system f . IfG�.f / D ;, then
the mapping G� is obviously lower semicontinuous at f . Now we assume that f has
an attractor I satisfying condition (11.13), so that G�.f / D Cl.M n I /.
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Fix a small d > 0. By Lemma 11.4, there exists a small b > 0 such that N.b; I / �
U and

distH .M nN.b; I /;Cl.M n I // < d: (11.14)

The same reasoning as in the case of the mapping GC shows that there exists a neigh-
borhoodW of f inH.M/ such that any dynamical system g 2 W has an attractor I 0
such that

I 0 � N.b; I / � U � ClU � D.I 0/:

We prove that in this case, the inclusion

Cl.M n I / � N.d;Cl.M n I 0// (11.15)

holds, which implies that

G�.g/ � N.d;G�.f //:

Consider a point x 2 Cl.M n I /. Since I 0 � N.d; I /,

M nN.d; I / � M n I 0 � Cl.M n I 0/;
and it follows that

dist.x;Cl.M n I 0// � dist.x;M nN.d; I // < d
(here we refer to inequality (11.14)). This proves inclusion (11.15); since d > 0 is
arbitrary, we conclude that the mapping G� is lower semicontinuous at f .

It was assumed that M is a compact metric space. Hence, the topology of M has
a countable base. It follows that we can find a countable family U D ¹Um; m 2 Zº
of open subsets of M having the following property: For any pair K1; K2 of disjoint
compact subsets of M there exists a set Um from the family U such that

K1 � Um and K2 \ ClUm D ;:
To any set Um from the family U we assign the corresponding mappings GCm and
G�m; let CCm and C�m be the sets of continuity points of the mappings GCm and G�m,
respectively.

Since the mappings GCm and G�m are semicontinuous, Corollary 11.1 implies that
the set

C � D
\

m2Z

.CCm \ C�m /

is a residual subset of H.M/.
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Let us show that if f 2 C �, then any attractor I of the dynamical system f is
stable in H.M/ with respect to the metric R0.

Let I be an attractor I of a dynamical system f 2 C � (we only consider the case
I ¤ M and leave the easy case I D M to the reader). The sets I and M nD.I/ are
disjoint compact sets; hence, there exists a set Um from the family U such that

I � Um � ClUm � D.I/:

Fix an arbitrary " > 0. Since the mappings GCm and G�m are continuous at f , there
exists a neighborhood W of f in H.M/ such that if g 2 W , then

distH .G
C
m .g/; G

C
m .f // < " and distH .G

�
m.g/; G

�
m.f // < ": (11.16)

By the definition of the mappings GCm and G�m, the set I 0 D GCm .g/ is an attractor of
the dynamical system g, and G�m.g/ D Cl.M n I 0/. Inequalities (11.16) imply that
R0.I; I

0/ < ". The theorem is proven.

Attractors that are stable in H.M/ with respect to the metric R0 have several im-
portant properties. Let us mention one of such properties (to simplify presentation,
we assume that the phase space is a smooth closed manifold, though an analog of the
result which we prove is valid for more general phase spaces).

Theorem 11.5. Let M be a smooth closed manifold. If an attractor I of a dynamical
system f 2 H.M/ is different fromM and stable inH.M/ with respect to the metric
R0, then its boundary J D @I is Lyapunov stable.

Proof. To get a contradiction, assume that the boundary J of the attractor I is not
Lyapunov stable. In this case, there exists a number a > 0 and sequences of points
xm and numbers km such that

dist.xm; J / ! 0; m ! 1I dist.f km.xm/; J / � a:

Clearly, in this case the attractor I does not coincide with its boundary J (since the
attractor itself is Lyapunov stable); thus, its interior Int I is not empty.

In addition, the above-mentioned points xm must belong to Int I , and the numbers
km must tend to 1 (since J is a compact f -invariant set).

Let x 2 J be a limit point of the sequence xm (for simplicity, we assume that
xm ! x, m ! 1). Since the point x belongs to the boundary of I , there exists a
sequence of points ym 2 M n I such that ym ! x, m ! 1.

Since the set D.I/ is open, there exists a number b > 0 such that

Cl.N.b; I // � D.I/:

By Corollary 11.2, there exist numbers lm < 0 such that f lm.ym/ … Cl.N.b; I //.
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Set 
m D f lm.ym/ and 
m D f km.xm/. Consider the sets

Ym D ¹f l.ym/ W lm � l � 0º
and

Xm D ¹f k.xm/ W 0 � l � kmº:
Take a small coordinate neighborhood V of the point x and assume that this neighbor-
hood is convex in local coordinates (further, considering points of the neighborhood
V , we work with local coordinates of these points; thus, we may assume that we work
in a domain of a Euclidean space, which allows us to apply Lemma 10.1).

We take m so large that the points xm and ym belong to V ; let Lm be the segment
with endpoints xm and ym.

First we assume that

Xm \ Lm D ¹xmº and Ym \ Lm D ¹ymº: (11.17)

In this case, there exists a neighborhood Um of the segment Lm such thatXm \Um D
¹xmº and Ym \ Um D ¹ymº.

Apply Lemma 10.1 to find a homeomorphism hm of the manifold M such that
hm.ym/ D xm and hm coincides with Id outside the neighborhood Um. Set gm D
hm ı f .

Clearly, we can find homeomorphisms hm such that

�0.gm; f / ! 0; m ! 1: (11.18)

Since gm.y/ D y for y … .Xm [Ym/n¹ym; f
�1.ym/º and gm.f

�1.ym// D f .xm/,
the following inclusion holds:


m 2 O.
m; gm/: (11.19)

By our assumption, the attractor I is stable in H.M/ with respect to the metric R0;
hence, it follows from relation (11.18) that the dynamical systems gm have attractors
Im such that

R0.I; Im/ ! 0; m ! 1: (11.20)

If 
m 2 Im, then

distH .Im; I / � b: (11.21)

If 
m … Im, then inclusion (11.19) implies that 
m 2 M n Im, and

distH .Cl.M n I /;Cl.M n Im// � a: (11.22)



Section 11.4 Attractors of dynamical systems 157

Relation (11.20) implies that none of inequalities (11.21) and (11.22) is satisfied for
large m. The contradiction obtained completes the proof of Theorem 11.5 in the case
where condition (11.17) is valid.

If condition (11.17) is not valid, we find in the segment Lm closest points y0 and x0
of the sets Ym and Xm. After that, we repeat the above reasoning (replacing the sets
Ym and Xm by the “segments” of trajectories with endpoints 
m and y0 for the first
segment and endpoints x0 and 
m for the second segment, respectively).

We agree that the empty set (the boundary of the attractor that coincides with the
whole manifold) is Lyapunov stable. Then we can formulate an important corollary
of Theorems 11.4 and 11.5.

Theorem 11.6. Let M be a smooth closed manifold. A generic dynamical system
f 2 H.M/ has the following property: The boundary of any attractor is Lyapunov
stable.

Exercise 11.2. Give an example of a dynamical system that has an attractor I such
that I is stable in H.M/ with respect to the Hausdorff metric and its boundary is not
Lyapunov stable.

Let I � M be a nonempty compact set. We say that I is a quasiattractor of a
dynamical system f if there exists a countable family Im, m � 0 of attractors of f
such that

I D
\

m�0

Im:

Clearly, any quasiattractor is f -invariant.
Define the basin D.I/ of a quasiattractor I as the set of points x 2 M for which

relation (11.3) holds.
Note that, in contrast to the case of an attractor, the basin of a quasiattractor is not

necessarily open.

Example 11.1. Let M D S1 with coordinate x 2 Œ0; 1/. Consider a smooth real-
valued function F.x/ that has the following properties:

F.x/ D 0; x 2 ¹0; 1=2; 1=3; : : : º;
F .x/ > 0; x 2 .1=2; 1/;

and

F.x/ < 0; x 2 .1=3; 1=2/ [ .1=4; 1=3/ [ � � � :
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Let �.t; x/ be the flow on S1 generated by the system of differential equations

dx

dt
D F.x/

and let f .x/ D �.1; x/.
Clearly, any of the sets

Im D Œ0; 1=.mC 3/�; m � 0;

is an attractor of f , and the set

I D
\

m�0

Im

is a quasiattractor.
The basin of I is the set .1=2; 1/ [ ¹0º that is not open.

Exercise 11.3. Show that a quasiattractor is Lyapunov stable.
It is easy to understand that the converse statement is not true in general. Consider

as an example the dynamical system generated by the identity mapping of a compact
metric space M . Clearly, any compact subset of M is Lyapunov stable; at the same
time, only the space M itself is the unique attractor (and quasiattractor).

Such a statement is true for C 0-generic systems.

Theorem 11.7. Let M be a smooth closed manifold. Any Lyapunov stable set of a
generic system f 2 H.M/ is a quasiattractor.

The reader can find a proof of Theorem 11.7 in the book [10].
It follows from theorems 11.6 and 11.7 that if M is a smooth closed manifold,

then the boundary of any attractor of a generic dynamical system f 2 H.M/ is a
quasiattractor.



Chapter 12

Shadowing of pseudotrajectories in dynamical
systems

12.1 Definitions and results

Let f be a homeomorphism of a metric space .M; dist/.
Fix a d > 0. A sequence


 D ¹xk 2 M W k 2 Zº (12.1)

is called a d -pseudotrajectory of the dynamical system f if the following inequalities
hold:

dist.xkC1; f .xk// < d; k 2 Z: (12.2)

The basic property of dynamical systems related to the notion of a pseudotrajectory is
called shadowing.

We say that a dynamical system f has the shadowing property if for any " > 0

we can find a d > 0 such that for any d -pseudotrajectory 
 of f there exists a point
x 2 M such that

dist.xk ; f
k.x// < "; k 2 Z (12.3)

(in this case, we say that the pseudotrajectory 
 is "-shadowed by the exact trajectory
of the point x).

If a dynamical system has the shadowing property, then, for any its approximate
trajectory (obtained, for example, by a numerical method with good accuracy) there
is a close exact trajectory. In this case, an approximate pattern of trajectories given by
numerical modeling reflects the exact structure of trajectories.

In parallel to the shadowing property defined above, one more property (called the
inverse shadowing property) is studied. In this case, the problem is formulated as
follows. Assume that we are given a family of pseudotrajectories. Given an exact
trajectory, can we find a close pseudotrajectory in this family?

Of course, in this case the answer depends not only on the dynamical system but
also on the given family of pseudotrajectories. At present, the property of inverse
shadowing (first posed in the author’s paper [38]) is studied for a wide class of families
of pseudotrajectories.
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In this book, we restrict ourselves to consideration of one of such families intro-
duced in [39].

A family of continuous mappings  k W M ! M , k 2 Z, is called a d -method if
the following inequalities hold:

dist. k.x/; f .x// < d; x 2 M;k 2 Z: (12.4)

We say that a pseudotrajectory of the form (12.1) is generated by a d -method ¹ kº
if

xkC1 D  k.xk/; k 2 Z:

Finally, we say that a dynamical system f has the inverse shadowing property if for
any " > 0 we can find a d > 0 such that for any point x 2 M and any d -method
¹ kº there exists a pseudotrajectory 
 generated by this method for which inequalities
(12.3) hold.

The problem of shadowing first studied by Anosov and Bowen became one of the
important problems in the global qualitative theory of dynamical systems (let us men-
tion the monographs [11] and [40] devoted to this problem).

Really less is known about the inverse shadowing property (let us mention the pa-
pers [41, 39]).

In parallel to the above-formulated properties, their Lipschitz variants are studied.
We say that a dynamical system f has the Lipschitz shadowing property if there

exist positive constants L and d0 such that for any d -pseudotrajectory 
 with d � d0

there exists a point x 2 M such that

dist.xk ; f
k.x// � Ld; k 2 Z: (12.5)

We say that a dynamical system f has the Lipschitz inverse shadowing property if
there exist positive constants L and d0 such that for any point x 2 M and any d -
method ¹ kº with d � d0 there exists a pseudotrajectory 
 generated by this method
for which inequalities (12.5) hold.

In this book, we prove the following basic statements of the shadowing theory (to
simplify presentation, we work with diffeomorphisms of Euclidean spaces).

Theorem 12.1. If ƒ is a hyperbolic set of a diffeomorphism f , then f has the Lips-
chitz shadowing property in a neighborhood of the set ƒ.

In the proof of Theorem 12.1, we use a construction suggested in the paper [41].
To formulate our theorem on inverse shadowing, we introduce one important no-

tion from the theory of structural stability. Let f be a diffeomorphism of a smooth
manifold M .

Fix numbers C > 0 and � 2 .0; 1/ and a point p 2 M . We say that f has .C; �/-
structure at the trajectory O.p; f / if for any point pi D f i .p/ there exist linear
subspaces S.pi / and U.pi / of the tangent space Tpi

M such that



Section 12.1 Definitions and results 161

(C1) Tpi
M D S.pi /˚ U.pi /;

(C2) Df.pi /S.pi / � S.piC1/ and Df �1.pi /U.pi / � U.pi�1/;

(C3.1) jDf k.pi /vj � C�kjvj for v 2 S.pk/ and k � 0;

(C3.2) jDf �k.pi /vj � C�kjvj for v 2 U.pk/ and k � 0;

(C4) if P.pi / and Q.pi / are the projections in Tpi
M onto S.pi / parallel to

U.pi / and onto U.pi / parallel to S.pi /, respectively, then kS.pi /k;
kU.pi /k � C .

An important step in the proof of Theorem 7.6 (Axiom A and the strong transversality
condition imply structural stability) was the proof of existence of a .C; �/-structure
(with the same C; �) at any trajectory (let us note that our definition differs from the
original definition introduced in [42]).

Let us note the main difference between the definition of hyperbolicity (see Sec-
tion 7.1) and that of .C; �/-structure. Property (C1) is equivalent to property (HS2.1)
(taking Lemma 7.2 into account); inequalities (C3.1)–(C3.2) have the same form as
inequalities (HS2.2)–(HS2.3). The main difference is as follows: equalities (HS2.2)
are replaced by inclusions (C2).

The corollary to Lemma 7.3 shows that in the case of a hyperbolic set, the norms
of the projections P.p/ and Q.p/ are bounded by a constant that depends on the
hyperbolicity constants C; � in inequalities (HS2.2)–(HS2.3) and on the estimate of
the norm of kDf.xk.

In the case of a structurally stable diffeomorphism (for which there exist .C; �/-
structures with the same C; � at any trajectory), it is possible to find .C; �/-structures
with an arbitrarily large constant C in property (C4) even if the constants in inequali-
ties (C3.1) and (C3.2) are fixed.

Example 12.1. Consider a diffeomorphism f of the two-dimensional sphere S2 such
that the “north pole” P0 and the “south pole” P1 are hyperbolic fixed points (P1 is
an attracting fixed point, and P0 is a repellor), while trajectories of all points different
from P0 and P1 tend to P1 as k ! 1 and to P0 as k ! �1.

Clearly, �.f / D P0 [ P1; thus, f satisfies Axiom A. Since the stable manifold
W s.P1/ and the unstable manifold W u.P0/ are two-dimensional, they are transverse
at any point of intersection; thus, the strong transversality condition is satisfied. By
Theorem 7.6, f is structurally stable.

We can construct the diffeomorphism f so that it is given by

f .x1; x2/ D .2x1; 2x2/

in local coordinates x D .x1; x2/ in a neighborhood U0 of the point P0 and by

f .y1; y2/ D .y1=2; y2=2/
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in local coordinates y D .y1; y2/ in a neighborhood U1 of the point P1. We also may
assume that U0 D ¹jxj < aº and U1 D ¹jyj < aº for some a > 0.

Set S.p/ D ¹0º and U.p/ D TpS
2 for p 2 U0 and S.p/ D TpS

2 and U.p/ D ¹0º
for p 2 U1. Set � D 1=2.

Clearly, if p 2 U0 and v 2 U.p/, then

jDf �k.p/vj � �kjvj; k � 0I
similarly, if p 2 U1 and v 2 S.p/, then

jDf k.p/vj � �kjvj; k � 0:

Let

N D max
p2S2

max.kDf.p/k; kDf �1.p/k/:

By Theorem 3.3, there exists a number n > 0 such that if p 2 S2 n .U0 [U1/, then
f k.p/ 2 U0 for k � �n and f k.p/ 2 U1 for k � n.

Take a point p 2 S2 n .U0 [ U1/ and find for it numbers n0 < 0 and n1 > 0 such
that f n0.p/ 2 U0, f n0C1.p/ … U0, f n1.p/ 2 U1, and f n1�1.p/ … U1 (clearly, in
this case f k.p/ 2 U0 for k � n0 and f k.p/ 2 U1 for k � n1).

It follows from our choice that jn0j; n1 � n.
Take as the subspaces S.p/ and U.p/ any two transverse one-dimensional sub-

spaces of TpS
2 and set

S.f i .p// D Df iS.p/ and U.f i .p// D Df iU.p/; n0 C 1 � i � n1 � 1

(at points f i .p/with i � n0 and i � n1, the subspaces S andU have been previously
defined).

Let us show that for the defined subspaces, properties (C1)-(C3) from the definition
of a .C; �/-structure hold with � D 1=2 and C D .2N /n.

If v 2 S.p/, then the following inequalities hold:

jDf k.p/vj � N kjvj; 0 � k � n1;

and

jDf k.p/vj � N n12�.k�n1/; n1 < k:

Now inequalities (C3.1) follow from the obvious estimates

N n12n1�k � .2N /n2�k; 0 � k � n1:

The same reasoning proves inequalities (C3.2).
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Clearly, one can construct similar subspaces S andU for any point of the sphere S2.
At the same time, S.p/ and U.p/ are one-dimensional subspaces of the tangent

space TpS
2 such that the angle between these subspaces can be arbitrarily small (in

which case, the norms of the projections in TpS
2 onto S.p/ parallel to U.p/ and onto

U.p/ parallel to S.p/, respectively, are arbitrarily large).
Thus, f has trajectories with .C; �/-structure for which the constant C in property

(C4) is arbitrarily large, while the constants � D 1=2 and C D .2N /n in inequalities
(C3.1) and (C3.2) are fixed.

We formulate and prove a theorem on conditions of inverse shadowing in a local
variant (i.e., for a single trajectory of a diffeomorphism); it is easy to understand that if
f has .C; �/-structure with the same C; � at any trajectory and there exists a number
r > 0 such that condition (12.6) below is satisfied at any point q 2 Rn, then f has
the Lipschitz inverse shadowing property on the whole space.

Theorem 12.2. Assume that a diffeomorphism f of the space Rn has .C; �/-structure
at a trajectory O.p; f /. Assume also that there exists a number r > 0 such that

jf .q C v/ � f .q/ �Df.q/vj � 1

2L0
jvj; jvj � r; (12.6)

for any point q D f i .p/; i 2 Z, where

L0 D C 2 1C �

1 � � :

Set

d0 D r

2L0
:

Then any d -method ¹ kº with d � d0 generates a pseudotrajectory ¹xkº for which
inequalities (12.5) hold with x D p and L D 2L0.

In the last theorem of this section, we characterize shadowing properties of linear
diffeomorphisms of the space Rn (note that it is possible to get necessary and suffi-
cient conditions for shadowing only for linear diffeomorphims).

Theorem 12.3. For a linear diffeomorphism L of the space Rn generated by a map-
ping x 7! Ax, the following five statements are equivalent.

(1) L has the shadowing property;

(2) L has the Lipschitz shadowing property;

(3) L has the inverse shadowing property;

(4) L has the Lipschitz inverse shadowing property;

(5) the matrix A is hyperbolic.
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12.2 Proof of Theorem 12.1

In the proof of Theorem 12.1, we refer to the existence of a so-called Lyapunov norm
in a neighborhood of a hyperbolic set (with respect to this norm, the constant C in in-
equalities (HS2.3) and (HS2.4) in the definition of a hyperbolic set equals 1). Working
with such a norm, we can simplify many proofs in the theory of hyperbolic sets.

Lemma 12.1. Let ƒ be a hyperbolic set of a diffeomorphism f with hyperbolicity
constants C; �0. For any " > 0 and � 2 .�0; 1/ we can find a neighborhoodW of the
set ƒ having the following property. There exist positive constants N; ı, a C1 norm
j � jx for x 2 W , and continuous (but not necessarilyDf -invariant) extensions S 0 and
U 0 of the families S and U of the given hyperbolic structure to the neighborhood W
such that

(1) S 0.x/˚ U 0.x/ D Rn; x 2 W ;

(2) if x; y 2 W , jf .x/ � yj � ı, and Px is the projection onto S 0.x/ parallel to
U 0.x/, then the mapping PyDf.x/ is a linear isomorphism between S 0.x/ and
S 0.y/ (respectively, if Qx D Id � Px , then the mapping QyDf.x/ is a linear
isomorphism between U 0.x/ and U 0.y/) and the following inequalities hold:

jPyDf.x/vjy � �jvjx ; jQyDf.x/vjy � "jvjx; v 2 S 0.x/; (12.7)

and

�jQyDf.x/vjy � jvjx ; jPyDf.x/vjy � "jvjx ; v 2 U 0.x/I (12.8)

(3)

1

N
jvjx � jvj � N jvjx ; x 2 W; v 2 Rn: (12.9)

Proof. First we construct a continuous norm j � jx having the desired properties. Fix a
number � 2 .�0; �/ and find a natural number � such that

C

�

�0

�

�	C1

< 1: (12.10)

Consider a point p 2 ƒ and a vector v 2 Rn; represent v D vs C vu 2 S.p/˚U.p/

and set

jvj2p D jvsj2 C jvuj2;
where

jvsjp D
	
X

jD0

��j jDf j .p/vsj and jvujp D
	
X

jD0

��j jDf �j .p/vuj:
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The vector vs satisfies the following estimate:

jDf.p/vsjf .p/ D
	
X

jD0

��j jDf j .f .p//Df .p/vsj

D �
�

	
X

jD1

��j jDf j .p/vs j C ��	�1jDf 	C1.p/vsj
�

� �
�

	
X

jD1

��j jDf j .p/vsj C ��	�1C�	C1
0 jvsj

�

� �jvsjp

(in the last inequality, we refer to inequality (12.10)).
A similar reasoning shows that

jDf.p/vujf .p/ D
	
X

jD0

��j jDf �j .f .p//Df .p/vuj

D ��1
�

	�1
X

jD0

��j jDf �j .p/vuj C �jDf.p/vuj
�

:

Since

w WD Df �	.p/vu D Df �	�1.f .p//Df .p/vu;

it follows from property (HS2.4) that

jwj � C�	C1
0 jDf.p/vuj;

which gives us the inequality

jDf.p/vujf .p/ � ��1
�

	�1
X

jD0

��j jDf �j .p/vuj C ��	 �	C1

C�	C1
0

jDf �	.p/vuj
�

� ��1jvujp :
By construction, the norm j � jx is continuous on the set ƒ (recall that the families of
subspaces S and U are continuous by Lemma 7.4).

Let us extend the hyperbolic structure from the setƒ by continuous (but not neces-
sarily Df -invariant) families of subspaces S 0; U 0 to a small closed neighborhood W0

(i.e., the closure of a neighborhood of ƒ) so that statement (1) of our lemma holds
in W0.

After that, we extend to W0 (reducing W0, if necessary) the constructed norm j � jx
and find a constant N such that inequality (12.9) is satisfied in W0.
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For points x 2 ƒ and y D f .x/, the mapping PyDf.x/ (the mapping QyDf.x/)
is a linear isomorphism between S.x/ and S.y/ (between U.x/ and U.y/, respec-
tively). The following relations hold:

kPyDf.x/jS.x/k � �; QyDf.x/jS.x/ D 0;

�kQyDf.x/jU.x/k � 1; and PyDf.x/jU.x/ D 0

(in these relations, the operator norms are generated by the norm j � jx).
We have selected a � < �. Consider a number �0 2 .�; �/.
The mappingsPx ;Qx ; f , andDf are uniformly continuous, The first two relations

above and the inequality � > �0 imply that, given an arbitrary " > 0, we can find
a neighborhood W D W."; �0/ and a number ı > 0 such that if x; y 2 W and
jf .x/ � yj � ı, then

kPyDf.x/jS 0.x/k � �0 and kQyDf.x/jS 0.x/k � ";

i.e., analogs of inequalities (12.7) hold (with � replaced by �). The same reasoning
shows that we can guarantee that analogs of inequalities (12.8) are satisfied.

To complete the proof of our lemma, it remains to smooth out the norm j � jx (reduc-
ingW , if necessary) preserving all the required estimates (and replacing �0 by �).

Let us pass to the proof of Theorem 12.1.
As we said before stating this theorem, we consider a hyperbolic set ƒ � Rn of a

diffeomorphism f with hyperbolicity constants C; �0.
Apply Lemma 12.1 to find a neighborhoodW of the setƒ having all the properties

stated in this lemma. We assume that the neighborhood W is bounded.
Since the projections Px and Qx are bounded, there exists a number M > 0 such

that

kPxk; kQxk � M; x 2 W: (12.11)

Reducing the neighborhood W and the number ı, we may assume that Lemma 12.1
holds with as small " as we need. Since the numbers � and M do not decrease as we
reduce W , we may assume that

�C ".1C 2M/ < 1: (12.12)

Let us show that f has the Lipschitz shadowing property in W .
Consider a sequence 
 D ¹xkº � W that satisfies the inequalities

jf .xk/ � xkC1j � d: (12.13)

Estimates (12.9) imply that

jf .xk/ � xkC1jxkC1
� N jf .xk/ � xkC1j � Nd: (12.14)
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Assume that we can find numbers D0 and L0 such that if a sequence 
 satisfies
inequalities (12.14) with Nd � D0, then there exists a point x such that

jf k.x/ � xkjxkC1
� L0Nd:

In this case,

jf k.x/ � xkj � L0N
2d I

thus, f has the Lipschitz shadowing property in the neighborhood W with constants
d0 D D0=N and L D L0N

2.
Hence, without loss of generality, we may assume that the standard Euclidean norm

has all the properties of the norm j � jx described in Lemma 12.1. To simplify notation,
we write S;U instead of S 0; U 0.

Consider a point x 2 W and a vector v 2 Rn and represent

f .x C v/ D f .x/CDf.x/v C h.x; v/:

Clearly, there exists a number a > 0 (depending on " and not on the point x 2 W )
such that

jh.x; v/j � "jvj as jvj � a: (12.15)

Set

L D 2M

1 � � � ".1C 2M/
(12.16)

and

d0 D min
�

ı;
a

L

�

: (12.17)

We claim that f has the Lipschitz shadowing property in the neighborhood W with
constants d0 and L.

Thus, we consider a sequence 
 � W that satisfies inequalities (12.13) with d �
d0. In addition, we consider a sequence 
 D ¹yk 2 Rnº and set yk D xk C vk . The
sequence 
 is a trajectory of the diffeomorphism f if and only if

vk C xk D f .xk�1 C vk�1/:

Let us write these equalities in the form

vk D Df.xk�1/vk�1 C .f .xk�1/ � xk/C h.xk�1; vk�1/: (12.18)

To find a shadowing trajectory 
 satisfying the required estimates, we want to apply
the Schauder fixed point theorem.
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Let V be the space of bounded sequences V D ¹vk 2 Rn W i 2 Zº with the norm

kV k D
1
X

kD�1

jvkj
2jkj

:

With respect to this norm, V is a Banach space. We introduce on this space a metric

dist.V; V 0/ D kV � V 0k:
Set b D dL=2 and denote by B the subset of V consisting of sequences V D

¹vk 2 Rnº that satisfy the inequalities

jPxk
vkj; jQxk

vkj � b: (12.19)

Since the projections Pxk
and Qxk

are complementary,

Pxk
vk CQxk

vk D vk ;

Hence, if V 2 B, then

jvkj � 2b D dL � a: (12.20)

Let us introduce the Tikhonov product topology on B (compare with Example 1.1).
Take an element V 2 B, a finite subset I D ¹k1; : : : ; kmº of the set of integers,

and a family c D ¹c1; : : : ; cmº of positive numbers. The set

C.V; I; c/ D ¹V 0 2 B W jv0k � vkj < ck ; k 2 I º
is called a cylinder. The base of neighborhoods of an element V 2 B in the Tikhonov
product topology consists of all cylinders C.V; I; c/ with all possible I and c.

It is easy to show that the metric topology induced by the above metric dist on B

coincides with the Tikhonov product topology on B.
Indeed, consider an open ball

B D ¹V 0 2 B W dist.V 0; V / < "º:
There exists a finite subset I � Z such that

2
X

k2ZnI

a

2jkj
<
"

2

(when we apply this estimate below, we take into account that jv0
k

� vkj � 2a for
V 0; V 2 B due to inequality (12.20)).

If we take positive numbers ck 2 I such that
X

k2I

ck

2jkj
<
"

2
;
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then dist.V 0; V / < " for any V 0 2 C.V; I; c/, which means that the cylinderC.V; I; c/
is a subset of the ball B .

On the other hand, if we take any cylinder C.V; I; c/, then we can find a positive
" (depending, of course, on I and c) such that the inequality dist.V 0; V / < " implies
the inequalities

jv0k � vkj < ck ; k 2 I;
which means that the ball

¹V 0 2 B W dist.V 0; V / < "º
is a subset of C.V; I; c/.

The Tikhonov theorem implies that B, a countable product of compact sets given
by inequalities (12.19), is compact in the Tikhonov product topology.

Hence, B is a compact subset of the Banach space of sequences with norm k � k
(and, clearly, the set B is convex).

Let us recall the Schauder fixed point theorem (Schauder principle): A continuous
operator that maps a convex and compact subset of a Banach space into itself has a
fixed point in this set (see [43]).

To find a solution of equations (12.8), we define on B an operator T that assigns to
a sequence V 2 B a sequence W D ¹wk 2 Rnº as follows.

We define the projections of elements wk of the sequence W D T .V / to the sub-
spaces S.xk/ and U.xk/ (clearly, this defines the sequence W ).

To simplify notation, denote by x D xk�1 and y D xk two consecutive points of
the pseudotrajectory 
 .

Set

Pywk D Py ŒDf .x/vk�1 C .f .x/ � y/C h.x; vk�1/� : (12.21)

Projections to the subspaces U.xk/ are defined in a more complicated way. Con-
sider the linear mapping G.w/ D QyDf.x/w on the subspace U.x/. Statement (2)
of Lemma 12.1 implies that G maps the subspace U.x/ to the subspace U.y/ and the
following inequality holds:

jG.w/ �G.w0/j � 1

�
jw � w0j; w;w0 2 U.x/: (12.22)

Consider the closed balls

B.x/ D ¹w 2 U.x/ W jwj � bº and B.y/ D
²

z 2 U.y/ W jzj � b

�

³

:

It follows form inequality (12.22) thatB.y/ � G.B.x// and that a mapping � , inverse
to G, is defined on B.y/. In addition,

j�.z/ � �.z0/j � �jz � z0j; z; z0 2 B.y/: (12.23)
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Now we define the projections of elements wk to the subspaces U.xk/ (to be ex-
act, we define the projections of elements wk�1 to the subspaces U.xk�1/) by the
equalities

Qxwk�1 D �



Qy Œvk �Df.x/Pxvk�1 � .f .x/ � y/ � h.x; vk�1/�
�

: (12.24)

Since jy � f .x/j � d � ı, we can apply the statement of Lemma 12.1 to the pair
.x; y/. In addition, the choice of a and inequality (12.15) imply that if V 2 B, then

jh.xk ; vk/j � "jvkj; k 2 Z:

Let us estimate the right-hand side of formula (12.21). By statement (2) of Lem-
ma 12.1 (see inequalities (12.7) and (12.8)),

jPy ŒDf .x/vk�1�j D jPy ŒDf .x/.Pxvk�1 CQxvk�1/�j
� �jPxvk�1j C "jQxvk�1j:

Since jf .x/ � yj � d , estimates (12.11) imply that

jPy Œf .x/ � y�j � Md:

Finally, the following estimates hold:

jPyh.x; vk/j � M"jvkj � 2M"b:

These estimates imply that if V 2 B, then

jPywkj � �.1C "C 2M"/b CMd D �.1C "C 2M"/b C 2Mb

L
;

and now it follows from the choice of L and d0 that

jPywkj � b:

Now we estimate the argument of the mapping � in the right-hand side of formula
(12.24). The same reasoning as above establishes the estimate

jQy Œvk �Df.x/Pxvk�1 � .f .x/ � y/ � h.x; vk�1/�j
� jQyvkj C "jPxvk�1j C 2M"b CMd � .1C "C 2M"/b CMd:

Clearly,

�..1C "C 2M"/b CMd/ < �.1C "C 2M"/b CMd:

Property (12.23) of the mapping � , the choice of the number L, and the above esti-
mate imply that

jQxwk�1j � b:
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Thus, with our choice of the numbers L and d , the operator T is defined on the set
B and maps this set to itself.

To prove that the operator T has a fixed point in B, it remains to show that T is
continuous.

By the definition of the operator T , the element wk of the sequence W D T .V /

is determined by the elements vk�1; vk ; vkC1 of the sequence V . Clearly, T is con-
tinuous with respect to the Tikhonov product topology. It was shown above that the
product topology on B is equivalent to the topology induced by the metric dist of our
Banach space V . Thus, T is continuous, and we can apply the Schauder principle.

Now we show that a fixed point V of the operator T gives us a trajectory that
shadows the pseudotrajectory 
 .

Indeed, if V is a fixed point of the operator T , then the following equalities hold:

Pyvk D Py ŒDf .x/vk�1 C .f .x/ � y/C h.x; vk�1/� (12.25)

and

Qxvk�1 D �



Qy Œvk �Df.x/Pxvk�1 � .f .x/ � y/ � h.x; vk�1/�
�

:

Let us apply the mapping G to the second equality:

G.Qxvk�1/ D QyDf.x/Qxvk�1

D Qy Œvk �Df.x/Pxvk�1 � .f .x/ � y/ � h.x; vk�1/�:

Transforming this equality, we see that

Qyvk D Qy ŒDf .x/vk�1 C .f .x/ � y/C h.x; vk�1/�: (12.26)

Adding equalities (12.25) and (12.26), we conclude that the sequence V satisfies
equalities (12.18). The inequalities jvkj � 2b D Ld imply that the point x D x0Cv0

generates the desired shadowing trajectory.

Remark. It is easy to show that if the number d is small enough, then a d -pseudotra-
jectory belonging to a neighborhood of a hyperbolic set is shadowed by a unique exact
trajectory.

This property of uniqueness of a shadowing trajectory is a corollary of the following
property of hyperbolic sets (usually called expansivity): There exists a neighborhood
W of a hyperbolic setƒ and a number c > 0 such that ifO.x; f /;O.y; f / � W and

dist.f k.x/; f k.y// � c; k 2 Z; (12.27)

then x D y.
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Exercise 12.1. Show that the above-formulated property follows from Lemma 12.1.

Hint. Let xk D f k.x/ and yk D f k.y/. Represent

xk � yk D vk C wk ;

where vk 2 S.xk/; wk 2 U.xk/.
Since

xkC1 � ykC1 D f .xk/ � f .yk/ D Df.xk/.vk C wk/C o.c/;

it follows from Lemma 12.1 that

jvkC1j � �jvkj C "jwkj C o.c/

and

jwkC1j � ��1jwkj � "jwkj C o.c/:

Show that if c is small enough and inequalities (12.27) hold, then v0 D 0 andw0 D 0.

12.3 Proof of Theorem 12.2

Consider a trajectoryO.p; f / of a diffeomorphism f at which f has .C; �/-structure.
Fix a d -method ¹ kº with d � d0; let us find a pseudotrajectory 
 D ¹xkº gener-

ated by the method ¹ kº and close to O.p; f / in the form

xk D pk C vk ; k 2 Z; (12.28)

where pk D f k.p/.
The equalities xkC1 D  k.xk/ are equivalent to the equalities

pkC1 C vkC1 D  k.pk C vk/: (12.29)

Since pkC1 D f .pk/ and

f .pk C vk/ D f .pk/CDf.pk/vk C g.pk ; vk/;

we can write equalities (12.29) in the form

vkC1 D Df.pk/vk CGkC1.vk/; (12.30)

where

GkC1.v/ D g.pk; v/C . k.pk C v/ � f .pk C v//:
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Since ¹ kº is a d -method,

j k.pk C v/ � f .pk C v/j < d: (12.31)

Condition (12.6) implies that

jg.pk ; v/j � 1

2L0
jvj (12.32)

for jvj � r .
Similarly to the proof of Theorem 12.1, we apply the Schauder principle to solve

equations (12.30) (but the operator which we use now is essentially different from that
in the proof of Theorem 12.1).

We denote by E the set of bounded sequences

V D ¹vk 2 Rn W k 2 Zº
that satisfy the inequalities

kV k1 D sup
k2Z

jvkj � 2L0d:

We assign to a sequence V 2 E the sequence Z.V / D ¹zk.V /º, where zkC1.V / D
GkC1.vk/.

The inequality 2L0d � r and inequalities (12.31) and (12.32) imply that

kZ.V /k1 � 1

2L0
kV k1 C d; V 2 E: (12.33)

We define on the set E an operator R: R.V / D W D ¹wkº, where

wk D
k
X

iD�1
Df k�i .pi /P.pi /zi .V / �

1
X

iDkC1

Df k�i .pi /Q.pi /zi .V / (12.34)

(compare this operator and the Perron operator which we used in Section 4.4 in the
proof of the existence of the stable manifold for a hyperbolic fixed point of a diffeo-
morphism).

Since P.pi /zi .V / � S.pi / and Q.pi /zi .V / � U.pi /, it follows from the defini-
tion of .C; �/-structure that

jDf k�iP.pi /zi .V /j � C 2�k�i jzi .V /j; k � i;

and

jDf k�iQ.pi /zi .V /j � C 2�i�k jzi .V /j; i � k:
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These inequalities imply that the series defining the operator R converge and the fol-
lowing estimate holds:

kR.V /k1 � L0kZ.V /k1:
Inequality (12.33) shows that R maps the set E into itself.

Let us show that R has a fixed point in E .
Similarly to the proof of Theorem 12.1, we introduce on E the metric

dist.V; V 0/ D
1
X

iD�1

jvi � v0i j
2ji j

:

Literally the same reasoning as in the proof of Theorem 12.1 shows that the metric
topology on E coincides with the Tikhonov product topology. Since E is a countable
product of the compact balls ¹jvj � 2L0dº, the set E is compact. Obviously, this set
is convex.

Thus, it remains to prove that the operator R is continuous on E . In this case, this
part of the proof is more complicated.

Let m be a natural number. Consider the set Em of finite sequences

V D ¹vk 2 Rn W jkj � mº
that satisfy the inequalities

kV km WD max
jkj�m

jvkj � 2L0d:

Denote by �m and � l
m; m � l; the natural projections of E to Em and of El to Em,

respectively (the projections �m and � l
m just “cut off” the “tails” of the corresponding

sequences).
Define operators Rm W E ! Em by analogy with the operator R: Rm.V / D W D

¹wk W jkj � mº, where

wk D
k
X

iD�m

Df k�iP.pi /zi .V / �
m
X

iDkC1

Df k�iQ.pi /zi .V /:

Since the values zi .V /; ji j � m, are determined by the values vk with jkj � mC 1,
the operator Rm is obviously continuous (with respect to the metrics dist on E and
distm.V 0; V / D kV 0 � V km on Em).

The operator �mR maps a sequence V 2 E to the sequence ¹wk W jkj � mº, where
the values wk are given by formulas (12.34).

Take two natural numbers l > m and consider the operator �l
mRl ; this operator

maps a sequence V 2 E to the sequence ¹w0
k

W jkj � mº, where

w0k D
k
X

iD�l

Df k�iP.pi /zi .V / �
l
X

iDkC1

Df k�iQ.pi /zi .V /:
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Let us estimate

k�mR.V / � � l
mRl .V /km D max

jkj�m
jwk � w0k j

� 2L0C
2d max

jkj�m

�

�l�1
X

iD�1
�k�i C

1
X

iD�lC1

�i�k
�

� 4L0C
2d�1�m

1 � � �l :

This estimate implies that the operator �mR is the uniform (with respect to V 2
E) limit as l ! 1 of the continuous operators � l

mRl . Hence, the operator �mR

is continuous. Using the definition of the product topology, we easily see that the
operator R is continuous.

Thus, we conclude that the operator R has a fixed point V 2 E .
The fixed point V satisfies the equalities

vkC1 D
kC1
X

iD�1
Df kC1�i .pi /P.pi /zi .V / �

1
X

iDkC2

Df kC1�i .pi /Q.pi /zi .V /

D P.pkC1/zkC1.V /CDf.pk/P.pk/zk.V /

CDf 2.pk�1/P.pk�1/zk�1.V /C � � �
�Df �1.pkC2/Q.pkC2/zkC2.V /�Df �2.pkC3/Q.pkC3/zkC3.V /� � � � :

Since

Df.pk/vk D Df.pk/P.pk/zk.V /CDf 2.pk�1/P.pk�1/zk�1.V /C � � �
�Q.pkC1/zkC1.V / �Df �1.pkC2/Q.pkC2/zkC2.V /

�Df �2.pkC3/Q.pkC3/zkC3.V / � � � �

and

P.pkC1/zkC1.V /CQ.pkC1/zkC1.V / D zkC1.V /;

the sequence V is a solution of equations (12.30).

12.4 Proof of Theorem 12.3

First we note that the following simple statement is valid (we leave the proof to the
reader).
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Exercise 12.2. If two matrices A and B are similar, then the mappings x 7! Ax

and x 7! Bx have the shadowing property (and the inverse shadowing property)
simultaneously. The same is true for the Lipschitz shadowing and inverse shadowing
properties.

The implications .2/ ) .1/ and .4/ ) .3/ are obvious.
Let us prove the implication .5/ ) .2/.
For this purpose, we can modify the reasoning applied in the proof of Theorem 12.1;

we use here a simpler method that gives us a closed-form expression of the shadowing
trajectory.

By Lemma 4.1, the hyperbolic matrix A is similar to a block-diagonal matrix
diag.B; C / such that kBk � � and kC�1k � �, where � 2 .0; 1/. Applying Ex-
ercise 12.2, we assume that A D diag.B; C /.

Represent a vector x 2 Rn in the form x D .y; z/ according to the representation
A D diag.B; C /. Clearly,

ˇ

ˇ

ˇ

ˇ

Ak

�

y

0

�

ˇ

ˇ

ˇ

ˇ

D jBkyj � �kjyj; k � 0; (12.35)

and
ˇ

ˇ

ˇ

ˇ

Ak

�

0

z

�

ˇ

ˇ

ˇ

ˇ

D jC kzj � ��kjzj; k � 0: (12.36)

Consider a d -pseudotrajectory 
 D ¹xkº of the mapping L.
We represent the trajectory O.p;L/ of the mapping L that shadows the d -pseudo-

trajectory 
 D ¹xkº in the form

pk D Akp D xk C vk ; k 2 Z: (12.37)

Clearly, equalities (12.37) are equivalent to the equalities

xkC1 C vkC1 D A.xk C vk/;

or

vkC1 D Avk C zkC1; k 2 Z; (12.38)

where zkC1 D Axk � xkC1. Since 
 is a d -pseudotrajectory,

jzkj < d; k 2 Z: (12.39)

Let P andQ be the complementary projections in Rn to the subspaces of variables
y and z, respectively. Clearly, kP k D 1 and kQk D 1.
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Let us show, by analogy with the proof of Theorem 12.2, that the sequence

vk D
k
X

iD�1
Ak�iPzi �

1
X

iDkC1

Ak�iQzi

satisfies equalities (12.38), i.e., the trajectory O.p0; L/ of the point p0 D x0 C v0 is
the desired shadowing trajectory.

Inequalities (12.35), (12.36), and (12.39) imply that the series defining the sequence
vk converge, and

jvkj � d
1C �

1 � � : (12.40)

Now we apply the same reasoning as in the proof of Theorem 12.2 to show that the
sequence V satisfies relations (12.38).

The equalities

vkC1 D PzkC1 C APzk C A2Pzk�1 C � � � � A�1QzkC2 � A2QzkC3 � � � �
D PzkC1 CQzkC1 C Avk D Avk C zkC1

imply that the sequence V has the desired property.
Thus, the mapping L has the Lipschitz shadowing property with constant

L D 1C �

1 � �
and an arbitrary d0 > 0.

The implication .5/ ) .2/ is proven.
The implication .5/ ) .4/ is a direct corollary of Theorem 12.2 since, at any

trajectory ¹pkº, the mappingL has .1; �/-structure with the subspaces S.pk/ D PRn

and U.pk/ D QRn, while the left-hand side of inequality (12.6) vanishes in the case
of the linear diffeomorphism f .x/ D Ax.

Now we prove the implication .1/ ) .5/. Assume the converse; let a linear map-
ping L with a nonhyperbolic matrix A have the shadowing property.

First we assume that A has a real eigenvalue � such that j�j D 1, i.e., � D ˙1. In
this case, we assume that A coincides with its Jordan form, A D diag.B; C /, and B
is a Jordan block of size m �m,

B D

0

B

B

B

@

� 0

1 �
: : :

: : :

0 1 �

1

C

C

C

A

(of course, we do not exclude the case m D 1).



178 Chapter 12 Shadowing of pseudotrajectories in dynamical systems

Take " D 1; let d be the corresponding constant from the definition of the shadow-
ing property.

Consider a sequence of vectors 
 D ¹xkº defined as follows. The first component
x1

k
has the form x1

k
D k�k=2, the components x2

k
; : : : ; xm

k
satisfy the relations

xi
kC1 D �xi

k C xi�1
k ; i D 2; : : : ; m; k 2 Z;

and the components xi
k
; i > m, equal zero.

Then

xkC1 � Axk D .�kC1d=2; 0; : : : ; 0/I
thus, the sequence 
 is a d -pseudotrajectory of the mapping L.

For any y D .y1; : : : ; yn/ 2 Rn, the first component of the vector Aky equals
�ky1; hence,

jAky � xkj � jy1 � kd=2j:
Since the right-hand side of this inequality is unbounded for k 2 Z for any y, L does
not have the shadowing property.

To consider the case of a complex eigenvalue �, let us note that if a mapping L W
Rn ! Rn with a real-valued matrix A has the shadowing property, then the mapping
L1 W Cn ! Cn with the same matrix A has the shadowing property as well.

Indeed, take " > 0 and find the corresponding d (for the mapping L). Let ¹zk D
vk C iwkº be a complex-valued d -pseudotrajectory of the mapping L1, i.e.,

jAzk � zkC1j < d:
Since the matrix A is real-valued, this means that

jAvk � vkC1j < d and jAwk � wkC1j < d:
By our choice of d , there exist vectors  ; � 2 Rn such that

jAk � vkj < " and jAk� � wkj < ":
Then

jAk. C i�/ � zkj < 2";
which implies that the mapping L1 has the shadowing property.

Now we prove the implication .1/ ) .5/ in the case of a complex eigenvalue �
of the matrix A with j�j D 1 using the same reasoning as in the case of eigenvalues
� D ˙1: we consider a complex Jordan form of the matrix A similar to that in the
real case and construct a (complex) pseudotrajectory of the same form.
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Let us prove the implication .3/ ) .5/.
We again assume the converse. Let the mapping L with a nonhyperbolic matrix A

have the inverse shadowing property.
First we consider the case where the matrix A has a real eigenvalue � such that

j�j D 1.
Similarly to our proof of the implication .1/ ) .5/, we assume that A is block-

diagonal: A D diag.B; C /, and B is the same Jordan block of size m �m as above.
Take " D 1; let d be the corresponding constant from the definition of the inverse

shadowing property.
Consider the mappings

 k.x/ D Akx C .d�k=2; 0; : : : ; 0/I
clearly, the sequence ¹ kº is a d -method.

Let 
D¹xkº be a pseudotrajectory of the method ¹ kº; represent xk D.x1
k
; : : : ; xn

k
/.

It is easy to see that

x1
k D x1

0 C k�k�1d=2:

Consider the vector p D .1; : : : ; 0/. The first component p1
k

of the vector Akp equals
�k .

If 
 D ¹xkº is a pseudotrajectory generated by the method ¹ kº, then the expres-
sion

jx1
k � p1

k j D j�k.x1
0 � 1/C k�k�1d=2j

is unbounded for k 2 Z. Hence, L does not have the inverse shadowing property.
If the matrix A has a complex eigenvalue � with j�j D 1, then it has the so-called

real Jordan form for which the first two rows are as follows (see, for example, [14]):
�

cos� � sin� 0 � � � 0
sin� cos� 0 � � � 0

�

;

where � 2 .��; �/.
Take " D 1; let d be the corresponding constant from the definition of the inverse

shadowing property.
Consider the mappings

 k.x/ D Akx C
�

d cos.k C 1/�

2
;
d sin.k C 1/�

2
; 0; : : : ; 0

�

I

clearly, the sequence ¹ kº is a d -method.
It is easy to see that if 
 D ¹xkº is a pseudotrajectory generated by the method

¹ kº and xk D .x1
k
; : : : ; xn

k
/, then

x1
k D x1

0 cos k� � x2
0 sin k� C k

d cos k�

2



180 Chapter 12 Shadowing of pseudotrajectories in dynamical systems

and

x2
k D x1

0 sin k� C x2
0 cos k� C k

d sin k�

2

for k � 0.
Consider the vector p D .1; : : : ; 0/. The first two components p1

k
and p1

k
of the

vector Akp equal cos k� and sin k�, respectively.
Since

k2 cos2 k� C k2 sin2 k� D k2;

for any pseudotrajectory 
 D ¹xkº generated by the method ¹ kº, the sum of the
values

jx1
k � p1

k j D
ˇ

ˇ

ˇ

ˇ

x1
0 cos k� � x2

0 sin k� C k
d cos k�

2
� cos k�

ˇ

ˇ

ˇ

ˇ

and

jx2
k � p2

k j D
ˇ

ˇ

ˇ

ˇ

x1
0 sin k� � x2

0 cos k� C k
d sin k�

2
� sin k�

ˇ

ˇ

ˇ

ˇ

is unbounded for k 2 Z. Hence, L does not have the inverse shadowing property.
This completes the proof of Theorem 12.3.



Appendix A

Scheme of the proof of the Mañé theorem

In 1987, R. Mañé had completed the proof of the main theorem in the theory of struc-
tural stability; he proved that a structurally stable diffeomorphism satisfies Axiom A
[44] (it is relatively easy ot prove that a structurally stable diffeomorphism satisfies
the strong transversality condition, see [45]).

The proof published by Mañé in the paper [44] is quite complicated; here we de-
scribe a scheme of this proof omitting many technical details.

Let f be a diffeomorphism of a smooth closed n-dimensional manifoldM . Denote
by P.f / the set of periodic points of f . If every periodic point of f is hyperbolic, we
denote by Pi .f /; 0 � i � n, the set of periodic points p for which dimW u.p/ D i ;
let Ri .f / WD ClPi .f /.

Recall (see Section 7.5) that F .M/ denotes the set of diffeomorphisms f having
the following property: f has a neighborhood U in Diff1.M/ such that any periodic
point of a diffeomorphism g 2 U is hyperbolic.

It is useful to the reader to prove the following simple statement.

Exercise A.1. If a diffeomorphism f is structurally stable, then f 2 F .M/.
Hint. Assume that a diffeomorphism f is structurally stable and does not belong
to the set F .M/. Since the set of structurally stable diffeomorphisms is open in
Diff1.M/ (see Theorem 3.1), f has a neighborhood V in Diff1.M/ such that any
diffeomorphism g 2 V is structurally stable. Since f … F .M/, the neighborhood V
contains a diffeomorphism g having a nonhyperbolic periodic point p. Let m be the
period of p. Find a diffeomorphism h 2 V that is a C 1-small perturbation of g having
the following properties: p is a periodic point of h of period m, the diffeomorphism
hm is linear in a neighborhood of the point p, and the derivative Dhm.p/ has an
eigenvalue � with j�j D 1. Show that such a diffeomorphism h is not structurally
stable (which contradicts the inclusion h 2 V ).

A large part of the proof in [44] uses only the inclusion f 2 F .M/ (it was noticed
by Mañé that the assumption that f is structurally stable is used only in the last step
of the proof).

First Mañé proves the following statement (in fact, this statement is a corollary of
the Closing Lemma, see Theorem 10.1).

Theorem A.1. If f 2 F .M/, then �.f / D ClP.f /.

Thus, to prove that a structurally stable diffeomorphism f satisfies Axiom A, it is
enough to show that any of the sets Ri .f / is hyperbolic.
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Let us note that for i D 0 and i D n (recall that n is the dimension of the mani-
fold M ), the corresponding statement had been proven by Pliss [46].

Theorem A.2 ([46]). If f 2 F .M/, then the sets P0.f / and Pn.f / are finite.

Clearly, a finite union of hyperbolic periodic points coincides with its closure and
is a hyperbolic set.

Let S.p/ and U.p/ be the stable and unstable subspaces of the hyperbolic structure
for a hyperbolic set that is the trajectory of a hyperbolic periodic point p. The main
goal of the following steps of the proof is to extend the decomposition S.p/˚U.p/ D
TpM from the sets Pi .f / to the sets Ri .f /.

Let us define a property of invariant sets which is very important for the global
theory of dynamical systems.

Let ƒ be a compact invariant set of a diffeomorphism f . We say that f has a
dominated splitting on ƒ if there exist continuous families of linear subspaces E.x/
and F.x/ of the tangent spaces TxM for x 2 ƒ such that

(1) E.x/˚ F.x/ D TxM , x 2 ƒ;

(2) the subspaces E.x/ and F.x/ are Df -invariant (i.e., analogs of equalities
(HS2.2) from the definition of a hyperbolic structure hold);

(3) there exist numbers C > 0 and � 2 .0; 1/ such that

kDf njE.x/k � kDf �njF .f n.x//k � C�n

for all x 2 ƒ, n � 0.

Remark. It is possible that a diffeomorphism has a dominated splitting on an invari-
ant set that is not hyperbolic. As an example, consider the fixed point p D .0; 0/ of
the linear planar diffeomorphism f .x1; x2/ D .2x1; x2/.

Show that f has on p a dominated splitting with the subspaces E.p/ D ¹x1 D 0º
and F.p/ D ¹x2 D 0º and constants C D 1 and � D 1=2.

The following statement had been independently proven by several authors (see [47,
48, 49]). This statement shows that if f 2 F .M/, then all diffeomorphisms g, C 1-
close to f , have dominated splittings on the sets Ri .g/ with the same characteristics.
As usual, Œa� denotes the integer part of a number a.

Theorem A.3. If f 2 F .M/, then there exist numbers C > 0, � 2 .0; 1/, and
m > 0, and a neighborhood U of the diffeomorphism f in Diff1.M/ having the
following property. If g 2 U and 0 < i < n, then there exists a dominated splitting
Ei ˚ Fi for g on the set Ri .g/ such that
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(1) kDgmjEi .x/k � kDg�mjF .gm.x//k � � for all x 2 Ri .g/;

(2) Ei .x/ D S.x/ and Fi .x/ D U.x/ for x 2 Pi .g/ (here S.x/ and U.x/ are the
subspaces of the hyperbolic structure on the trajectory of a periodic point x of
the diffeomorphism g);

(3) if x 2 Pi .g/ and l > m is the period of a periodic point x, then

Œl=m��1
Y

jD0

kDgmjS.gmj .x//k � C�Œl=m�

and

Œl=m��1
Y

jD0

kDg�mjU.gmj .x//k � C�Œl=m�I

(4) if x 2 Pi .g/, then

lim
k!C1

1

k

k�1
X

jD0

log kDgmjS.gmj .x//k � log�

and

lim
k!C1

1

k

k�1
X

jD0

log kDg�mjU.gmj .x//k � log�:

Theorem A.3 establishes the existence of a Df -invariant splitting Ei ˚ Fi for f
on the set Ri .f /. The remaining (and, in fact, main) part of the proof shows that this
splitting is a hyperbolic structure.

To prove this fact, it is enough to show that the derivativeDf of the diffeomorphism
f contracts on the subspaces Ei , i.e., there exist constants C > 0 and � 2 .0; 1/ such
that

kDf kjEi .x/k � C�k

for x 2 Ri .f /, k � 0.

Theorem A.4. If f 2 F .M/, 0 < i < n, and the derivative Df contracts on the
subspaces Ei , then there exist numbers C1 > 0 and �1 2 .0; 1/ such that

kDf �kjFi .x/k � C1�
k
1

for x 2 Ri .f /, k � 0 (i.e., the splitting Ei ˚ Fi is a hyperbolic structure).
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Precisely in the proof of the fact that the derivative Df of the diffeomorphism
f contracts on the subspaces Ei , Mañé starts to refer to methods of the theory of
invariant measures (at the first glance, such methods have no relation to the theory of
structural stability).

Let ƒ be an invariant set of a diffeomorphism f ; consider the set of f -invariant
probability measures on the algebra of Borel subsets of ƒ (see Section 10).

An invariant probability measure � is called ergodic if, for any invariant subset A
of the set ƒ, either �.A/ D 0 or �.A/ D 1.

Denote by M.f jƒ/ the space of invariant probability measures for the restriction
f jƒ with the weak topology, i.e., with the topology in which

�k ! � ,
Z

� d�k !
Z

� d�

for any continuous function � W ƒ ! R.

Theorem A.5. Let ƒ be a compact invariant set of the diffeomorphism f . Assume
that

¹E.x/ � TxM W x 2 ƒº
is a continuous family ofDf -invariant subspaces. If there exists an indexm > 0 such
that

Z

ƒ

log kDf mjE k d� < 0

for any ergodic measure � 2 M.f jƒ/, then the derivative Df of the diffeomorphims
f contracts on the subspaces ¹E.x/º.

Now the proof goes by induction. Theorem A.2 implies that if a diffeomorphism
f is structurally stable (hence, f 2 F .M/), then the set P0.f / is hyperbolic. It is
assumed that the sets Rk.f / are hyperbolic for 0 � k � j ; our goal is to show that
the set RjC1.f / is hyperbolic as well.

For this purpose, the following statement is proved (in its proof, Mañé applies the
ergodic closing lemma (see Theorem 10.5).

Theorem A.6. Let f 2 F .M/ and let m > 0 be the number given by Theorem A.3.
There exists a number �0 2 .0; 1/ such that if the sets Rk.f / are hyperbolic for
0 � k � i and some measure � 2 M.f mjRi .f // satisfies the inequality

Z

Ri .f /

log kDf mjEi
k d� � log�0; (A.1)

then

�
�

[

0�k<i

Rk.f /
�

> 0: (A.2)



Appendix A Scheme of the proof of the Mañé theorem 185

To complete the induction step, it is enough to show that

�
�

[

0�k�j

Rk.f /
�

D 0 (A.3)

for any measure � 2 M.f mjRj C1.f //. Indeed, by Theorem A.6, this fact implies
that no measure � 2 M.f mjRj C1.f // satisfies relation (A.1). Hence,

Z

Rj C1.f /

log kDf mjEj C1
k d� < log�0 < 0

for any � 2 M.f mjRj C1.f //. Then Df contracts on the subspaces EjC1 by Theo-
rem A5, and the set RjC1 is hyperbolic by Theorem A.4.

To prove that relation (A.3) is satisfied for any measure � 2 M.f mjRj C1.f //, it is
not enough to assume that f 2 F .M/. Now we assume that the diffeomorphism f

is structurally stable.
Mañé introduces the notion of a basic set for f as follows: A hyperbolic set ƒ is

called a basic set of f ifƒ contains a dense semitrajectory (i.e., there is a point x 2 ƒ
such that !.x; f / D ƒ) and is isolated (i.e., there exists a neighborhood U of the set
ƒ such that if V D ClU , then

\

k

f k.V / D ƒI

in other words, if a trajectory of f belongs to V , then this trajectory belongs to ƒ).
Note that basic sets defined after Theorem 7.2 have the above-formulated proper-

ties.
Since the hyperbolic structure ¹S.x/; U.x/ W x 2 ƒº is continuous on the setƒ, the

existence of a dense semitrajectory implies that the dimensions of the stable subspaces
S.x/ are the same for all points x 2 ƒ; this common value is called the index of the
basic set and denoted Ind.ƒ/.

The setsW s.ƒ/ andW u.ƒ/ are defined similarly to the setsW s.�i / andW u.�i /.
Let g be a diffeomorphism that coincides with f in a neighborhood of a basic set

ƒ (clearly, ƒ is a basic set of g as well). Analogs of the sets W s.ƒ/ and W u.ƒ/ for
g are denoted W s

g .ƒ/ and W u
g .ƒ/, respectively.

In the following statement, we consider a compact invariant set ƒ having a dom-
inated splitting and such that there exists a basic set ƒi for which the complement
ƒ nƒi is not closed.

Theorem A.7. Letƒ be a compact invariant set of f having the following properties:
�.f jƒ/ D ƒ and f has a dominated splitting ¹E.x/; F.x/º on ƒ.

Assume, in addition, that there exist basic sets ƒ1; : : : ; ƒs of the diffeomorphism
f and numbers c;m > 0 and � 2 .0; 1/ such that



186 Appendix A Scheme of the proof of the Mañé theorem

(1) Ind.ƒi / < dimE.x/ for all 1 � i � s and x 2 ƒ;

(2) there exists a C 1-neighborhood U of f such that if a diffeomorphism g 2 U

coincides with f in a neighborhood of the set

[

1�k�s

ƒk ;

then

W s
g .ƒi / \W u

g .ƒi / D ƒi

for all 1 � i � s;

(3) if a measure � 2 M.f mjƒ/ satisfies the inequality

Z

ƒ

log kDf mjEk d� � �c;

then

�
�

[

1�k�s

ƒk

�

> 0I

(4) kDf mjE.x/k � kDf �mjF .f m.x//k � � for all x 2 ƒ.

Then the following statement holds: If the set ƒ n ƒi is not closed for some
1 � i � s, then any C 1-neighborhood of the diffeomorphism f contains a diffeo-
morphism g such that g coincides with f in a neighborhood of the set

[

1�k�s

ƒk

and there exists an index 1 � r � s; r ¤ i such that the set ƒ nƒr is not closed and

W s
g .ƒi / \W u

g .ƒr / ¤ ;:

It is relatively easy to prove the following statement. Let g 2 F .M/; denote by
N.i;m; g/ the number of fixed points of the diffeomorphism gm belonging to Pi .g/.

Theorem A.8. If f 2 F .M/, then there exists a C 1-neighborhood U of the diffeo-
morphism f such that

(1) N.i;m; g/ D N.i;m; g0/ for any g; g0 2 U;m > 0, and any 0 � i � n;

(2) if a diffeomorphism g 2 U coincides with f in a neighborhood of the setRi .f /

for some 0 � i � n, then Ri .g/ D Ri .f /.
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Let us return to the induction process described before Theorem A.6.
We have to show that if a diffeomorphism f is structurally stable (hence, f 2

F .M/) and the sets R0; : : : ; Rj are hyperbolic, then the set RjC1 is hyperbolic as
well. It was mentioned above that to prove the last statement it is enough to show that
relation (A.3) holds for any measure � 2 M.f mjRj C1.f //.

To get a contradiction, let us assume that there exists a measure �0 2
M.f mjRj C1.f // such that

�0

�

[

1�k�j

Rk.f /
�

> 0: (A.4)

Note that we can represent the hyperbolic set
S

1�k�j Rk.f / in which periodic
points of f are dense in the form

[

1�k�j

Rk.f / D ƒ1 [ � � � [ƒs ; (A.5)

whereƒ1; : : : ; ƒs are disjoint basic sets (to prove this fact, one can apply literally the
same reasoning as that used in the proof of Theorem 7.2).

Note, in addition, that if the intersections ƒk \ RjC1.f / are empty for all 1 �
k � s, then relation (A.4) cannot hold since the set RjC1 is the carrier of the measure
�0. Hence, it follows from relation (A.4) that at least one of the intersections ƒk \
RjC1.f / is not empty. In this case, it is easy to show that one of the sets RjC1.f / n
ƒk is not closed. Thus, the following statement holds.

Theorem A.9. If there exists a measure �0 2 M.f mjRj C1.f // satisfying relation
(A.4), then there exists a basic set ƒk in decomposition (A.5) such that the set
RjC1.f / nƒk is not closed.

Now we check that Theorem A.7 is applicable to the setƒ D RjC1.f /, dominated
splitting EjC1 ˚ FjC1 on RjC1.f /, basic sets ƒ1; : : : ; ƒs , and numbers � 2 .0; 1/,
m > 0 (see Theorem A.3), and c D � log�0 (see Theorem A.6).

Since Ind.ƒi / � j for all i and dimEjC1.x/ D j C 1 for x 2 RjC1.f /, assump-
tion (1) of Theorem A.7 is satisfied. The equality

�.f jRj C1.f // D RjC1.f /

holds since periodic points are dense in the set RjC1.f /. Condition (4) is a corollary
of Theorem A.3.

In addition, it follows from Theorem A.6 that if a measure � 2 M.f mjRj C1.f //

satisfies the inequality
Z

Rj C1.f /

log kDf mjEj C1
k d� � �c D log�0;
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then

�.ƒ1 [ � � � [ƒs/ D �
�

[

0�k�j

Rk.f /
�

> 0:

Hence, assumption (3) is fulfilled.
Thus, it remains to check assumption (2).
Assume that a diffeomorphism g belongs to the neighborhood U of the diffeomor-

phism f described in Theorem A.8, coincides with f in a neighborhood of the set
ƒ1 [ � � � [ƒs , and, at the same time,

W s
g .ƒq/ \W u

g .ƒq/ ¤ ƒq

for some 1 � q � s.
A statement similar to Theorem 7.4 implies that there exist points x; y 2 ƒq and p

such that p belongs to the set



W s
g .ƒq/ \W u

g .ƒq/
� nƒq

and is a point of transverse intersection of the manifolds W u
g .x/ and W s

g .y/ (possi-
bly, we have to slightly perturb the diffeomorphism g to make the intersection of the
manifolds W u

g .x/ and W s
g .y/ transverse).

Let X and Y be compact disks in the manifolds W u
g .x/ and W s

g .y/ such that the
point p belongs to the intersection of the interiors of these disks.

Since periodic points of the diffeomorphism g are dense in the set ƒq , there exist
sequences of periodic points rk ; �k 2 ƒq such that rk ! x and �k ! y.

It follows from known properties of stable and unstable manifolds of points belong-
ing to hyperbolic sets (see, for example, [15]) that the stable and unstable manifolds
W u

g .rk/ and W s
g .�k/ contain smooth disks Xk and Yk , respectively, that converge to

X and Y with respect to C 1 topology.
Lemma 6.3 implies that if k is large enough, then the disks Xk and Yk contain

points pk of transverse intersection such that pk ! p.
The same reasoning as in the proof of Lemma 7.6 shows that the manifoldsW u

g .rk/

and W s
g .�k/ have a point of transverse intersection; now it follows from the �-lemma

(Lemma 6.4) that the manifolds W s
g .�k/ contain sequences of smooth disks that con-

verge to Xk with respect to C 1 topology.
Applying Lemma 6.3 once more, we see that there exist transverse homoclinic

points �k of the periodic points �k such that �k ! p.
An arbitrarily small neighborhood of a transverse homoclinic point for a periodic

point � with dimW s.�/ D m contains periodic points � with dimW s.�/ D m (see
[50, 51]). Hence, it follows from our reasoning above that any neighborhood of the
point p contains periodic points � of the diffeomorphism g such that the dimension
of the stable manifolds of these periodic points coincides with Ind.ƒq/ (denote this
dimension by l).
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Note that the point p does not belong to the unionƒ1 [� � �[ƒs . Indeed, if p 2 ƒj ,
then the whole trajectory O.p; g/ belongs to ƒj as well, but since the points gk.p/

tend to ƒq as k ! ˙1, we conclude that j D q, which is impossible.
The diffeomorphism g coincides with f in a neighborhood of the setƒ1 [� � �[ƒs

which contains all the periodic points of f for which the dimension of the stable man-
ifold equals l . Since g has periodic points that are arbitrarily close to p (hence, such
points are outside ƒ1 [ � � � [ƒs), there exists a � such that N.l; �; g/ > N.l; �; f /.

The obtained contradiction with Theorem A.8 shows that condition (2) of Theo-
rem A.7 is fulfilled.

Let us apply Theorem A.7 to the sets ƒ1; : : : ; ƒs and RjC1.
By Theorem A.9, there exists a set ƒk such that the set RjC1 n ƒk is not closed.

Let t be the minimal index of the basic sets ƒk for which the differences RjC1 nƒk

are not closed. Let us select a basic set ƒi having the following properties:

� The difference RjC1 nƒi is not closed;

� Indƒi D t ;

� if the set RjC1 nƒk is not closed and k ¤ i , then

W s
f .ƒi / \W u

f .ƒk/ D ;:

Let us show that such a basic set ƒi exists. Otherwise, we can find different basic
sets ƒi1

; : : : ; ƒip such that the indices of these sets equal t and there exist points
x1; : : : ; xp such that

xj 2 W s
f .ƒij / \W u

f .ƒij C1
/; j D 1; : : : ; p � 1;

and

xp 2 W s
f .ƒip / \W u

f .ƒi1
/:

An analog of Theorem 7.4 for basic setsƒk implies that there exist points rj ; �j 2 ƒij

such that

xj 2 W s
f .�ij / \W u

f .rij C1
/

(we agree that ƒipC1
D ƒi1

).
Since the diffeomorphism f is structurally stable, the manifolds W s

f
.�ij / and

W u
f
.rij C1

/ are transverse at the points xj (it had been shown long ago that if a diffeo-
morphism is structurally stable, then stable and unstable manifolds of its nonwander-
ing points are transverse, see [45]).

Applying a reasoning similar to the proof of Theorem 7.2 and based on the exis-
tence of a dense semitrajectory in the setƒk , one can show that the manifoldsW s

f
.�ij /

and W u
f
.rij / have points of transverse intersection; thus, there appears a contour of
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hyperbolic trajectories that are connected by trajectories along which their stable and
unstable manifolds intersect transversally.

The behavior of trajectories in a neighborhood of such a contour is similar to that
in a neighborhood of a transverse homoclinic trajectory; hence, an arbitrary neigh-
borhood of the point x1 contains periodic points for which the dimensions of stable
manifolds equal t . This implies that x1 2 Rj . Hence, x1 belongs to one of the sets
ƒk , but in this case, the sets ƒi1 and ƒi2

coincide with ƒk .
We have got a contradiction; this shows that there exists a basic set ƒi having the

desired properties.
We apply to this basic set the conclusion of Theorem A.7 and find in an arbitrary

C 1-neighborhood of the diffeomorphism f a diffeomorphism g such that g coincides
with f in a neighborhood of the set

[

1�k�s

ƒk

and there exists an index 1 � r � s; r ¤ i , such that the set ƒ nƒr is not closed and

W s
g .ƒi / \W u

g .ƒr / ¤ ;: (A.6)

Since any point belonging to the intersection (A.6) is a point of transverse intersec-
tion of stable and unstable manifolds of hyperbolic nonwandering points, the inequal-
ity Ind.ƒi / � Ind.ƒi / holds (compare with Lemma 6.4).

The definition of the number t implies that Ind.ƒi / D Ind.ƒi / D t .
Since we can find such a diffeomorphism g in an arbitrary C 1-neighborhood of the

diffeomorphism f , we may assume that g and f are topologically conjugate (let h be
a homeomorphism of M such that g ı h D h ı f ).

Clearly, h.Pi .f // D Pi .g/ for all 0 � i � n; then h.Ri .f // D Ri .g/ for all
0 � i � n.

Hence,

h
�

[

1�k�s

ƒk

�

D h
�

[

1�k�j

Rk.f /
�

D
[

1�k�j

Rk.g/: (A.7)

Since the diffeomorphism g coincides with f in a neighborhood of the set
[

1�k�s

ƒk ;

statement (2) of Theorem A.8 implies that Ri .f / D Ri .g/ for all 0 � i � j .
Hence, it follows from equalities (A.7) that

h
�

[

1�k�s

ƒk

�

D
[

1�k�s

ƒk :



Appendix A Scheme of the proof of the Mañé theorem 191

It is easily seen that if 1 � k � s, then h.ƒk/ is one of the sets of the family
ƒ1; : : : ; ƒs , and its index is the same as the index of ƒk .

Define T .f / as the set of pairs .m; q/ such that m ¤ q, Ind.ƒm/ D Ind.ƒq/ D t ,
and

W s
f .ƒm/ \W u

f .ƒq/ ¤ ;: (A.8)

The set T .g/ is defined similarly to T .f /.
Since the homeomorphism h maps any set of the family ƒ1; : : : ; ƒs to a set of this

family with the same index,

cardT .f / D cardT .g/: (A.9)

In addition, all the intersections of stable and unstable manifolds in (A.8) are trans-
verse. Hence, if the diffeomorphism g is close enough to f , then all such intersections
are preserved. It follows from (A.9) that

T .f / D T .g/: (A.10)

Now we note that .i; r/ … T .f / due to the choice of the basic set ƒi . At the same
time, it follows from (A.6) that .i; r/ 2 T .g/. We have obtained a contradiction with
(A.10). This completes the proof.



Appendix B

Lectures on the history of differential equations
and dynamical systems

Of course, it is impossible to tell a more or less complete history of the theory of
differential equations and dynamical systems in several lectures. The goal of these
notes is different. We just want to highlight several most important (from the author’s
point of view) moments in the development of the theory of differential equations
and to demonstrate that this development was not a rectilinear movement along a
smooth road (of course, the same is true for any serious field of mathematics and for
the whole science). We will see that the development was accompanied with errors,
misunderstandings, etc.

We include several nonmathematical comments into the text; these comments are
indicated as follows: � � � � �.

B.1 Differential equations and Newton’s anagram1

When we speak about theory of differential equations as a separate domain of mathe-
matics, the first name which comes into our mind is the name of Isaac Newton.2

The modern calculus as a whole developed from the theory of infinitesimals created
at the end of the 17th century by Newton and G. Leibniz.3

It is well known that the creation of the theory of infinitesimals was accompanied
with long discussions concerning priority.

For the main part of the modern specialists in history of mathematics, there is no
problem of priority; it is clear that Newton and Leibniz developed the theory indepen-
dently – it is enough to look at their terminology.

The flavor of physics permeates the terminology used by Newton (in fact, many
researchers believe that for Newton, mathematics was just a tool applied to the de-
velopment of physics). The main object of his study, the value which changes when
the independent variable changes, was called fluenta (this word comes from Latin and
means flow); the rate of change of the fluenta was called fluxia, etc.

At the same time, Leibniz used the terminology which we use in the modern calcu-
lus: function, differential, integral.

Of course, Newton created his methods having strong predecessors. He had men-
tioned that one of the benchmarks of his methods was the Fermat4 method of tangents.

1In this section, we mostly follow the book [52].
2Sir Isaac Newton, 1642–1727.
3Baron Gottfried Wilhelm von Leibniz, sometimes Leibnitz, 1646–1716.
4Pierre de Fermat, 1601–1665.
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Before Newton, the Fermat method was developed by Gregory,5 Newton’s teacher
Barrow,6 Wallis,7 and others.

Newton was of high opinion concerning the merits of his predecessors; this opinion
was reflected by his famous phrase “If I have seen further it is only by standing on the
shoulders of giants” written in a letter to Robert Hooke.8

� Some historians of science think that this phrase may have an additional, not
so lofty, sense – in this way, Newton could express his enmity to Hooke, who was
undersized. �

Newton created his method of fluxions as a mathematical apparatus for studying the
structure of the world around us. In his opinion, derivation and solution of differential
equations were the main tools in the study of any process of change. This is confirmed
by the famous Newton’s anagram:9

6a cc d æ 13e ff 7i 3l 9n 4o 4q rr 4s 8t 12u x.

In 1676, Leibniz visited London. The 2nd Newton’s letter to Leibniz (via Henry
Oldenburg, the Secretary of the Royal Society) contained the above anagram. This
anagram formulated, in Newton’s opinion, the basic principle of the calculus and his
own main discovery:

Data æquatione quotcunque fluentes quantitates involvente, fluxiones in-
venire; et vice versa.10

The literal translation of this Latin phrase (included into the main Newton’s book,
“Philosophiæ Naturalis Principia Mathematica” [53]) is as follows: “Given an equa-
tion involving any number of fluent quantities to find the fluxions, and vice versa.”

The great Russian mathematician V. I. Arnold11 gave a short modern translation of
the Newton’s phrase: “It is useful to solve differential equations.”

When Newton wrote “Principia,” the method of fluxions had been created. Nev-
ertheless, Newton did not use the new mathematical language in his description of
such great discoveries as the fundamental laws of mechanics (Newton’s laws). One
of possible explanations is that for Newton, mathematics played an auxiliary role in
the development of physical theories. There is a different explanation; Newton could
apprehend misunderstanding due to the novelty of the language.

5James Gregory, 1638–1675.
6Isaac Barrow, 1630–1677.
7John Wallis, 1616–1703.
8Robert Hooke, 1635–1703.
9In an anagram, the characters of a phrase are arranged in alphabetical order. Natural philosophers

of that time often transposed their discoveries into Latin anagrams to establish their priority.
10An attentive reader may note that the phrase contains nine t’s instead of eight; in addition, u’s

and v’s are counted as the same character. Some possible explanations can be found, for example, at
http://www.mathpages.com/home/kmath414/kmath414.htm.

11Vladimir Igorevich Arnold, 1937–2010.
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Such apprehensions were not groundless; it is known, for example, that Huygens12

wrote to Leibniz in 1692 that he cannot understand why the differential calculus is
better than the old methods.

Newton did not publish his work on calculus until after Leibniz had published his.
Publishing “Optics” (in 1704), Newton added to this book two appendices, “De

quadratura curvarum” and “Enumeratio linearum tertii ordinis,” related to his mathe-
matical discoveries.

A systematical treatment of the new Newton’s methods (containing solutions of
some simple differential equations) had been published posthumously, in 1736, in the
book “The method of fluxions and infinite series.”

B.2 Development of the general theory

The main Newton’s method for solving differential equations was based on represen-
tation of a solution in the form of a power series and search for coefficients of the
series. At that time, nobody worried about the convergence of the appearing series
(though it is easy to give examples of differential equations for which such series
diverge everywhere with the exception of the initial point).

The first rigorous result concerning the convergence of power series representing
solutions of differential equations belongs to Cauchy.13

The Cauchy theorem was the first one in the long line of existence theorems ob-
tained by mathematicians in the process of development of theory of differential equa-
tions.

Cauchy was an outstanding representative of the mathematical movement whose
goal was to improve the level of rigority of proofs. Such movements appear in math-
ematics periodically; they specify new standards of rigor (which sometimes do not
suit the next generations of mathematicians . . . ). One does not have to exaggerate
the influence of such processes on the development of mathematics as a whole (many
modern mathematicians do not relate their own research and, for example, the Gödel14

incompleteness theorems).
Cauchy had published more than 800 scientific papers. In one of them, he had

proven that if the right-hand side of the system of differential equations

dx

dt
D f .t; x/ (B.1)

is analytic in a neighborhood of a point .t0; x0/, then there exists a unique solution of
this system that satisfies the condition

x.t0/ D x0I (B.2)

12Christian Huygens, sometimes Huyghens, 1629–1695.
13Augustin Louis Cauchy, 1789–1857.
14Kurt Gödel, 1906–1978.
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this solution is given by a power series,

x.t/ D
1
X

kD0

ck.t � t0/k ; (B.3)

that converges in a neighborhood of the point t0. Problem (B.1)–(B.2) is called the
initial (or, more often, Cauchy) problem.

The proof given by Cauchy consists of two parts. First, it is shown that one can
uniquely determine the coefficients ck by substituting series (B.3) into system (B.1)
and equating coefficients of the same degrees of .t � t0/

k on the right and left. After
that, Cauchy constructs a special (majorizing) system of differential equations that has
a solution given by a converging series and shows that this solution gives a majorant
for the obtained series (B.3).

The further development of mathematics demonstrated that the Cauchy method of
majorants and its modifications are very powerful tools applicable to a wide range of
problems.

The next important step was related to the application of the Lipschitz15 condition.
This condition (Lipschitz continuity) had been introduced by Lipschitz in 1864

to study the convergence of Fourier16 series. Picard17 showed that it is possible to
establish the unique solvability of the Cauchy problem under conditions that are sig-
nificantly weaker than analyticity.

Picard showed that if the right-hand side of system (B.1) is continuous and Lips-
chitz continuous in x in a neighborhood .t0; x0/, then the successive approximations
defined as follows:

g0.t/ � x0; gkC1.t/ D x0 C
Z t

t0

f .s; gk.s//ds; k � 0; (B.4)

uniformly converge to a solution of the Cauchy problem (B.1)–(B.2) on some interval
containing the point t0.

The Picard existence theorem (sometimes called the Cauchy–Picard or Cauchy–
Lipschitz theorem) is, in fact, the basic existence theorem in the modern theory of
ordinary differential equations.

Similarly to the Cauchy method of majorants, the Picard method of successive ap-
proximations (sometimes called Picard iterations) based on analogs of the iteration
process (B.4) is applicable to a wide range of problems in which one has to prove the
solvability of some operator equations.

Finally, let us mention the Peano18 existence theorem. Peano (known also due
to his axioms for the natural numbers) had shown that to prove the solvability of

15Rudolf Lipschitz, 1832–1903.
16Jean Baptiste Joseph Fourier, 1768–1830.
17Charles Émile Picard, 1856–1941.
18Giuseppe Peano, 1858–1932.
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the Cauchy problem (B.1)–(B.2), it is enough to assume that the right-hand side of
system (B.1) is continuous in a neighborhood of the point .t0; x0/. Note that in this
case, the solution of problem (B.1)–(B.2) is not necessarily unique (in contrast to the
uniqueness guaranteed by the Picard conditions).

The proof of Peano’s theorem is based on the simplest piecewise-linear approxima-
tions of a solution introduced by Euler.19 The formulas defining these approximations
are extremely simple; for this reason, they are widely applied in the development of
software for modern computers.

The mathematical literature contains existence theorems for differential equations
with discontinuous right-hand sides, but such theorems are related to control theory
rather than to theory of differential equations.

In fact, some mathematicians solved differential equations before the creation of
the fundament of calculus by Newton and Leibniz; we know that several geometric
problems reducing to differential equations had been solved in the 17th century.

These geometric problems were reduced to differential equations solvable by quad-
ratures (this means that solutions could be expressed by formulas involving one or
more operations of integration). Usually, one had to apply more or less complicated
changes of variables, which allowed to solve by quadratures various classes of differ-
ential equations (a lot of progress in this direction was due to Euler).

Up to now, some mathematicians continue to search for new classes of differential
equations solvable by quadratures though such an activity is of limited interest due to
the Liouville20 theorem, see below.

The development of the theory of solving differential equations by quadratures re-
peated the general scheme of the development of the theory of solving algebraic equa-
tions (as we show below, the connection between the two theories was not formal).

It was known from the ancient time how to solve quadratic equations. The problem
of solving general cubic and quartic equations had been solved by Italian mathemati-
cians Dal Ferro,21 Tartaglia,22 and Ferrari23 at the first half of the 17th century.

A lot of effort had been applied to solve the general fifth-degree equation by radicals
(i.e., to obtain a formula that expresses the roots of an arbitrary algebraic equation of
degree 5 in terms of its coefficients). Only at the beginning of the 19th century, Abel24

had proven that it is impossible to solve a general algebraic equation of degree n with
n � 5 by radicals.

The works of Abel and Galois25 related to the problem of solvability of algebraic
equations by radicals had formed the fundament of the modern algebra.

19Leonhard Euler, 1707–1783.
20Joseph Liouville, 1809–1882.
21Scipione Dal Ferro, 1465–1526.
22Nicolo Fontana Tartaglia, 1499–1557.
23Lodovico Ferrari, 1522–1565.
24Niels Henrik Abel, 1802–1829.
25Évariste Galois, 1811–1832.



Section B.2 Development of the general theory 197

� Galois died from wounds suffered in a duel at the age of 20. The main part of
his mathematical research was left in the form of manuscripts. Galois’ mathematical
contributions were published only in 1846 due to Liouville who reviewed the Galois
manuscripts and declared them sound. �

As one of the most important consequences of this Liouville activity, we must men-
tion his creation of the so-called differential algebra (a theory in a sense parallel to the
Galois theory of solvability of algebraic equations). One of the famous results of this
theory is the Liouville nonintegrability theorem (1841).

An Italian engineer and mathematician Riccati26 considered the first-order differ-
ential equation

dx

dt
C ax2 D bt˛ (B.5)

(usually called the special Riccati equation).
Daniel Bernoulli27, a representative of the large Bernoulli mathematical family,

found in 1824–1825 a solution by quadratures for equation (B.5) for all ˛ D
�4k=.2k � 1/, k 2 Z.

� Let us note that this was done in the first published paper of D. Bernoulli; this
paper was written to support his father Johann Bernoulli28 and his uncle Jacob29 in
their discussions with Italian mathematicians. �

Many mathematicians tried to extend the set of exponents ˛ for which equation
(B.5) is solvable by quadratures; Liouville found the final solution of this problem.

We do not state here the Liouville theorem. Instead, we describe (on intuitive level)
one of its corollaries (for the case of the Riccati equation).

Consider a class of functions L that is constructed as follows. We first include all
the elementary functions (such as polynomials, exponentials, trigonometric functions)
into this class. After that, we make the class L closed with respect to taking any finite
compositions of its elements, their inverse functions, and primitives. Clearly, such a
class L will contain all the functions representable by finite closed-form expressions.

It follows from the Liouville theorem that if the exponent ˛ in equation (B.5) differs
from one of the Bernoulli exponents ˛ D �4k=.2k � 1/ (and also ˛ ¤ �2), then
equation (B.5) does not have solutions belonging to the class L (thus, no solution can
be expressed by a finite formula).

This results indicates that it is impossible to solve by quadratures an arbitrary differ-
ential equation (thus, the situation is parallel to that with solving algebraic equations
by radicals).

As a result of the appearance of the Liouville theorem, specialists in differential
equations understood that it is reasonable to study properties of solutions not by their

26Jacopo Francesco Riccati, 1676–1754.
27Daniel Bernoulli, 1700–1782.
28Johann, sometimes Jean, Bernoulli, 1667–1748.
29Jacob, sometimes Jacques, Bernoulli, 1654–1705.



198 Appendix B Lectures on the history of differential equations and dynamical systems

closed-form expressions but by properties of the right-hand sides of the equations
(the corresponding branch of the theory is called qualitative theory of differential
equations).

One of the first representatives of this approach was the great French mathematician
Poincaré30 whose role in qualitative theory of differential equations is described later.

B.3 Linear equations and systems

The input of L. Euler into theory of differential equations is priceless. He had invented
multiple changes of variables which allowed to solve by quadratures various nonlin-
ear differential equations, integrated the Riccati equation using continuous fractions,
developed the method of integrating factors.

A Russian mathematician N. N. Luzin31 said that for 150 years, mathematicians
could not breach the ring of integrations forged by Euler.

Nevertheless, the most important Euler’s achievement in theory of differential equa-
tions is his general method for solving linear differential equations with constant co-
efficients.

Euler considered differential equations of the form

0 D Ay C B
dy

dx
C C

d2y

dx2
C � � � CN

dny

dxn

and applied to these equations his own method for reduction of order based on con-
secutive differentiating of the function

y D e
R

p dx :

Euler wrote: “If p is constant, then its derivatives vanish, and we get the algebraic
equation

0 D AC Bp C Cp2 C � � � CNpn:

A solution p of this equation gives us a particular solution y D epx .”
We have to note that originally, the method had not achieved its final form. First,

treating the case of complex roots of the characteristic equation, Euler separately
solved equations for the real and imaginary parts of the solution; this is precisely
where the famous Euler formula

eikx D cos kx C i sin kx

30Jules Henri Poincaré, 1854–1912.
31Nikolay Nikolaevich Luzin, 1883–1950.
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had been introduced into mathematics. The preliminary Euler’s approach to the case
of multiple roots of the characteristic equation was also more complicated than that
used now.

The method was not accepted immediately by Euler’s contemporaries. Euler first
wrote about the new method in a letter to Johann Bernoulli dated September 15, 1739.
As Bernoulli’s answer shows, he could not estimate the importance of the new ap-
proach.

Euler applied his method to linear systems of differential equations with constant
coefficients.

It is well known that to find the set of solutions of a linear system

dx

dt
D P.t/x; x 2 Rn .or x 2 Cn/; (B.6)

with a continuous matrix of coefficients P.t/, it is enough to know a fundamental
matrix ˆ.t/ of this system (i.e., a matrix whose columns are n linearly independent
solutions of system (B.6)); in this case, the formula

x.t/ D ˆ.t/c

establishes a linear isomorphism between the space of solutions of system (B.6) and
the space of constant n-dimensional vectors c.

In its modern form, Euler’s method represents a fundamental matrix of the system
with constant coefficients

dx

dt
D Ax (B.7)

in the form ˆ.t/ D exp.At/.
To be more exact, applying the Euler method to system (B.7), we get a fundamental

matrix in the form ˆ.t/ D S exp.J t/, where J is a Jordan form of the matrix A and
S is the reducing matrix, i.e., a matrix satisfying the equality J D S�1AS .

In the general case (where n > 1 and the coefficient matrix P.t/ of system (B.6)
is not constant), there is no general method for finding a fundamental matrix via the
matrix P.t/.

Indeed, consider the linear differential equation

d 2y

dt2
C t˛y D 0: (B.8)

It is easily seen that if y.t/ is a nonzero solution of equation (B.8), then the function

x.t/ D 1

y

dy

dt
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is a solution of the Riccati equation

dx

dt
C x2 D �t˛:

It follows from the Liouville theorem discussed above that if ˛ ¤ �4k=.2k � 1/ and
˛ ¤ �2, then any nonzero solution of equation (B.8) does not belong to the class L

(note that if y.t/ 2 L, then dy=dt 2 L and x.t/ 2 L).
It follows that if

�

y.t/

z.t/

�

is a column of a fundamental matrix of the system

dy

dt
D z;

dz

dt
D �t˛y

corresponding to equation (B.8), then the function y.t/ does not belong to the class L.
The general theory of linear systems of differential equations had been completed

long ago (and, in fact, this theory is relatively simple). At the same time, we know
really less about linear differential equations and systems with discontinuous coeffi-
cients.

A lot of effort was devoted to study of the so-called Fuchs32 equations and systems.
It is natural to study such equations and systems for unknown functions of a complex
variable (denoted z below).

A differential equation

dny

dzn
C p1.z/

dn�1y

dzn�1
C � � � C pn.z/y D 0 (B.9)

belongs to the Fuchs class if

pj .z/ D
k
Y

mD1

.z � am/
�j qj .z/;

where a1; : : : ; ak are distinct points, and qj are polynomials of degree not exceeding
j.k � 1/.

A system of differential equations

dy

dz
D A.z/y; y 2 Cn;

belongs to the Fuchs class if

dy

dz
D

k
X

mD1

Am

z � am
y; (B.10)

where a1; : : : ; ak are distinct points, and Am are nonzero constant n � n matrices.

32Immanuel Lazarus Fuchs, 1833–1902.
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We pay special attention to equations and systems of the Fuchs class since such
equations and systems are mentioned in the 21st problem in the famous list of prob-
lems posed by Hilbert33 in 1900. This list of problems selected several most important
mathematical problems of that time and significantly influenced the development of
mathematics in the 20th century.

In these lectures, we mention two Hilbert problems related to differential equations
(it would be strange not to mention them speaking about the history of differential
equations, especially taking into account that in both cases, the history was quite
nontrivial). We discuss the second problem (16th in the Hilbert list) later.

Considering equation (B.9), Riemann34 posed the following problem (later, this
problem was called Riemann–Hilbert).

Let us describe the Riemann–Hilbert problem in the case of system (B.10) of the
Fuchs class.

Fix a base point a of the complex plane and let 	j be a simple contour containing
the point a and surrounding precisely one pole aj (see Figure 6).

aj j

a

Figure 6. Contour 	j .

Since coefficients of system (B.10) are continuous in a neighborhood of the point
a, we can define in this neighborhood a fundamental matrix ˆ.z/ of system (B.10).
Continuing this matrix along the contour 	j and returning to the base point a, we get
a fundamental matrix ‰.z/ of system (B.10) (that may differ from ˆ.z/). Since ˆ.z/
and‰.z/ are fundamental matrices of the same system, there exists a nonsingular con-
stant matrixGj such that‰.z/ D ˆ.z/Gj . This matrix (independent of the particular
choice of the contour 	j ) is called the monodromy matrix (or a monodromy).

It is assumed that

A1 C � � � C Ak D 0

(this is the so-called regularity condition at infinity for system (B.10)). In this case,

G1 � � �Gk D Id: (B.11)

The 21st Hilbert problem (Riemann–Hilbert problem): Given a series of points in a
complex plane and prescribed monodromies around these points, is there a Fuchsian
equation (system) with these singularities and monodromies?

33David Hilbert, 1862–1943.
34Georg Friedrich Bernhard Riemann, 1826–1866.
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Thus, we are given points a1; : : : ; ak and matrices G1; : : : ; Gk that satisfy condi-
tion (B.11).

Can we find matrices A1; : : : ; Ak such that the given matrices G1; : : : ; Gk are the
monodromy matrices for the Fuchs system (B.10)?

An affirmative answer to the Riemann–Hilbert problem had been given by Plemelj35

in 1908.
Let us mention here one outstanding mathematician whose life was related to the

St. Petersburg-Leningrad University.
� I. A. Lappo-Danilevskii36 was a son of a famous Russian historian, Academi-

cian A. S. Lappo-Danilevskii. In 1914, I. A. Lappo-Danilevskii became a student of
St. Petersburg University. Due to his serious heart disease and the complicated after-
Revolution life, the active mathematical research by I. A. Lappo-Danilevskii lasted
only for several years. In January of 1931, he was elected Corresponding Member of
the Academy of Sciences of USSR, and in March of the same year, he died in Giessen
(Germany). �

I. A. Lappo-Danilevskii was a student of V. I. Smirnov.37 According to traditions of
the St. Petersburg-Leningrad mathematical school, the main goal in the study of the
Riemann–Hilbert problem was not proving abstract existence theorems but construct-
ing algorithms which would allow to find solutions of the corresponding equations
and systems in the form of power series involving coefficient matrices; in addition,
coefficients of the series must be calculated by recurrent formulas.

A solution of the Riemann–Hilbert problem given by Lappo-Danilevskii followed
these traditions. It was shown that if the given monodromy matrices G1; : : : ; Gk are
close enough to the identity matrix, then there exists a unique solution A1; : : : ; Ak of
the Riemann–Hilbert problem; in addition, this solution has the form

Aj D 1

2�i
.Gj � Id/C

X

1�l;m�k

cl;m;j .a1; : : : ; ak/.Gl � Id/.Gm � Id/C � � � ;

where the series on the right converge for kGj � Idk < b, where b > 0.
This solution of the Riemann–Hilbert problem was obtained as an application of a

general theory of analytic functions of matrices developed by Lappo-Danilevskii. The
monograph [54] devoted to this theory had been published only in 1957; it contains
a lot of ideas which still have to be introduced into the modern theory of differential
equations.

The history of the 21st Hilbert problem had not been completed by the works of
Plemelj and his followers though it was written in some books (see, for example,
[55]) that due to Plemelj’s theorem, we have a more or less complete general theory
of Fuchs systems of the form (B.10).

35Josip Plemelj, 1873–1967.
36Ivan Aleksandrovich Lappo-Danilevskii, 1896–1931.
37Vladimir Ivanovich Smirnov, 1887–1974.
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A monograph containing a full variant of Plemelj’s proof was published in 1964.
In the 1980s, this proof was analyzed by a young Moscow mathematician A. A. Boli-
bruch.38 He understood that, in fact, the Plemelj’s proof uses the following (hidden)
assumption: At least one of the prescribed monodromy matrices G1; : : : ; Gk has a
diagonal Jordan form. For some time, Bolibruch tried to give a proof for the general
case, but in 1989 he constructed a counterexample to the 21st problem. Bolibruch
showed that there exist families of monodromy matrices G1; : : : ; Gk that do not cor-
respond to Fuchs systems of the form (B.10).

B.4 Stability

Of course, from the point of view of applications, stability theory is the most important
branch of theory of differential equations. We do not attempt to tell here a detailed
story of stability theory (let us only mention that the book [56] published in 1949 and
devoted to this history contains more than 600 pages).

Euler was the first who tried to give a definition of stability. In the book “Scientia
navalis seu tractatus de construendis ac dirigendis navibus” ([57]), published in 1749,
Euler treats the possible behavior of a body submerged in water and slightly deviated
from equilibrium.

Euler defines positive stability (the body returns to the initial equilibrium), negative
stability (the body moves away from the equilibrium), and zero stability (the body
rests at the deviated position).

To study the stability of a body in water, Euler considered a mathematical pendu-
lum whose behavior models the behavior of the body (i.e., has the same period and
amplitude). The corresponding mathematical model was a second-order linear differ-
ential equation with constant coefficients (thus, Euler created the foundation of the
analytic theory of small oscillations).

� In 1759, Euler obtained the prize for the theory of shipbuilding at the Academy
of Sciences, Paris. Academician A. N. Krylov39 wrote that, as a result of Euler’s
research, the military sailer got the form which it preserved for 100 years, until 1850s,
when sailors were replaced by steamers and, later, by ironclads. �

It is important to note the Lagrange40 works on stability of mechanical systems.
In his fundamental book on analytical mechanics (1788), Lagrange formulated his

main result on stability of an equilibrium for a conservative mechanical system as fol-
lows. If the function (potential energy) has minimum, then the equilibrium is stable,
so that if the system is slightly deviated from the initial equilibrium, then it tends to
return to the equilibrium performing infinitely small oscillations. On the contrary, if
the same function has maximum, then the equilibrium is not stable, and, after a devi-

38Andrey Andreevich Bolibruch, 1950–2003.
39Aleksey Nikolaevich Krylov, 1863–1945.
40Compte Joseph Louis Lagrange, 1736–1813.
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ation, the system performs oscillations that are not small and move it away from the
initial equilibrium.

Note that Lagrange formulates the definition of stability inside the statement of
his stability theorem and mentions only small deviations but not small perturbations
of velocity (which is necessary when one treats mechanical systems described by
second-order differential equations).

The Lagrange proof of the above-mentioned theorem is not complete. Lagrange
represents the potential energy in a neighborhood of the equilibrium in the form of a
power series and omits terms whose order is greater than two; he explains that since
the variables considered are small, it is enough to take into account only second-order
terms with respect to these variables.

Thus, Lagrange took into account only the linear approximation of the right-hand
side of the considered system of differential equations (which corresponds to second-
order terms in the representation of energy).

Such an approach to stability problems was generally accepted preceding the works
of the great Russian mathematician A. M. Lyapunov41 who created mathematical
foundations of stability theory.

Let us mention that a rigorous proof of the Lagrange stability theorem was given
by Minding42 in 1838.

It is relatively easy to formulate conditions of asymptotic stability, stability, or in-
stability of the zero solution (and then of an arbitrary solution) for a linear system
of differential equations with constant coefficients of the form (B.7). Let �j be the
eigenvalues of the coefficient matrix A.

The zero solution is asymptotically stable if and only if

Re�j < 0 (B.12)

for all the eigenvalues.
The zero solution is stable if and only if

Re�j � 0

for all the eigenvalues and if there exists an eigenvalue �j with Re�j D 0, then all
Jordan blocks (in a complex Jordan form) corresponding to this eigenvalue must be
simple.

In the remaining cases, the zero solution is unstable.
One can check that condition (B.12) is satisfied for all the eigenvalues of the coef-

ficient matrix A by the matrix A itself.
The corresponding criterion was found by Routh43 in 1877 and then modified by

41Aleksandr Mikhailovich Lyapunov, 1857–1918.
42Ernst Ferdinand Minding, 1806–1885.
43Edward John Routh, 1831–1907.
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Hurwitz44 in 1895. Usually, a matrix A whose eigenvalues satisfy condition (B.12) is
called Hurwitz (or stable).

As was said above, stability theory as a rigorously developed branch of mathematics
was created by Lyapunov.

� Aleksandr Mikhailovich Lyapunov was born in Yaroslavl’ in 1857. He became
a student of Faculty of Physics and Mathematics of the St. Petersburg University in
1876. First he wanted to study chemistry under supervision of D. I. Mendeleev, but
soon moved to the mathematical department. In 1880, Lyapunov graduated with the
degree of candidate (his supervisor was D. K. Bobylev). In 1885–1902, Lyapunov
was professor of the Kharkov University, where he wrote his famous doctoral thesis
“The General Problem of the Stability of Motion.” This work contained the basic
definitions of the modern stability theory as well as some fundamental results. In
1901, Lyapunov was elected Academician of the Russian Academy of Sciences. He
moved to St. Petersburg in 1902. In the summer of 1917, Lyapunov’s family moved
to Odessa. On October 31, 1918, the day when his wife died, Lyapunov shot himself.
He died three days later in hospital. �

We can mention a lot of deep and important results obtained by Lyapunov. He had
developed a powerful method based on study of behavior of special functions along
integral curves of a differential equation (later, such functions were called Lyapunov
functions).

We will speak in detail about the branch of stability theory which originated from
the famous theorem characterizing stability by the linear approximation (undoubtedly,
this theorem is the mostly often used in applications result of theory of differential
equations).

Usually, this theorem is formulated as follows. Consider a system of differential
equations of the form

dx

dt
D Ax C g.t; x/; (B.13)

where g.t; 0/ D 0 for t � t0 and

jg.t; x/j
jxj ! 0; jxj ! 0; uniformly in t � t0:

If A is a Hurwitz matrix, then the zero solution of system (B.13) is asymptotically
stable. If the matrix A has an eigenvalue � with Re� > 0, then the zero solution of
system (B.13) is unstable.

Thus, Lyapunov gave an exact answer to the question under which conditions the
character of stability of the zero solution is the same for a nonlinear system of differ-
ential equations and for its linearization. Precisely this question was the main problem
which Lyapunov wanted to solve creating stability theory. Let us cite his phrase from

44Adolf Hurwitz, 1859–1919.
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the Preface to “The General Problem of the Stability of Motion:” “The problem which
I had in mind starting this work can be formulated as follows: Indicate the cases where
the first approximation solves the question of stability and develop methods to answer
this question at least in some of the cases where the first approximation is not a crite-
rion of stability.”

The cases considered by the theorem on stability in the first approximation were
called ordinary by Lyapunov. The remaining cases were called critical. Clearly, a
critical case corresponds to a matrix A such that all the real parts of its eigenvalues
are nonnegative and some of the eigenvalues have zero real parts.

In this case, we can represent the matrix A (after a nonsingular linear change of
coordinates) in a block-diagonal form:

A D diag.B; C /; (B.14)

whereB is a matrix whose eigenvalues have zero real parts and C is a Hurwitz matrix.
Lyapunov gave complete answers for two critical cases: the case where the matrix

B is the zero scalar and the case where B is a 2 � 2 matrix with purely imaginary
eigenvalues (in the latter case, the answer was given up to the center-focus problem
mentioned by Poincaré).

In 1963, V. I. Smirnov found in the archives of the Academy of Sciences of USSR
and published the Lyapunov’s manuscript “Study of a special case of the problem of
the stability of motion.” In this manuscript, Lyapunov studied the critical case where
B is a 2� 2 matrix with zero eigenvalues and the matrix C is nonzero. The study had
not been completed; it remained to treat the case where B is a nontrivial Jordan block
of size 2 � 2.

� Analyzing this text, one can see that Lyapunov had very high standards concern-
ing publication of mathematical papers. The results obtained in the text (not perfect
enough for publication, in Lyapunov’s opinion) were really stronger than many results
in this field published by various authors up to the beginning of the 1960s. �

The final solution in the critical case of a nontrivial Jordan block B of size 2 � 2

was given by V. A. Pliss45 who applied a new approach using the so-called locally-
invariant manifolds and the reduction principle (1964).

In the particular critical case of stability theory mentioned above, the main idea of
the reduction principle can be formulated as follows.

Represent the phase variable x in the system

dx

dt
D Ax CG.x/; G.x/ D o.jxj/; (B.15)

which we consider as x D .y; z/ according to the block-diagonal form (B.14) of the
matrix A. There exists a function f .y/ such that, in a neighborhood of the origin, the

45Victor Aleksandrovich Pliss, b. 1932.
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manifold z D f .y/ is invariant for system (B.15), and the character of stability of the
zero solution for the reduced system

dy

dt
D By CG.y; f .y//

is the same as that for the initial system (B.15).
The reduction principle (now usually called the center manifold theorem – the

title comes from the term “central” often applied to the locally-invariant manifold
z D f .y/) is now one of the fundamental tools in qualitative theory of differential
equations.

Many researchers continued to study the character of stability for systems of the
form (B.15) in terms of their right-hand sides (usually, in terms of conditions on co-
efficients of the series representing the analytic nonlinear term G.x/).

In a sense, the logic of development of stability theory in this direction repeated the
logic of development of the theory of solving differential equations by quadratures; it
was shown that, in general, the stability problem is algebraically unsolvable.

Let us first give the necessary definitions.
Let f be a function of the class C1.Rn;Rn/ such that f .0/ D 0. Fix a natural

number N ; the set

jf .N / D ¹g 2 C1.Rn;Rn/ W g.0/ D 0 and jf .x/ � g.x/j D o.jxjN /; jxj ! 0º
is called the N -jet of the function f at 0.

Clearly, a function g belongs to jf .N / if and only if the Taylor expansions of the
functions f and g at 0 coincide up to terms of degree N .

Let J .N /.n/ be the space of N -jets of functions C1.Rn;Rn/ with the natural co-
ordinates - to any N -jet we assign the coefficients of the vector polynomial of degree
N that is determined by terms of degree not exceeding N in the Taylor expansion of
a representative of the jet.

A subset of the space J .N /.n/ is called semialgebraic if this subset is a union of a
finite number of sets each of which is defined by a finite number of equations P D 0

and inequalities Q > 0, where P and Q are polynomials.
Consider a system of differential equations

dx

dt
D f .x/; (B.16)

where f 2 C1.Rn;Rn/ and f .0/ D 0. We say that a jet jf .N / is stable (unstable)
if the zero solution of the system

dx

dt
D g.x/

with any function g 2 jf .N / is stable (respectively, unstable).
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The sense of this terminology is as follows: If a jet jf .N / is stable (or unstable),
then the character of stability of the zero solution of system (B.16) is determined by
Taylor coefficients of the function f of degrees not exceeding N and does not depend
on Taylor coefficients of higher degrees.

A jet is called neutral if it is neither stable nor unstable.
Consider, for example, system (B.15) and let f .x/ D Ax C G.x/. Clearly, jf .1/

is determined by entries of the matrix A.
The Lyapunov theorem on stability in the first approximation implies that if the

matrix A is Hurwitz, then jf .1/ is stable, and if A has an eigenvalue with a positive
real part, then jf .1/ is unstable.

It is relatively easy to show that if the matrix A corresponds to a critical case (i.e.,
all the real parts of its eigenvalues are nonnegative and some of the eigenvalues have
zero real parts), then, by a proper choice of the nonlinearity G.x/, we can make the
zero solution stable or unstable. This means that in this case, jf .1/ is neutral.

The conditions under which a given matrix A is Hurwitz, has an eigenvalue with a
positive real part, or corresponds to a critical case can be written in the form of a finite
number of polynomial conditions on entries of the matrix A.

Thus, the sets of stable, unstable, and neutral 1-jets are semialgebraic for any di-
mension of the phase space.

It was shown by V. I. Arnold in 1970 that, in general, an analog of the above state-
ment concerning 1-jets does not hold for N -jets with large N (which means that the
stability problem is not algebraically solvable). We do not formulate the correspond-
ing Arnold theorem (this would require more definitions); instead, we formulate one
of results in this direction obtained later (see [58]).

Consider in the space R4 system (B.15) such that the matrix A has eigenvalues
˙i;˙3i . It is shown in [58] that the intersection of the subset of the space J .3/.4/

corresponding to such systems with the set of stable jets is not semialgebraic.
This result means that we cannot impose a finite number of conditions having the

form of polynomial equalities and inequalities on coefficients of terms of degree 2 and
3 in the representation of the function G.x/ to select the set of systems for which the
zero solution is stable for any choice of terms of higher degrees.

We complete this section with description of some stability results for Hamiltonian
systems (this class of systems of differential equations, very important for applica-
tions, was considered by Hamilton46).

First we consider the simplest Hamiltonian systems defined as follows. Introduce in
the space R2n of even dimension coordinates .p; q/, where p; q 2 Rn. Fix a smooth
function H W R � R2n ! R and assign to it the system of differential equations

dpi

dt
D �@H

@qi
;

dqi

dt
D @H

@pi
; i D 1; : : : ; n: (B.17)

46Sir William Rowen Hamilton, 1805–1865.
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System (B.17) is called a Hamiltonian system with n degrees of freedom (and the
function H is called the Hamiltonian of this system).

One of the main problems of the natural science of all times was to create a realistic
model of the Solar System.

Undoubtedly, precisely this problem stimulated Newton when he formulated the
basic laws of mechanics and the law of gravitation.

Newton considered as a model of the Solar System a system of n bodies moving
in the space under the influence of mutual force fields. The problem of description of
dynamics in such a system is called the n body problem.

The corresponding system of differential equations is Hamiltonian. Denote by xi

the vector of position of the i th body in the three-dimensional Euclidean space and by
mi the mass of this body.

Introduce coordinates qi and impulses pi by the formulas

qi D xi ; pi D mi
dxi

dt
:

If Fi is the force applied to the i th body, then it follows form Newton’s laws that

mi
d2xi

dt2
D Fi :

Let us write these equations as a system:

dpi

dt
D mi

d2xi

dt2
D Fi ;

dqi

dt
D pi

mi
: (B.18)

It is easy to show (check!) that equalities (B.17) hold, i.e., (B.18) is a Hamiltonian
system with Hamiltonian

H D
n
X

iD1

p2
i

2mi
� 	

X

i¤j

mimj

jqj � qi j ;

where 	 is the gravitational constant, and

Fi D 	
X

i¤j

mimj
xj � xi

jxj � xi j3 ;

which means that the i th body is attracted by the other bodies according to Newton’s
gravitation law.

In fact, Kepler47 knew that two bodies that attract each other move along conic
sections.

47Johann Kepler, 1571–1630.
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If n D 3, then the dimension of the corresponding system (B.18) equals 18, and we
have no hope to give a complete description of its dynamics by tools of the modern
mathematics (later, we mention several results on the three body problem).

Deep and interesting results concerning stability of Hamiltonian systems belong to
A. N. Kolmogorov.48

Consider a Hamiltonian system of the form (B.17) in which coordinates qi belong
to the n-dimensional torus, and impulses pi are points of a domain in the space Rn.
If the Hamiltonian H depends only on impulses, then the phase space is decomposed
into invariant n-dimensional tori covered with quasiperiodic integral curves.

In 1954, Kolmogorov proved that if some nondegeneracy condition is satisfied, then
the perturbed system with Hamiltonian

H.p/C "H1.p; q; "/

also has invariant tori covered with dense integral curves, and the measure of the
complement of the union of such invariant tori is small for small ".

The Kolmogorov theory had been developed by Arnold and Moser49; now it is
called Kolmogorov–Arnold–Moser (or KAM) theory.

Arnold is the author of one of the famous applications of KAM theory in stability
theory. He considered the n body problem assuming that the mass of one of the
bodies (“Sun”) is very large compared to masses of the remaining bodies (“planets”).
In the nonperturbed problem, the position of the “Sun” is fixed, and “planets” do not
influence each other (in this case, the system is decomposed into independent Kepler
subsystems).

It was shown by Lagrange that it is possible to average the perturbed system so
that the averaged system has a stable equilibrium which corresponds to motion of
all the “planets” in the same plane along circular orbits. The motion of “planets”
corresponding to small oscillations in the linearization of the averaged system at this
equilibrium is called the Lagrange motion.

Arnold proved that if the masses of the “planets” are small enough, then the phase
space contains a domain of a large measure covered with trajectories that are close
to Lagrange motions (which means the stability of the evolution of the planet system
that starts at the mentioned domain).

B.5 Nonlocal qualitative theory. Dynamical systems

As was said above, the qualitative theory of differential equations studies properties
of solutions of differential equations without finding the solutions themselves.

In a broad sense of this term, the qualitative theory includes existence and unique-
ness theorems, local qualitative theory which studies the behavior of trajectories in

48Andrey Nikolaevich Kolmogorov, 1903–1987.
49Juergen Moser, 1928–1999.
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a small neighborhood of a fixed trajectory (we do not mention such results in these
lectures), stability theory, and so on.

In this section, we mostly speak about the development of nonlocal qualitative the-
ory that describes the structure of the set of trajectories either in the whole phase space
or in parts of the phase space that we cannot treat as small ones.

The nonlocal qualitative theory was founded by Poincaré in four books with the
same title “Mémoire sur les courbes définiés par une équation différentielle” [59].

Beginning the first memoir, Poincaré emphasizes that his goal is to study solutions
(functions defined by differential equations) by themselves and not to reduce them to
simpler functions.

In these memoires, Poincaré classifies the main types of rest points for planar au-
tonomous systems (nodes, saddles, foci, and centers), studies limit cycles, treats dif-
ferential equations on the two-dimensional torus (he introduces the rotation number
and relates it to the structure of trajectories), considers the center-focus problem.

He uses the method of contactless curves and the index theory which are applied
later in various studies on the nonlocal qualitative theory. It is difficult to overestimate
the influence of the ideas introduced by Poincaré (let us also mention that Poincaré
created topology mainly as a tool devoted to study the structure of trajectories of
multidimensional differential equations).

Later, we will speak about one more very important achievement of Poincaré – he
had discovered the possibility of finding homoclinic points in problems of celestial
mechanics.

Let us mention two deep results which develop the global qualitative theory created
by Poincaré.

In 1901, Bendixson50 studied a possible structure of the limit set of a positive semi-
trajectory of a planar autonomous system of differential equations in the case where
the closure of this semitrajectory belongs to a planar domain containing only a finite
set of rest points. His theorem (usually called the Poincaré–Bendixson theorem) states
that the limit set has one of the following structures:

� a rest point;

� a closed trajectory;

� a contour consisting of rest points and trajectories that tend to these rest points
as time goes to ˙1

(we refer to the Poincaré–Bendixson theorem in Section 7.6).
Denjoy51 studied the structure of trajectories of a differential equation on the two-

dimensional torus in the case where a meridian C of the torus is a contactless cycle
and the Poincaré rotation number is irrational.

50Ivar Bendixson, 1861–1935.
51Arnaud Denjoy, 1884–1974.
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It was shown by Poincaré that in this case, for any trajectory, the intersection P
of its !-limit set with the meridian C either coincides with C or is a perfect Cantor
subset of C (and the set P does not depend on the choice of a trajectory).

Denjoy constructed an example of a differential equation of class C 1 for which the
second possibility is realized. He also showed that if the equation is of class C 2, then
P D C .

One of the most important problems of the qualitative theory of planar autonomous
systems of differential equations is the Hilbert’s 16th problem (to be more exact, the
part of this problem related to differential equations): What may be said about number
and location of limit cycles of a planar polynomial vector field with components of
degree n?

This problem still stays unsolved.
Recall that a closed trajectory of a planar autonomous system is called a limit cycle

if it has a neighborhood that does not contain other closed trajectories.
The first essential result concerning the 16th problem had been published by Du-

lac52 in 1923.
The Dulac theorem [60] (sometimes called the finiteness theorem) says that a planar

autonomous system of differential equations of the form

dx

dt
D P.x; y/;

dy

dt
D Q.x; y/ (B.19)

(with polynomial or holomorphic right-hand sides P and Q) has a finite number of
limit cycles.

In 1980, the Dulac book containing a complete proof of the finiteness theorem was
published in Russian. A Moscow mathematician Yu. S. Ilyashenko53 analyzed the
proof and found that the proof contained a gap.

The history of the Hilbert 16th problem differs from the history of the 21st problem;
after long efforts, Ilyashenko had invented a new method for proving the finiteness
theorem [61]; independently, several other proofs had been published.

One of the modern formulations of the 16th problem is as follows: Does there exist
a function N.n/ (Hilbert’s number) defined for natural n � 2 such that the number
of limit cycles of system (B.19) whose right-hand sides are polynomials of degree n
does not exceed N.n/?

At present, it is not known whether N.2/ exists. Of course, it follows from the
finiteness theorem that any given quadratic system (B.19) has a finite number of limit
cycles; are these numbers uniformly bounded?

For a long time, it was believed that

N.2/ D 3: (B.20)

52Henry Dulac, 1870–1955.
53Yulij Sergeevich Ilyashenko, b. 1943.
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In 1955, I. G. Petrovskii54 and E. M. Landis55 attempted to prove equality (B.20).
Unfortunately, their proof contained errors.

A counterexample to equality (B.20) had been found in 1980. A Chinese mathe-
matician Shi Songling56 considered a quadratic system of the form (B.19) with

P.x; y/ D �y C �x � 10x2 C .5C ı/xy C y2;

Q.x; y/ D x C x2 � .25C 9ı � 8"/xy;
and showed that this system has four limit cycles for ı D �10�13; " D �10�52; � D
�10�200.

Thus, though systems (B.19) have a relatively simple form, the qualitative theory
of such systems is very far from being complete.

The general theory of dynamical systems originates in Poincaré works.
A Russian translation of the Poincaré memoires [59] contained an appendix, “Gen-

eral Qualitative Theory,” written by Russian mathematicians E. A. Leontovich57 and
A. G. Mayer.58

Leontovich and Mayer analyze the Bendixson’s paper containing the proof of the
Poincaré–Bendixson theorem. They show that the basic Poincaré results on the struc-
ture of trajectories of planar autonomous systems of differential equations (as well
as Bendixson’s results) follow from the fact that such systems generate flows (in the
terminology accepted in this book).

Dynamical systems with discrete time were also first treated by Poincaré. We
must mention his method of study of neighborhoods of closed trajectories (using the
Poincaré transformation) and the so-called Poincaré’s last geometric theorem on fixed
points of measure preserving homeomorphisms of a planar annulus (this theorem has
deep applications in the three body problem).

The modern theory of dynamical systems has its roots in the Birkhoff’s59 book [1]
published in 1927.

Birkhoff defined nonwandering and recurrent trajectories, described the basic prop-
erties of the nonwandering set and the center of a dynamical system (we prove one
of Birkhoff’s theorems in Section 3.3), studied the property of transitivity, proved the
ergodic theorem, generalized the above-mentioned Poincaré geometric theorem, stud-
ied existence and stability of periodic motions, proved the existence of a countable set
of periodic points in a neighborhood of a homoclinic points of a two-dimensional
diffeomorphism.

The further development of the global qualitative theory of dynamical systems was
very intensive; of course, we cannot describe it in several lectures.

54Ivan Georgievich Petrovskii, 1901–1973.
55Evgeny Mikhailovich Landis, 1921–1987.
56Shi Songling, b. 1939.
57Evgeniya Aleksandrovna Andronova-Leontovich, 1905–1997.
58Artemii Grigoryevich Mayer, 1905–1951.
59George David Birkhoff, 1884–1944.
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The completing sections of our lectures are devoted to the theory of structural sta-
bility and the theory of system with chaotic behavior (thus, we do not speak about
such fields as the theories of asymptotic methods, of systems with invariant measure,
of bifurcations, of complex systems).

B.6 Structural stability

Precisely 250 years passed after the publication of Newton’s “Philosophiæ Naturalis
Principia Mathematica” (1687) when A. A. Andronov60 and L. S. Pontryagin61 pub-
lished in 1937 the paper [24].

The novelty of the Andronov and Pontryagin’s approach can be formulated as fol-
lows: They suggested to study not a single system of differential equations but the
preservation (or change) of the global structure of the set of trajectories when one
considers a C 1-small perturbation of the right-hand side of the system.

Thus, a principally new object had been introduced – the space of systems of dif-
ferential equations (or dynamical systems). The main problem was to select elements
of this space to which there corresponds stability or instability of the global structure
of trajectories. In this book, we mostly study this object (to be precise, we consider
several spaces of dynamical systems with various topologies).

We have formulated the Andronov–Pontryagin theorem in Section 7.6.
It was mentioned that a structurally stable autonomous system of differential equa-

tions (in a two-dimensional disk or on a two-dimensional sphere) has a finite number
of rest points and closed trajectories.

At the end of the 1950s, a young American mathematician S. Smale,62 known for
his proof of the Poincaré conjecture for n > 4, moved to the theory of dynamical sys-
tems. First he tried to extend the Andronov–Pontryagin theorem to the multidimen-
sional case. As Smale wrote, he believed that a structurally stable diffeomorphism of
a manifold of arbitrary dimension has a finite number of periodic points.

N. Levinson63 attracted Smale’s attention to the papers by M. Cartwright64 and
J. Littlewood65 [62, 63] in which they studied the Van der Pol66 equation

d2x

dt2
C k.x2 � 1/dx

dt
C x D b�k cos.�t/ (B.21)

with large parameter k and some generalizations of this equation (we mention the
history of this equation in the next section).

60Aleksandr Aleksandrovich Andronov, 1901–1952.
61Lev Semenovich Pontryagin, 1908–1988.
62Stephen Smale, b. 1930.
63Norman Levinson, 1912–1975.
64Mary Cartwright, 1900–1998.
65John Edensor Littlewood, 1885–1977.
66Balthasar Van der Pol, 1889–1959.
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Cartwright and Littlewood had shown that the Van der Pol equation has sets of
solutions of a quite strange structure, and this structure is preserved under small per-
turbations of coefficients of the equation. In particular, equation (B.21) may have
infinite families of periodic solutions with unbounded periods.

The proofs of Cartwright and Littlewood are very complicated. It was shown by
Levinson in the paper [64] that one can discover a similar behavior of solutions in a
simple analog of equation (B.21) in which the nonlinearity x2 � 1 is replaced by a
piecewise-constant function.

Analyzing the behavior of solutions of Levinson’s equation, Smale invented his
horseshoe (see Section 9). This gave the first example of a structurally stable diffeo-
morphism with an infinite set of periodic points [65].

It was conjectured by Smale that the hyperbolic torus automorphism considered
by R. Thom67 (see Section 7) is structurally stable, as well as a geodesic flow on a
Riemannian manifold of negative curvature.

The first proof of structural stabilty of the hyperbolic torus automorphism had been
published by V. I. Arnold and Ya. G. Sinai68 in 1962, but later it was shown that the
smoothness of some constructions used in the proof was not sufficient for application
of the Denjoy theory. The structural stabilty of the hyperbolic torus automorphism
had been established by Smale.

D. V. Anosov69 proved a general result on structural stability of the so-called (Y)-
systems (later called Anosov systems). As a corollary of this result, it was shown that
a geodesic flow on a Riemannian manifold of negative curvature is structurally stable.

In the famous Anosov’s book [27], he introduced condition (Y) (later called the hy-
perbolicity condition). It was shown that any (Y)-system (a flow or diffeomorphism)
is structurally stable. Anosov mentioned that, in fact, condition (Y) had been applied
by Hopf70 in his study of ergodicity of geodesic flows.

In the same 1967, Smale published a large paper [66]. In this paper, he introduced
Axioms A and A0, proved the spectral decomposition theorem and the first variant of
the �-stability theorem (in this variant, he used a condition that was stronger than the
no cycle condition). Later, Smale proved the �-stability theorem in its present form
[67].

In fact, the paper [66] (and several later papers published by Smale himself and
jointly with J. Palis71) contained a complete program of creation of theories of �-
stability and structural stability. The main conjectures of these theories (for the case
of diffeomorphisms) were stated by Smale and Palis [18] at the end of the 1960s (see
Theorems 7.5 and 7.6 of this book).

67René Thom, 1923–2002.
68Yakov Grigor’evich Sinai, b. 1935.
69Dmitrii Victorovich Anosov, b. 1936.
70Eberhard Hopf, 1902–1983.
71Jacob Palis, b. 1940.
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This program had been completed (both for diffeomorphisms and for flows gener-
ated by vector fields) 30 years later.

Let us note that one of the keystones of the theory of structural stability was the
stable manifold theorem (in its present form, Theorem 7.1).

Anosov mentions that, in the analytic case, some variants of theorems on invariant
manifolds were known to Darboux,72 Poincaré, and Lyapunov.

Lyapunov studied in the book “The General Problem of the Stability of Motion”
the so-called problem of conditional stability (i.e., stability with respect to perturba-
tions of initial values belonging to some subsets of the whole space). Lyapunov gave
conditions (in the analytic case) under which there exists a smooth manifold contain-
ing the initial point of the nonperturbed motion and such that motions that start at
points of this manifold tend to the nonperturbed one exponentially as time grows. The
Lyapunov method used the representation of the manifold by special series.

Some geometric ideas related to the existence of a stable manifold belong to
P. Bohl.73

At present, two methods are used in the proof of the stable manifold theorem and
its analogs: the method of J. Hadamard74 and the method of O. Perron75 (and the
theorem itself is often called the Hadamard–Perron theorem).

The Hadamard method is based on transformation of graphs (one can find a detailed
description of this method in the book [8]).

Perron applied a special method of successive approximations using the so-called
Perron operator; this operator is a very powerful tool in study of various problems of
the theory of differential equations and dynamical systems. In this book, we follow
Perron’s approach.

Let us also note the results of D. Grobman76 and P. Hartman77 who had proven that,
in a neighborhood of a hyperbolic fixed point, a dynamical system is topologically
conjugate to a linear mapping (see Sections 4 and 5).

Let us now pass to the history of the proof of Theorems 7.5 and 7.6. We have men-
tioned that the sufficiency part of Theorem 7.5 (Axiom A and the no cycle condition
imply �-stability) had been proven by Smale.

The sufficiency part of Theorem 7.6 (Axiom A and the strong transversality condi-
tion imply structural stability) was first proven by J. Robbin78 for diffeomorphisms of
class C 2 [42] and then by C. Robinson79 in [68] in the general case, for diffeomor-
phisms of class C 1.

72Gaston Darboux, 1842–1917.
73Pirs Bohl, 1865–1921.
74Jacques Salomon Hadamard, 1865–1963.
75Oskar Perron, 1880–1975.
76David Matveevich Grobman, b. 1922.
77Philip Hartman, b. 1915.
78Joel W. Robbin, b. 1941.
79Clark Robinson, b. 1943.
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After that, almost for 20 years, mathematicians tried to prove the necessity of con-
ditions of Theorems 7.5 and 7.6 (in fact, the main problem was to prove that structural
stability implies the hyperbolicity of the nonwandering set). Finally, this was done by
R. Mañé80 in 1987 [44]. To the surprise of many specialists, the proof heavily used
the theory of invariant measures. In Appendix A of this book, we describe a scheme
of the Mañé proof.

Using practically the same reasoning, Palis had shown that conditions of Theo-
rem 7.5 are necessary [69].

The case of flows generated by smooth vector fields is technically more compli-
cated than the case of diffeomorphisms (and some of the differences are not purely
technical). For that reason, in the case of flows, analogs of Theorems 7.5 and 7.6 were
published later (complete proofs appeared in 1996).

An analog of Theorem 7.5 is as follows: a flow � is �-stable if and only if �
satisfies Axiom A0 and the no cycle condition.

Sufficiency of these conditions for �-stability of a smooth flow had been estab-
lished by C. Pugh81 and M. Shub82 in [70]; the necessity of these conditions follows
from the results of L. Wen83 and S. Hayashi84 mentioned below.

The sufficiency part of an analog of Theorem 7.6 (a flow � is structurally stable
if and only if � satisfies Axiom A0 and the strong transversality condition) had been
proven by Robinson [71], and the necessity of these conditions had been established
by Wen and Hayashi [72, 73].

B.7 Dynamical systems with chaotic behavior

In 1927, a Dutch physicist, mathematician, and engineer Balthasar Van der Pol (re-
nowned not only for his theoretical achievements but also for the construction of the
telegraph line that joined the Netherlands and its colonies in South-East Asia) studied
oscillations in an electric circuit containing a vacuum tube and a periodic source of
current. He changed the amplitude of the source and listened to the changing sound
in a telephone receiver (the oscillograph had not been invented at that time).

Van der Pol noticed that a regular passage from one stationary frequency to another
was sometimes replaced by a chaotic noise which did not vanish after a small change
of amplitude.

This Van der Pol’s discovery led to one of the most important steps in the develop-
ment of science, the introduction of chaos as a model of natural phenomena.

As was mentioned above, Cartwright and Littlewood detected the appearance of a
very strange structure of solutions in the Van der Pol equation (B.21) and proved that

80Ricardo Mañé, 1948–1995.
81Charles Chapman Pugh, b. 1940.
82Michael Shub, b. 1943.
83Lan Wen, b. 1946.
84Shuhei Hayashi, b. 1962.
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this structure is preserved under small variation of parameters. After that, analyzing
the behavior of solutions of the Levinson equation, a simplified variant of the Van der
Pol equation, Smale had invented the horseshoe.

Studying the dynamics of the invariant set of a diffeomorphism with a horseshoe,
Smale understood that a similar dynamics is generated by a transverse homoclinic
point.

Homoclinic points were discovered by Poincaré (who also called them doubly
asymptotic). Analyzing the dynamics generated by homoclinic points, Poincare wrote
the following famous words in his fundamental book “Les Méthodes Nouvelles de la
Mécanique Céleste” [74]: “If one attempts to imagine the figure formed by these
two curves85 and their infinitely many intersections, each of which corresponds to a
doubly asymptotic solution, these intersections form something like a lattice, or fab-
ric, or a net with infinitely tight loops. None of these loops can intersect itself, but
it must wind around itself in a very complicated fashion in order to intersect all the
other loops of the net infinitely many times. One is struck by the complexity of this
figure, which I shall not even attempt to draw.

Nothing gives us a better idea of the complicated nature of the three body problem
and the problems of dynamics in general.”

It was also mentioned that Birkhoff knew that a homoclinic point of a two-dimen-
sional diffeomorphism can produce an infinite set of periodic points.

The Smale theorem on the dynamics of a horseshoe (see Theorem 9.1) implies
that any neighborhood of a transverse homoclinic points contains an invariant set on
which the diffeomorphism is topologically conjugate to the shift homeomorphism; in
particular, this means that any neighborhood of a transverse homoclinic point contains
an infinite set of periodic points.

The problem of complete description of the dynamics of a system in a neighbor-
hood of a transverse homoclinic point had been solved by Yu. I. Neimark86 [50] and
L. P. Shilnikov87 [51].

Note that the problem of complete description of the dynamics of a system in a
neighborhood of a nontransverse homoclinic point seems unsolvable.

At present, the mathematical literature contains many different definitions of chaos;
in this book, we work with the definition cited in Section 9.2. As was shown in
Section 9.3, a dynamical system having a transverse homoclinic point exhibits chaotic
behavior.

Another famous system with chaotic behavior is the model studied by E. Lorenz.88

In 1963, almost simultaneously with Smale’s invention of the horseshoe, Lorenz

85The curves are the stable and unstable manifolds of the hyperbolic saddle fixed point whose inter-
section creates the homoclinic point.

86Yurii Isaakovich Neimark, 1920–2011.
87Leonid Pavlovich Shilnikov, 1934–2011.
88Edward Norton Lorenz, 1917–2008.
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published results of computer modeling of the system of differential equations

Px D �10x C 10y;

Py D 28x � y � xz;
Pz D �8=3z C xy:

This system appears in modeling the convective motion of a liquid layer between two
parallel planes [75]. Lorenz noted that numerically obtained trajectories with almost
the same initial values diverge very significantly as time grows (Figure 7 shows a
trajectory of the Lorenz system).

z

x

y

W p
u
( )

0

Figure 7. One trajectory of the Lorenz system.

In the study of chaotic dynamical systems similar to the Lorenz system, mathemati-
cians invented the term “strange attractor.”

A strange attractor is a limit set of a dynamical system on which the behavior of the
system is chaotic. Now we know that strange attractors exist in models appearing in
a lot of domains (mechanics, aerohydrodynamics, laser theory, population dynamics,
etc.). In the study of such models, scientists apply the techniques of the theory of
structural stability.

Though the right-hand sides of the Lorenz system are of a very simple structure, its
complete investigation meets a lot of difficulties.

For a long time, the existence of chaotic structures was known not for the Lorenz
system but for some of its geometric models.

Rigorous results were obtained using the so-called interval arithmetic, or interval
analysis (which allows to estimate the errors of computer modeling and to obtain
information concerning the geometry of images of sets under shifts along trajectories).
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At the end of the 20th century, methods of interval arithmetic combined with the
theory of Conley89 index allowed K. Mischaikov90 with a group of his colleagues to
prove that the Lorenz system is chaotic.

In 1998, S. Smale published a list of problems that would prove challenging to
mathematicians of the 21st century (in the spirit of Hilbert’s problems).

In 2002, W. Tucker91 has received the first R. E. Moore Prize for Applications of
Interval Analysis. He had proven that the Lorenz system possesses a strange attractor
(this was the contents of the 14th Smale problem).

Let us describe two more results related to chaotic dynamical systems.
One of them was published by A. N. Sharkovskii92 [76] in 1964. Sharkovskii stud-

ied the problem of coexistence of periodic points of semi-dynamical systems (see
Section 3.1) generated by continuous mappings of the segment Œ0; 1� into itself.

Let us order the natural numbers as follows:

1 � 2 � 22 � 23 � � � � � 22 � 7 � 22 � 5 � 22 � 3
� � � � � 2 � 7 � 2 � 5 � 2 � 3 � � � � � 9 � 7 � 5 � 3

(thus, from the left we start with powers of two in increasing order, and from the right
we start with the odd numbers in increasing order, then we put 2 times the odds, 4
times the odds, etc.). We agree that the relation � is transitive, i.e., if k � l � m,
then k � m.

By analogy with the case of a dynamical system, we say that p is a periodic point
of f of period m if the points p; f .p/; : : : ; f m�1.p/ are different and f m.p/ D p.

Sharkovskii showed that if a semi-dynamical system generated by a continuous
mapping f W Œ0; 1� ! Œ0; 1� has a periodic point of period m and k � m, then f has
a periodic point of period k.

In addition, for any natural number m there exists a continuous mapping f that
has a periodic point of period m and does not have periodic points of period n with
m � n.

As often happens, the Sharkovskii theorem was unnoticed in the West, and only
when a weaker result was published, the Sharkovskii ordering became generally ac-
knowledged in the theory of dynamical systems.

In the end, we discuss the results of V. M. Alekseev93 on the restricted three body
problem published in 1968–69 [77].

Let us start with a degenerate three body problem in which two bodies of the same
mass move in a plane periodically along ellipses with the same center C (this is one
of the known Kepler configurations in the two body problem), while the third body of

89Charles C. Conley, 1933–1984.
90Konstantin Mischaikov, b. 1957.
91Warwick Tucker, b. 1970.
92Aleksandr Nikolaevich Sharkovskii, b. 1936.
93Vladimir Mikhailovich Alekseev, 1932–1980.
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zero mass moves along the straight line that is perpendicular to the plane and intersects
the plane at the point C .

The differential equation describing the motion of the third body is obtained from
the standard equations of the three body problem in the limit as the mass of the third
body tends to zero.

If z.t/ is the coordinate of the third body at time moment t (we assume that the
origin of coordinates is fixed at the joint center of elliptic orbits of the massive bodies),
then the differential equation for z.t/ has the form

d2z

dt2
D � z

.z2 C r.t//3=2
; (B.22)

where r.t/ is the distance of any of the massive bodies to the center C . The right-hand
side of equation (B.22) is !-periodic in time, where ! is the joint period of motion of
the massive bodies. Let T be the Poincaré transformation of the plane generated by
the shift at time ! along integral curves of the second-order system corresponding to
equation (B.22).

Alekseev showed that the diffeomorphism T generates a horseshoe (this horseshoe
has a very specific spiral form); thus, the dynamics of equation (B.22) is chaotic.

It is very important to note that the same result (the existence of a horseshoe and
chaotic dynamics) holds for the nondegenerate version of the restricted three body
problem (if the mass of the third body is very small compared to the masses of the
massive bodies).

Thus, chaotic dynamics is possible in the mostly classical problem of the theory of
differential equations ascending to Newton.





Bibliography

[1] Birkhoff G, Dynamical systems. Colloquium Publ, 9. New York, Amer Math Soc, 1927.

[2] Nitecki Z, Differentiable dynamics. Cambridge, Massachusetts, and London, MIT Press,
1971.

[3] Guckenheimer J, Moser J, Newhouse S. Dynamical systems. Boston, MA, Birkhäuser-
Verlag, 1980.

[4] Palis J, di Melo W. Geometric theory of dynamical systems. An introduction. Berlin,
Heidelberg, Springer-Verlag, 1982.

[5] Shub M. Global stability of dynamical systems. Berlin, Heidelberg, Springer-Verlag,
1987.

[6] Robinson C. Dynamical systems. London, CRC Press, 1995.

[7] Brin M, Stuck G. Introduction to dynamical systems. Cambridge, Cambridge Univ Press,
2002.

[8] Katok A, Hasselblatt B. Introduction to the modern theory of dynamical systems. Cam-
bridge, Cambridge Univ Press, 1995.

[9] Pilyugin SYu. Introduction to structurally stable systems of differential equations. Basel,
Boston, Berlin, Birkhäuser-Verlag, 1992. Translation of Pilyugin SYu. Vvedeniye v
grubye sistemy differentsial’nykh uravnenii. Leningrad, Leningrad Univ Press, 1988 (in
Russian).

[10] Pilyugin SYu. The space of dynamical systems with the C 0 topology. Lect Notes Math,
1571. Berlin, Heidelberg, New York, Springer-Verlag, 1994.

[11] Pilyugin SYu. Shadowing in dynamical systems. Lect Notes Math, 1706. Berlin, Heidel-
berg, New York, Springer-Verlag, 1999.

[12] Abraham R, Robbin J. Transversal mappings and flows. New York, Benjamin Press,
1967.

[13] Brin MI. The inclusion of a diffeomorphism into a flow. Izv Vyssh Uchebn Zaved Mat
1972, 8, 19–25 (in Russian).

[14] Horn RA, Johnson CR. Matrix analysis. Cambridge, Cambridge Univ Press, 1990.

[15] Pliss VA. Integral sets of periodic systems of differential equations (Integral’nye mnozh-
estva periodicheskikh sistem differentsial’nylkh uravnenii). Moscow, Nauka, 1977 (in
Russian).

[16] Fuks DB, Rokhlin VA. Beginner’s course in topology: geometric chapters (Universitext).
Berlin, Heidelberg, Springer-Verlag, 1984.

[17] Hirsch M, Palis J, Pugh C, Shub M. Neighborhoods of hyperbolic sets. Invent math 1970,
9, 133–163.



224 Bibliography

[18] Palis J, Smale S. Structural stability theorems. In: Global Analysis, Symp Pure Math,
New York, Amer Math Soc, 1970, 14, 223–231.

[19] Smale S. Structurally stable systems are not dense. Amer J Math, 1966, 88, 491–496.

[20] Williams R. The “DA” maps of Smale and structural stability. In: Global Analysis, Symp
Pure Math, New York, Amer Math Soc, 1970, 14, 329–334.

[21] Abraham R, Smale S. Non-genericity of �-stability. In: Global Analysis, Symp Pure
Math, New York, Amer Math Soc, 1970, 14, 5–8.

[22] Aoki N. The set of Axiom A diffeomorphisms with no cycle. Bol Soc Brasil Mat (NS)
1992, 23, 21–65.

[23] Hayashi S. Diffeomorphisms in F 1.M/ satisfy Axiom A. Ergod Theory Dyn Syst 1992,
12, 233–253.

[24] Andronov A, Pontryagin L. Systèmes grossiers. Comp Rend Acad Sci URSS 1937, 14,
247–250.

[25] De Baggis H. Dynamical systems with stable structure. In: Contrib Theory Nonlin Os-
cill, Princeton, NJ, 1952, 19–36.

[26] Hartman P. Ordinary differential equations. Cambridge, Cambridge Univ Press, 2002.

[27] Anosov DV. Geodesic flows on Riemann manifolds of negative curvature. Proc Steklov
Inst Math, 90. Providence, RI, Amer Math Soc, 1967.

[28] Devaney RL. An introduction to chaotic dynamical systems. Reading, MA, Addison-
Wesley, 1989.

[29] Glasner W, Weiss B. Sensitive dependence on initial conditions. Nonlinearity 1993, 6,
1067–1075.

[30] Pugh C. The closing lemma. Amer J Math 1967, 89, 956–1009.

[31] Pugh C, Robinson C. The C 1 closing lemma, including Hamiltonians. Erg Theory Dyn
Syst 1983, 3, 261–313.

[32] Wen L. A uniform C 1 connecting lemma. Discrete Contin Dyn Syst 2002, 8, 257–265.

[33] Smale S. Mathematical problems for the next century. Math Intelligencer 1998, 20, 7–
15.

[34] Mañé R. An ergodic closing lemma. Ann Math 1982, 116, 503–540.

[35] Takens F. On Zeeman’s tolerance stability conjecture. In: Manifolds – Amsterdam 1970.
Lect Notes Math, 197, Berlin, Heidelberg, New York, Springer-Verlag, 1971, 209–219.

[36] White W. On the tolerance stability conjecture. Salvador Symp Dyn Syst 1971, Univ of
Bahia, 663–665.

[37] Hurley M. Attractors: persistence, and density of their basins. Trans Amer Math Soc
1982, 269, 247–271.

[38] Corless RM, Pilyugin SYu. Approximate and real trajectories for generic dynamical sys-
tems. J Math Anal Appl 1995, 189, 409–423.



Bibliography 225

[39] Pilyugin SYu. Inverse shadowing by continuous methods. Discrete Cont Dyn Syst 2002,
8, 29–38.

[40] Palmer K. Shadowing in dynamical systems. Theory and applications. Dordrecht,
Kluwer, 2000.

[41] Al-Nayef A, Diamond P, Kloeden P, Kozyakin V, Pokrovskii A. Bi-shadowing and delay
equations. Dynamics Stab Syst 1996, 11, 121–134.

[42] Robbin J. A structural stability theorem. Ann Math 1971, 94, 447–493.

[43] Goebel K, Kirk WA. Topics in metric fixed point theory. Cambridge, Cambridge Univ
Press, 1990.

[44] Mañé R. A proof of the C 1 stability conjecture. Publ Math IHES 1987, 66, 161–210.

[45] Robinson C. C r structural stability implies Kupka–Smale. Salvador Symp Dyn Syst
1971, Univ. of Bahia, 443–449.

[46] Pliss VA. A conjecture of Smale. Differents Uravn 1972, 8, 268–282 (in Russian).

[47] Pliss VA. Analysis of necessity of Smale and Robbin’s roughness conditions for periodic
systems of differential equations. Differents Uravn 1972, 8, 972–983 (in Russian).

[48] Mañé R. Expansive diffeomorphisms. In: Dynamical Systems – Warwick 1974, Lect
Notes Math, 468, Berlin, Heidelberg, New York, Springer-Verlag, 1975, 162–174.

[49] Liao ST. On the stability conjecture. Chinese Ann Math 1980, 1, 9–30.

[50] Neimark YuI. On motions close to a double-asymptotic motion. Dokl Akad Nauk SSSR
1967, 172, 1021–1024 (in Russian).

[51] Shilnikov LP. On a Poincaré-Birkhoff problem. Mat Sb 1967, 74, 378–397 (in Russian).

[52] Vavilov SI. Isaac Newton (Isaac Newton). Moscow, Leningrad, Acad Sci USSR, 1945
(in Russian).

[53] Newton I. Philosophiae Naturalis Principia Mathematica, London, 1687.

[54] Lappo-Danilevskii IA. Application of functions of matrices to theory of linear differ-
ential equations (Primeneniye funktsii ot matrits k teorii lineinykh differentsial’nykh
uravnenii). Moscow, Gos Izd Tekhn Lit, 1957 (in Russian).

[55] Hilbert problems (Problemy Hilberta). Moscow, Nauka, 1969 (in Russian).

[56] Moiseev ND. Essays on development of stability theory (Ocherki razvitiya teorii usto-
ichivosti). Moscow, Leningrad, Gos Izd Tekhn Lit, 1949 (in Russian).

[57] (Euler L.) Scientia navalis seu tractatus de construendis ac dirigendis navibus, auctore
L. Eulero. Petropoli, 1749.

[58] Shnol’ EE, Khazin LG. Stability of equilibria in critical cases and in cases close to
critical ones. Prikl Mat Mekh 1981, 45, 595–604 (in Russian).

[59] Poincaré H. Mémoire sur les courbes définies par les équations differentiélles, I–IV. J
Math Pures Appl, 3 série, 1881, 7, 375–422; 1882, 8, 251–286; 4 série, 1885, 1, 167–
244; 1886, 2, 151–217.



226 Bibliography

[60] Dulac H. Sur les cycles limite. Bull Soc Math France 1923, 51, 45–188.

[61] Ilyashenko Yu. Finiteness theorem for limit cycles. Providence, RI, Amer Math Soc,
1991.

[62] Cartwright ML, Littlewood JE. On nonlinear equations of the second order: I. The equa-
tion Ry � k.1 � y2 Py/ Py C y D b�k cos.�t C ˛/; k large. J London Math Soc 1945, 20,
180–189.

[63] Cartwright ML, Littlewood JE. On nonlinear equations of the second order: II. The
equation Ry C kf .y Py C g.y; k/ D p.t/ D p1.t/ C kp2.t/. Ann Math 1947, 48, 474–
494; 1949, 50, 504–505.

[64] Levinson N. A second order differential equation with singular solutions. Ann Math
1949, 50, 126–153.

[65] Smale S. Structurally stable diffeomorphisms with infinitely many periodic points. In:
Proc Intern Conf Nonl Oscill, 2, Kiev, 1963, 365–366.

[66] Smale S. Differentiable dynamical systems. Bull Amer Math Soc 1967, 73, 747–817.

[67] Smale S. The �-stability theorem. In: Global Analysis, Symp Pure Math, New York,
Amer Math Soc, 1970, 14, 289–297.

[68] Robinson C. Structural stability of C 1 diffeomorphisms. J Diff Equat 1976, 22, 28–73.

[69] Palis J. On the C 1 �-stability conjecture. Publ Math IHES 1987, 66, 211–215.

[70] Pugh C, Shub M. �-stability theorem for vector fields. Invent math 1970, 11, 150–158.

[71] Robinson C. Structural stability of vector fields. Ann Math 1974, 99, 154–175.

[72] Wen L. On the C 1 stability conjecture for flows. J Diff Equat 1996, 129, 334–357.

[73] Hayashi S. Connecting invariant manifolds and the solution of the C 1 stability and �-
stability conjecture. Ann Math 1997, 145, 81–137.

[74] Poincaré H. Les méthodés nouvelles de la mécanique céleste. Paris, 1892–1899.

[75] Lorenz EN. Deterministic non-periodic flow. J Atmos Sci 1963, 20, 130–141.

[76] Sharkovskii AN. Coexistence of cycles of a continuous map of the line into itself. Ukrain
Mat Zh 1964, 16, 61–71 (in Russian).

[77] Alekseev VM. Quasirandom dynamical systems I, II, III. Mat Sb 1968, 76, 72–134;
1968, 77, 545–601; 1969, 78, 3–50 (in Russian).



Index

action of a group 15
Andronov-Pontryagin theorem 114
Anosov diffeomorphism 119
attracting fixed point 40, 48
attracting rest point 71
attractive set 148
attractor 148
Axiom A 103
Axiom A0 112

base of neighborhoods of a point 4
basic set 104
basin 148
Birkhoff constant 33
Birkhoff theorem 33

.C; �/-structure 160
C 0 topology 16
C 1 topology 18
cascade 1
chaotic invariant set 131
closed trajectory 8
Closing Lemma 135
coding 130
conjugating homeomorphism 26

d -continuity 142
d -pseudotrajectory 159
d -method 160
deviation 141
dominated splitting 182
double-asymptotic point 82
dynamical system with discrete time 1
dynamical system with continuous time 7

embedding of a diffeomorphism into
a flow 11

embedding of class C k 25
ergodic closing lemma 139
ergodic invariant measure 184
expansivity 171

first axiom of countability 31

fixed point 2
flow 7
fundamental neighborhood 51

generic element 24
generic property 24
Grobman-Hartman theorem 41

Hausdorff distance 141
homoclinic point 82
horseshoe 126
hyperbolic closed trajectory 73
hyperbolic fixed point 40
hyperbolic linear mapping 37
hyperbolic matrix 37
hyperbolic periodic point 65
hyperbolic rest point 67
hyperbolic set of a diffeomorphism 92
hyperbolic set of a flow 112
hyperbolic structure 92
hyperbolic toral automorphism 95
hyperbolicity constants 92

immersion of class C k 25
integral curve 8
invariant probability measure 139
invariant set 3
inverse shadowing property 160

k-cycle 110
Kupka-Smale diffeomorphism 82
Kupka-Smale flow 82

�-lemma 83
Lipschitz inverse shadowing property 160
Lipschitz shadowing property 160
local Poincaré diffeomorphism 13
local stable manifold of a hyperbolic

closed trajectory 75
local stable manifold of a hyperbolic fixed

point 48



228 Index

local stable manifold of a hyperbolic rest
point 72

local topological conjugacy 36
local unstable manifold of a hyperbolic

closed trajectory 75
local unstable manifold of a hyperbolic

fixed point 49
local unstable manifold of a hyperbolic

rest point 72
lower semicontinuous mapping 142
Lyapunov norm 164
Lyapunov stable set 147

maximal �-equivalence 145
minimal �-equivalence 145
Morse-Smale diffeomorphism 111
multipliers of a closed trajectory 73

negative semitrajectory 2
no cycle condition 110
nonwandering point 31
nonwandering set 31

�-conjugacy 34
�-stability 35
�-stability theorem 110
1-cycle 110
orbital �-equivalence 144

Perron operator 55
phase space 1
periodic point 2
Poincaré diffeomorphism 14
positive semitrajectory 2

quasiattractor 157

repelling fixed point 40, 48
repelling rest point 72
residual set 24
rest point 8
rough system 114

saddle fixed point 40, 48
saddle rest point 72
semi-dynamical system 27
sensitive dependence on initial

conditions 131

separatrix joining saddles 114
shadowing property 159
shift homeomorphism 6
Smale theorem on horseshoe 128
smooth disk 25
spectral decomposition theorem 104
stability of an attractor with respect to the

Hausdorff metric 151
stability of an attractor with respect to the

metric R0 151
stable manifold of a hyperbolic closed tra-

jectory 75
stable manifold of a hyperbolic fixed

point 49
stable manifold of a hyperbolic rest

point 72
stable manifold theorem for a hyperbolic

fixed point 53
stable manifold theorem for a hyperbolic

set 102
stable separatrix 114
standard multiplier 74
strong transversality condition 110
structural stability 28
structural stability in the strong sense 29
structural stability theorem 110
structurally stable diffeomorphism 28
structurally stable flow 30

Takens theorem 145
theorem on structural stability of an

Anosov diffeomorphism 119
tolerance D-stability 144
topological conjugacy 26
topological immersion 25
topologically conjugate flows 29
topologically conjugate homeomorph-

isms 26
topologically conjugate semi-dynamical

systems 27
topologically equivalent flows 30
topologically mixing homeomorph-

ism 131
trajectory 2
trajectory of a point in a flow 7
trajectory of a solution 8



Index 229

trajectory (orbit) of a point under the ac-
tion of a group 15

transversality of mappings 78
transversality of stable and unstable mani-

folds 80
transversality of submanifolds 78
transverse homoclinic point 133

uniform connecting lemma 135

unstable manifold of a hyperbolic closed
trajectory 75

unstable manifold of a hyperbolic fixed
point 49

unstable manifold of a hyperbolic rest
point 72

unstable separatrix 114
upper semicontinuous mapping 142

wandering point 31


	Cover
	Title
	Copyright
	Preface
	Nomenclature
	Contents
	1 Dynamical systems
	1.1 Main definitions
	1.2 Embedding of a discrete dynamical system into a flow
	1.3 Local Poincaré diffeomorphism
	1.4 Time-periodic systems of differential equations
	1.5 Action of an Abelian group

	2 Topologies on spaces of dynamical systems
	2.1 C0-topology
	2.2 C1-topology
	2.3 Metrics on the space of systems of differential equations
	2.4 Generic properties
	2.5 Immersions and embeddings

	3 Equivalence relations
	3.1 Topological conjugacy
	3.2 Topological equivalence of flows
	3.3 Nonwandering set
	3.4 Local equivalence

	4 Hyperbolic fixed point
	4.1 Hyperbolic linear mapping
	4.2 The Grobman-Hartman theorem
	4.3 Neighborhood of a hyperbolic fixed point
	4.4 The stable manifold theorem
	4.5 Hyperbolic periodic point

	5 Hyperbolic rest point and hyperbolic closed trajectory
	5.1 Hyperbolic rest point
	5.2 Hyperbolic closed trajectory

	6 Transversality
	6.1 Transversality of mappings and submanifolds
	6.2 Transversality condition
	6.3 Palis lemma
	6.4 Transversality and hyperbolicity for one-dimensional mappings

	7 Hyperbolic sets
	7.1 Definition of a hyperbolic set
	7.2 Examples of hyperbolic sets
	7.3 Basic properties of hyperbolic sets
	7.4 Stable manifold theorem
	7.5 Axiom A
	7.6 Hyperbolic sets of flows

	8 Anosov diffeomorphisms
	9 Smale’s horseshoe and chaos
	9.1 Smale’s horseshoe
	9.2 Chaotic sets
	9.3 Homoclinic points

	10 Closing Lemma
	11 C0-generic properties of dynamical systems
	11.1 Hausdorff metric
	11.2 Semicontinuous mappings
	11.3 Tolerance stability and Takens’ theory
	11.4 Attractors of dynamical systems

	12 Shadowing of pseudotrajectories in dynamical systems
	12.1 Definitions and results
	12.2 Proof of Theorem 12.1
	12.3 Proof of Theorem 12.2
	12.4 Proof of Theorem 12.3

	A Scheme of the proof of the Mane theorem
	B Lectures on the history of differential equations and dynamical systems
	B.1 Differential equations and Newton’s anagram
	B.2 Development of the general theory
	B.3 Linear equations and systems
	B.4 Stability
	B.5 Nonlocal qualitative theory. Dynamical systems
	B.6 Structural stability
	B.7 Dynamical systems with chaotic behavior

	Bibliography
	Index

